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Projectivity and Injectivity of

Simple Modules over Commutative Rings*

Guo Shanliang

(Fudan Univ ., Inst. of Math.)

In this short paper we investigate the projectivity and injectivity of simple
modules over commutative rings.

Throughout this paper, R is an associative commutative rmg with identity
and all modules are.unital modules.

Theorem |. If PR is a projective simple module, Then P, is an injective
module.

Proof . Since P, is a projective simple module. Hence there is a maximal
ideal M and a minimal ideal I of R with R=M@I where I, =P, .Let ¢, and e,
be projection of | in M and I respectively. Then it is easily to verify that e,
and e, are two orthogonal idempotents of R and M'=e,R and I=e,R. To esta-
blish our result we only need to prove that I is an injective module. Let J
‘be an arbitrary ideal of R and f:J—I be a homomorphism. (i) If JNI=0.
Then f(J)= f(J)e,= f(Je,). But Jez(;JﬂI=0. Hence f(J)=0, that is, f can ex-
tend to R. (ii) Or JNI=£0. Since I is a simple module. Hence ICJ. And
then R=J+M . Hence 1=y+m where yeJ and meM. We define an R-homomor-
phism f:R—I via f(r) = f(ye,)r. When reJ, fir)=f(ye)r= flye,r) = f((1-
m)e,r) = f(e,y) — f(me,r) . But e;meM (I =0. Hence f(me,) =0.Thus f/\(r) = f(r).
That is, f can extend to R. Hence I, is injective. . .

Thorem 2 Let R be a commutative Noetherian ring and M, be an injective
module. Then M, is projective.

Before we prove our theorem, let us do some works for preparatlon

Lemma | Let M be a simplé module. Then for any PeSpec(R), either M,
is a simple R,-module or M,=0. :

Proof If M,#0 and N is a nonzero submodble of M, as R;-module. And then
N also is a nonzero submodule of M, as R-module. Since M is an essential submo-
dule of M, as R-module. Hence N(\M+0.Then MCN as R-module by simpicity .
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of M. Then we have an exact sequence 0—M,—~N, since the functor of localiza -

ion is an exact functor . Since N is an R,-module. Hence N, =N by [3.,Lemma 3.75]

75). Thus we have N=M,,i.e., My is a simple module.

Lemma 2 Let f:K,—>M, and g:M >Ny be two R-homomorphisms. Then
the following conditions are equivalent.

(i) 0~K%*M%N->0 is an exact sequence.

(i1 ) For any Pe¢SpecR), 0—>K,-f+M,~g>N,,ﬂ>0 is an exact sequemnce.

Proof {i)=(ii) We refer 1o (2, Prop. 3.3).

(ii)=>(i). By (2,Prop. 3.9) we know that f is a momorphism. And
Im(gf)=0 by (2,Prop. 3.8). If g is not an epimorphism, Then there is an exact
sequnce M >N —+N/Im(gy—0 and N/Im(g)-+0. By (2,Prop. 3.8]) we know that
there is a PeSpec(R) such that (N/Im(g)),# 0. But this contradict to condition

(i1} . Hence g is an epimorphism. If Im(f)CKer(g). Then there is some P¢
Spect(R) such that Im( f;,_Ker(g), and this also contradict to the condition
(ii) Hence the sequence in (i) is exact.

Lemma 3 M, is a finitely presented R-module. Then there is anatur«l iso-
morphism (Hom (M, N)),gHomRP(M,, N,) for any PeSpec(R) and any R mo
dule N.

Proof Since M, is finitely presented. Hence there are two natural numbers
mandn such that R™ -»R" ->M-»0, Since Hom, (M, N) is a left exact contrava
riant functor. Hence we have following exact sequence

0—Hom (M, N)—»>N" >N,
Similar as above we also have

0—~Homg (M,, N,)—~Np’—=Np .
And then we have following commutative diagram

O—MHomR(M N p—>N;” —=N™

0 >Hompg, (M,,, Np) =N =N™ |

From the commutative diagram we know that Hu, is a momorphism. And by (1,
Lemma 3.14) we know that ﬂM is an 1sornorphxsm Thus we have proved the
lemma .

Now we are in the position to prove the theorem 2.

Proof of theorem 2 For any Pe¢Spec(R) and any ideal J of R,, thereis an
ideal I of R with J=1I, by (2,Prop. 3.11]. Clearly I satifies the condition of
lemma 3. Thus we a commutative diagram with isomorphic columns

0 ~Homg (R p/ Iy Mp)- >M, ~Homg (J M) —~0
0 =(Hom,, (R/I M), —-M —>(HomR(1 M) ,—>0
Since M, is injective and the functor of localization is exact, we obtain an

€xact sequence
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0 ~Homg (R,/J, M) -M,—~Homg (J,M,) ~0.
that is, M, is either an injective simple module or a zero module by emma 1.
Since R, is a local ring, the irredundant set of representatives of the simple
modules in Mod-R, has only one element. Hence M, is either a cogenerator or
a zero module by [1,Cor. 18.16]. If M,#0, then R, has a faithful simple’ modu
le M,, and then R, is a commutative primitive ring. Hence R, is a field. Then
it is clearly that M, is a projective R,-module. If M,=0, M, is also a projec-
tive R,-module. Thus for any Pe¢Spec(R) and any short exact sequence

0->Kg*Ng-»L,—~0,

we have an short exact sequence

0->Homg (M,, K,)-~Homg (M,, N,)»HomRP(M,, Kp)—=0.
It is clearly that M, satisfies the condition of lemm 3 since M, is a simple mo-
dule and R is a Noetherian ring. Thus we obtain an exact sequence as follows

0 -~ Hom (M, K)), »(Hom (M, N)),—~ (Homy(M, L)) >0
The arbitrariness of P implies that

0 >Hom (M, K)—~Hom (M, N) >Homyg(M, L) >0.

And the arbitrariness of exact sequence implies that M, is a projective module.
One may ask that if the above results hold for noncommutative ring . Here
we shall give an example to show that the results will not hold for non-commu-

tative ring even if it is two side Artinian.

Example We denote Q as field of rational number. And R~= (Q 8) It is ea-
sily to verify that R is a two side Artinian ring and I= (0 Q) is a snmple projec
tive right ideal of R. Since for any re¢R, (O O)r'O if and only if (0 l)r*
Thus we can construct an R-homomorphism

£ D1 via £« In= O

which can not extend to R For otherwise, there must be an element (0 0

)
q,
such that f((g )= (0 4, )(0 g) = (8 g) by Baer’s criterion. But this equatwn
can not be hold Hence I is not an injective module.
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