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Enumeration on the Labeled Graphs With K Cycles*
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Abstract

. In this paper; we continue the study of the enumeration problems of labe -
led graphs with k cycles that Tomscu didn’t solve., A counting formula for the
connected graphs with n labeled vertices and & cycles intersecting at a point is
given. As an application, together with Tomscu’s result we solve the enumera-
tion problem of labeled connected graphs with two cycles.

Harary raised a problem to enumerate labeled graphs with a given number
of cycles in [ 1]. Renyi obtain a formula for counting the connected labeled
graphs with order n and a cycle (see [2]). Tomscu gave a formula in [3 ] to
enumerate the connected graphs which contain n labeled vertices and k cycles
whose vertices are not intersected. In this paper we consider the case that &
cycles are intersected. We obtain a counting formula for the connected graphs
with n labeled vertices and k cycles intersecting at a point. As an application

~ we give a counting formula for the connected labeled graphs with two cycles.
we solve the enumeration problem of connected graphs with two cycles.

Lemma |(ee [4]) '

The number of labeled trees with n vertices x,, x,,--x, and d(x,) =r is

("o
Lemma 2(see[ 5])
The number of Hamiltonian cycles in a complete graph k, of order n is
(n—1)1/2 ’

Theorem | .

The number of connected graphs with n labeled vertices and k cycles inter-
sec'ti'x,lg at a point is

~— _

(n—1)1 "D (g 1)

1
2% i=0 i (21;: AylA,l ool !
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where the second sum is over those partitions (1) = (A, 445 %% 4,) of k such that
Ayt A +eeet i, =k
{ 225+ 3+ (p-1)A,=n—-i -1

Proof For each connected graph with exactly & cycles intersecting at a
commom point , let k cycles be contracted to the commom vertex, then we ob-
tain a tree; conversely, for each tree we use a k-cycle subgraph (which is com-
posed of exactly & cycles intersecting at a commom point) instead of a point in
the tree, then we obtain a connected graph which contains exactly & cycles
intersecting at a commom point.

Suppcsz the specification of & cycles is 3134’14---1)’1», that is there are 1, cycles
with length 3, 4, cycles with length 4, -, 4, cycles with length p. then the num-
ber of ihe vertices of k-cycle subgraph is 24,+34,++ (p-1)1,+1

Le: 24,43+ e+ (p- DA, +1=n—i

I Consider the labeled trees whose vertices are x,,x,, x;,, d{x;) =r.

By Lemma 1, the number of such trees is (’;::)-ii—' .

For each tree, we substitute a k-cycle subgraph for the vertex x,, since
there are r vertices of the tree join with x,, there are (n_1)"different ways
to join the r vertices of the tree to the (n-i) vertices of k-cycle subgraph,
and then we obtain a connected graph which contains n labeled vertices and
exactly k cycles intersecting at a common point. '

Hence, for each k-cycle subgraph, the number of labeled connected
graphs which contain this k-cycle subgraph is

ST Y iy =iy
s r-1

2 Now we consider the number of k-cycle subgraphs of order n—i .

Since the common vertex of k-cycle subgraph can be any one of the n—-i
vertices, we have n—-i different ways to choose the common point.

Separate the remaining n—i— 1 vertices into 4, parts of two points, A4bparts of
three points,ss+, 4, parts of p—1 points, the number of ways to separate is

( n—i—1 _ (n-i-1)!
G2 RE LT PELT B @y e (p- 1t B
3 P

Each part of ¢ -1 points, together with the choosed common poipt can from
a cycle with length ¢ (3<r<p). By Lemma 2, the number of such cycles is
(t-1)1/2, thus, the number of k-cycle subgraphs is

(n—i-1)N _ _(2_!)/13."[ (p‘l)!]/l,. 1 ‘L/: (n—-i)}
(21) e (p— 117 2 2 At A 2R A Ay el
Note that the number of ways to choose the n-i vertices of k-cycle subg-

(n—1i)-

raph is (nfi =( 7 ), hence the number of connected graphs with # labeled
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points and k& cycles of specification 3"41‘ ---p‘" intersecting ata common point is

— i) - _ P

o zkaif...l;"! S iyent =2 zkm P 1,:--1-/1,!

Since the number of the vertices of k-cycle subgraphs satisfies :
2+ 1<Cn—i<ln
we have o<i<n-2k-1.

