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| . Introduction and Preliminaries
It is well known that the global asymptotic stability of third -order ordinary

- differential syétems has importance in applications. There are many results on
this topic. See, for example [ 1 ]—[ 3 ]. Recently, the following more general
third-order system

x=y-h(x), y=¢(z)-glx), 2=~ f(x) (1)
where
g¢C(R, R) and h, ¢, f¢C'(R, R) (2)
was studied in [ 4 J. The next theorem is the main result.
Theorem A([4]) Assume that (2) holds and that the following conditions
are satisfied.
W =0, L2 >0 for x0,
. - too
- (ii) ;¢_;§_)~>0 for z+0, ‘|‘0 #(z)ds= + ooy
(iii) there exists a positive number B such that
B-&%)——cb,(z)z_o and h/(x)—Bf'(x)gO for x=*0
But not both of them equal to zero at the ~same point x.
Then the trivial solution of the system (1) is globally asymptoticly stable.
Since many third-order equations can be translated into the form of system
(1), Theorem A has a extensive range of applications . By using Theorem A
many results in [ 1 ]—[ 3] can be improved. See [ 4 J. But, in many cases
Theorem A also fails to apply. The following is a simple example.
- Example | Consider the system
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xX=y- (*%x'x3 - x'+2x)

y=z- ((x~1)+ Dx (3)

z=-x
which is a special case of (1 ).' It is not difficult to show that there does not
exist a positive number B such that the hypothesis (iii} of Theorem A is satis
fied. However the trivial solution of (3 ) is globally asymptotically stable. Sce
Corollary 1 below.

Our aim in this note is to relax the hypothesis (iii) of Theorem A. Our
results extend and improve Theorem A and other results in [ 4 ].

2.1Improvement of Theorem A

The main result in this section is the following theorem which is an impro-
vement of Theorem A . ‘

Theorem | Assume that the hypotheses (i) and (ii) of Theorem A are satis-
fied. Suppose also that

(iii’) there exists a positive number B such that
BEXL ()20 and K'(x) - Bf'(x)20 for x#0

but not both of them identically equal to zero in any interval of the varia—
ble x. ]

The the trivial solution of ( 1) is globally asymptotically stable.

Sketch of the proof First we will establish the following proposition.

Proposition | Under the hypotheses of Theorem | the system (1) cannot
have a solution (xtry.viri,zanwith vir)=C, where C, is a nonzero constant .

Next, introduce the Liapunov function

Vix,y,z)= ‘(: e(s)ds— xo(z) + B_fozob(s)ds

" %-[y+ Bf(x) —h(x))+ fox[h’(s) - Bf'(s)IBf(s)ds .

It is not difficult to prove that V(x, y,z) is a definite positive function. Also

Vo oz = =8 B2 50 1x 00 - Ch G0 = B G Iy - h(0T=0
and so by using Proposition 1 one can show that the set /
A= x, p, 20V, (%, ¥,2)= 0}
does not contain any positive half trajectory of the system (1) except for the
trivial solution. Finally by an argument similar to that in [ 4] we can prove ‘
that all the positive half-trajecrories are bounded. Therefore, the trivial solu -
tion of (1) is globally asymptotically stable.
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The following result is an immediate consequence.
Corollary | Assume that the hypotheses (i) and (ii) are satisfied. Suppose
also that there exists a positive number B such that

B—g_i{'z——tﬁ’(z)go and A'(x)-Bf'(x)=0 for x+0
but both of them simultaneously equal to zero at most at finite points in any
finite interval of the variable x Then the trivial solution of the systemi (1
is globally asymptoticly stable.

In Example 1 by taking B=1 it is easy to sce that all the hypothcses of
Corollary 1 are satisfied. Hence the trivial solution of (3 ) is globally asymp-
totically stable.

- 3. Applications of Theorem |}
In this section we will apply Theorem 1 to obtain stability results for some
important third-order nonlinear equations .
First consider the equation

X+ (XX + g(x) +o(x) =0 (4)
where

h, g¢C(R, R) and ¢¢C'(R, R]. (5)
Let H(x)=J:h(s)ds and set

X, =X, yy,=X+H(x), z;=-x.

By direct substitution Eq. (4 ) reduces to the system
=y —Hx)), »=-6(-z)p)-gx), z,=—~x, .
Then by Theorem 1 we obtain the following result.

~ Theorem 2 Assume that ( 5) holds,
~¢—(zz~)—>0 for z#0 and J'oioocﬁ(z)dz: +oo,
Suppose also that there exists a positive number B such that
BEX) ') 20 and h(x)ZB for x#0 ‘
but not both of them equalities simultaneously in any interval of the variablex.
Then the trivial solution of Eq. (4 ) is globally asymptoticly stable with res-
pect to x, * and X. ' :
Next consider the equation
X+AOOX+H (g(x) + A (xX)x)x+ fix)=0 (6)
- where
g¢C(R, R) and f, h¢C'[R, R). (7)
Let

H(x)= [ h(s)ds, G0 = [ g)ds
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and set
x=x, y=x+H(x) and z=X+h(x)x+ G(x).
Then by direct substitution Eq. ( 6) reduces to a system of the form of (1):
x=y~-H({x), p=z-Gx), z2=- f(x).
Therefore, by Theorem ! we have the following result.
Theorem 3 Assume that there exists a positive number B such that

f(x) 0 G(x)
x x

=B and Bh(x)=f'(x) for x#0

and that the last two inequlities do not become equalities simultaneously in any
interval of the variable x. Then the trivial solution of Eq. (6 ) is globally asy-

mptotically stable with respect to x, x and ¥
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