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Some Theorems' Concerning Structure of Periodic Rings*
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A ring R is called a periodic ring, if for every xe¢R there is a pair n(x), m(x)
of distinct positive integers such that x**®* =x™*>, Abu-Khuzam and Yaqub '],
Bell '%7, and Xje Bangjie!® studied the properties of periodic rings and obtained
some structure theorems concerned.

The purpose of this paper is to generalize the theorems of Abu-Khzam and
Yaqubl'l-

Throughout this paper R is a associative riné, C is the central of R, N and
D denote the set of nilpotents and'the set of right zero divisors of R, respec-
tively. .

Theorem [. In R, if the conditions:

(i) for each a,beN, there exists a integer n(a, b)>1 for which
(ab—ba)" " =ab-ba,

(ii) every x in R can be uniquely written in the form x=e +a, where e’z
e and ae¢N,
are satisfied, then R is commutative, and R/N is Boolean.

Proof. There are two cases.

Case 1. R=N. A wel 1l known theorem of Herstein ([ 4 ], Theorem 6 ) imp-
lies that R is commutative . Clearly, R/N is Boolean.

Case 2. R N. Frist, it follows from (ii) that all idempotents of R are cen
tral (see [ 1], the proof of Theorem 1) . Let x, yeR and x=e+a, y=f+b, where
e’=e, f'=f and a,beN. Since (ab-ba)"“* =ab-ba and xy— yx=ab- ba, we
have

(xy=yx)"@b = (ab~pa)"*? =gb-ba=xy - yx. (1)

A well known theorem of Herstein'*? asserts that (1) implies that R is commu-.
tative and hence N forms an ideal of R. We know that R/N is Boolean by (ii).
As an immediate consequence, we have the following .

Corollary |([ 1], Theorem 1) Let R be a periodic ring. Suppose that (i) N
is commutative, and (ii) every x in R can be uniquely written in the form x =
e+a, where e =e and a¢N.Then N is an ideal inR, and R/Nis Boolean. In
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fact, R js commutative .

Theorem 2.In R, if the conditions;

(A) for each a, beN, there exists c€C (¢ depends on a and b)such that
ba = cab; ’

(ii) the same as (ii) of Theorem 1,
are satisfied, then N is an ideal of R, and R/N is Boolean.

Proof. We have only to show that N is an ideal of R. Since the condition
(A) is satisfied, hence N is a subring of R. It follows from (ii) that all idempo-
tents of R are central. Hence xb= (e+a)b=eb+abeN, where a,beN, e'=e and
x=¢+a. Thus N is an ideal of R.

An ideal P is called reflexive if xyeP implies yxe¢P. Clearly, every refle-
xive prime ideal is completely prime. An element x in R is right semi -central
if xr=xrx for each reR.

We are now in a position to prove the following that improves Theorem 2
of [11.

Theorem 3. If a periodic ring R satisfies the following;

(i) for any a,beN there exists reR (r depends on a and b) such that ba=
rab;

(ii) every x in D can uniquely written in the form x= e+a, where el=¢
and ac¢N,
then N coincides with the Bare radical of R. In particular, if RN, then R/N
is isomorphic to a subdirect sum of fields.

Proof. We prove first that all idempotents of R are right semi-central. Let
ezzeeR, xe¢R and let

f=e+t{ex—exe). (2)

Then f2=f, (ex~exe)’=0, and (ex—exe) f=0. If ex—-exex0, then feD.

Also since (2 ) and
f=f+0o.
it follows from (ii) that ex-exe=0,i.e., ex =exe.

Next we assert tlrat every prime ideal of R is reflexive. Let P be any pri-
me ideal in R and suppose xyeP. If y& D, then there exists a integer k(y)>1
such that y*® =y . Thus »*” ' is idempotent, and hence Y lx = P " Ix)¥ 1¢
P. So yxeP. Similarly, if x&D, then x** Rx* ¥y =x>®"1RyC P, where x** !
is idempotent. Thus yx**’ "'¢P, and hence yx€P. Now, let x, yeD and x=e+a,
y=f+b, where e’=e, f’=f and a"=0,b"=0, Since

xy=efteb+raftab, (3)
then
(e~ea+ +(—e) 'a" Nexy=(e~ea+ - +(—e)" 'a" ") (e+ea)ef+eb) =ef +ebeP

(1)
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Also, fe=fef= (fe)’. Call g= fe, thus
flefreb)(g—gh+ e+ (~g)™'p" ")

=g(g+gb)(g—gb+eet (—g)"'p" ") =g’ = feep, (5)
and
ef=efe=egfeP (6)
Using (4) and (6) we get
ebeP (7)
Thus eRb=eRebC P. Hence ‘
beeP (8)
Moreover, by (3) and (4) we have
af+abeP (9)
therefore f(af+ab)€P. Similarly we also have
faeP and afeP (10)
Using (3), (4) and (10) we get
abeP ] (1)
Since
yx=fe+be+ fatba= fe+be+ fa+trab . ‘ (12)

where ba=rab, combining (12) with (5), (8), (10) and (11), we see yxeP.
Hence every prime ideal of R is reflexive. Therefore N coincides with the Bare
radical of R.