For i=0,1,2,->»,n— 2k - 1, each partition (Ay554,) of k such that
Ayt A g+t i, =k
{ 243+ 34 e+ (p-DA,=n-i-1
correspond to a kind of specification of k cycles 3“41‘ "-pl’ then the number of
connected graphs with n labeled points and k& cycles having a common point is

- ngko (n=Dy An-Dn 1
i=0 (D 2* i Asteend,!
(n-Dt "E! (n-1)-n’ 1
2k = il % /13!“"1,! -

where the second sum is over all the partitions (1) = (4,,++,1,) of k such that
{ Ayt Ag+eee 42 =k
24+ 34t e+ (p-1DA,=n—-i-1
For some special cases, we can derive more precise counting formulas. Now
we consider the length of cycle as a parameter, we give following results.
Theorem 2
The number of connected graphs with n labeled points and k cycles of
length s having a common point is
- (n-1)1  (k(Gs—D+ D" e P!
2% ekt (n—k(s—1)- 1)1

Proof Since the length of each of the k cycles is s, the number of verti-

ces of k-cycle subgraph is k(s— 1) +1. Then the following equations
Ayt Agtee+ i, =k
{ 2A4;43A, e+ (p-1D)A,=n—-i~—-1
has a unique solution
A=0 i+s
{ A=k i=s
only if i=n—k(s+1)~1.
By theorem 1, the number of the required connected graphs is

- (n-1!  (k(s—1)-pDen ¥ 4 -
9% (n—k(s—1)- 1)1 k!

Theorem 3
The number of connected graphs which have »n labeled points and contain
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k cycles with lengths respectively s, 5,5, 5, is B
k

n+k~1- 375,
~k+1)n i=1
(n—-1)! | (i;ISI b
ok K
(n—1+k=-3Y s)!
i=1

Proof For the k-cycle subgraph in which the lengths of the k& cycles are

respectively s,,s,, **+, 5., the number of vertices is

k
(5, = 1)+ (s,= D) +eet (s, 1) +1= 3 5, ~k+1
i=]1

k
hence, only if i=n- 2si+kw 1, the following equations
i=1

{/134-144- ...+,1p:k
2A;+ 3R, e (p-1)A,=n—i-1
has a unique solution
0 ifs, .
A,-:{ o a<ij<i.
1 i=s;

By theorem [, the number of the graphs required as in theorem 3 is
k

s. - ‘n -
(n—1) =1’ 1
k : k A leee] 1
2 (n-SosekeDr T
Yy
(3 5,-k+1) g
L — + n 7=
-1 A
- zk k
(n+k—1-% s
im1

Cdrollary The number of connected gmaphs with n labeled vertices and two
cycles of lengths respectively a, b is

(a+b- n ne-a- .
4 4_—1 (a+b_1)(a+b~1)!-n b, if ab
2a—1 n _ L, n2a . _
-5 (2a~1)‘2" 1t+n , if a=b
Proof For a=b, take s=a, k=2 in theorem 2, we have immediately
(n - 1)1 (2@-1)+1)-a"" 2" D1 9a— n _ n-2a
2721 n-2a-1) - DI ST (e 2@ Divn
For the case a+b, take s, =a, s,=b in theorem 3 we have
(n- 1! (@+b-2+D)n" P27V (g+b-1)(a+ b)) (P ygn-a-b
9? (n-a-b+2-1) - 4 a+b-17"
Thcorem 4

The number of connected graphs with n labeled points and two cycles is
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(n—1)1 "'5£"_ n—i n
4 goi!((zl) /13! ".Ap! +(ZA;)A-3! ...AP! )

where the second sum is over those partitions (1) = (435 445+, 4,) of 2 such that
Aytdyteeet+i,=2
{ 23+ e+ (p-1)A,=n—i—1
the third sum is over those partitions (4’) = (4,,4,,*,1,) of 2 such that
Ayt Ayttt i, =2
{ 3A;+44,+ e+ pA,=n—i
Proof The position of two cycles in a graph may be in one of following
cases; (1). the vertices of two cycles are not intersected; (2 ). the vertices
of two cycles are intersected. We enumerate respectively
- Case 1. Using the result of Tomescu in [ 3], we obtain the number of this
kind of connected graphs:

S ST (1
where the second sum is over those partitions (1) = (Ayy 0005 4,) of 2 such that
Ayt Agtoset1,=2
{ 3A;+ 44, t e+ pd =n—i
Case 2. The vertices of two cycles are intersected. Then the two cycles
can only intersect'at a common vertex . By Theorem 1, the number of connec-

ted graphs with two cycles intersecting at a common point is

(n—1)1 "= (n-1)-n 1
4 Z T ; /13!”'}',,!

i=0 i
- where the second sum is over all the partitions (1) = (4;,+,1,) of 2 such ‘that
Ayt Agteee+ 1 =2 '
{ 243434t e+ (p—- DDA ,=n~i~-1
Note that for i=n-5, the equations
Ayt Agtoet+1,=2
{ 3+ 4A v et pA,=n—i
have no nonnegative integer solution ., Thus, (1) can be expressed as

L DL g
4 =0 il T Asleeed!

and then the number of connected graphs with »n labeled vertices and exactly
two cycles is

L n! "= 5n 1 (n IBIK n-5 (n-i)'ni 1
4 01' a )1 '0--1 | + ; i! % 13! ...X'p!
- _(n— D! "‘51_
- 4 i;oi! (;;‘ l!..-1| 121|...1_ ) n
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