Now, since R=R/N is periodic and Bare-semisimple, we get that R is iso-
morpnic to a subdirect sum of prime rings. As prime ideal of R is also reflexive,
then it is completely prime. Also, a periodic ring without zero divisor is a field
([ 3], Theorem2 ) . Therefore Ris isomorphic to a subdirect sum of fields .

We can easily obtain ([ 1], Theorem 2) as a corollary of Theorem 3.

Corollary 2. Let R be a periodic ring with identity 1.Suppose that (i) N is
commutative, (ii) every xeD can be uniquely written in the form x=e +a,
where e’=¢ and a¢N. Then N is an ideal in R and R/N is isomorphic to a sub-
direct sum “of fields.

Theorem 4. If a periodic ring R with identity 1 satisfies the following.

(i) the same as (A) of Theorem 2.
(ii) every x in D is either idempotent or nilpotent, then N is an ideal of
R, and R/N is either Boolean or a field.

Proof. We prove first N is an ideal of R. Since every x in R is nilpotent
or idempotent or a unit, and N is subring, there are two cases.

Case 1. Let a¢N and x’=xe¢R. Using ax-xax€¢N and (A) we get alax-xax)
=c(ax~ xax)a, “where ceC. Now multipling the above equation from the left and
right by x respectively, we get xazx—xaxax:c('xaxa{c—xaxax) =0,i.e., (xax)’=
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2 . . . .
xa x. Using a® in place of g in the above equation, we have (xax)* = (xa™x)*=

xa'x. By induction, we get xaxe¢eN.Thus axeN, and hence xaeN.

Case 2. Let a"=0,a"—li0 (n>1) and 1#+x&D. We prove that axeN. First
of all, we assert that axeD. If ax& D, there exists a integer k = k{ax)>>1 such
that (ax)*=1. Multipling the above equation by da" "from the left, we get " ' =
0, which is a contradiction to a" '#0.Hence axeD.

Suppose (ax)’=ax. Then a(xa-1) =0, and hence xa-1¢D. Therefore either
xa-1€N or (xa-1)=xa-1. If xa — 1¢N, there exists ce¢C such that (xa—1)a=
calxa-1) =0.Hence a=xa’=x""a"=0.This is a contradiction to a=0. Also, if
(xa-1)’=xa—-1. We have (xa—-1)aeN by case 1. Thus there exists ceC such
that (xa- 1)a’=ca(xa-1)a=0,i.e., a°=xa’ =x" *a"=0.Since 1+ x&D, we can
suppose that x"=1 and integer m>1. It follows that a~x" 'e¢D from 0=a(xa-
1)=ax(a~x""). Since a is in the subring N, a-x" ' must be idemptent. From
Case 1 and the fact which a—x™" is idempotent, we get a(a—x""')eN. So
ax"'eN and x""aeN. Thus there exists ceC such that

ax"?a=(ax"")(x""a) =c(x""a)(ax"") = 0.
Hence ax™ ’¢N. Similarly, ax’¢N. Then

a=axa= (ax)(x""a) =c(x""a)axD) = 0.
This is a contradiction to a#=0.Thus gxe N, and hence xa¢N. Therefore N is an
ideal of R.

Let R=R/N. If R has no zero divisors, it follows that Ris a field from
({31, Theorem 2).

If R has zero divisors, then all zero divisor of R are idempotent. For if xy
=0 and x=+0, y#0,then xyeN and x&N, y&N, Hence x, y are idempotent, so
are x,y. Also, since R is periodic without nonzero nilpotent elements, we get
that R is a J-ring(i.e., one with Jacobson’s x"* =x proporty) from Theorem 1
of [3]. Thus R is a commutative ring. For any x& D, we take a nonzero idem-
potent e which is not identity 1 out of R . Since e(e—1) =0. then (e-1)*=e~1.
Also, it follows that (ex-x)’=ex-Xx from e(ex~x)=0. Hence (e-1)(1-x) =0,
and so (1-x)’=1-x. Thus %¥'=Xx. This proves that R is a Boolean ring

As an immediate consequence of the above theorem, we have the following.

Corollary 3¢([ 1], Theorem 3) Let R be a periodic ring with identity 1. Sup-
pose that (i) N is commutative, and (ii) every x in D is either idempotent or
nilpotent, Then N is an ideal of R and R/N is either Boolean or a field.
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