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In this note, all matrices are of size n xn over integers. J denotes the ma-

trix with all entries being 1. The matrix equation

A"=AJ (1)
where m, 1 are integers, has been studied by several authors [1—7 ]. In this
-~ paper, we shall give a more general class of g-circulant solutions to (1).

Let (a,,a,,*+,a,,) be the first row of the g-circulant 4.
n— N
Q,(x) = Ela,x' (2)

i=0
is called the Hall Polynomial of A4, sometimes write Q(x)=Q ,(x) for short. Clearly,
A is uniquely determined by @Q(x) and g. In this note 4 is a (0,1) g-ciruulant,

k is the sum of row entries, then (2 ) takes the form
k-1
Q(x)= 2 x4 (3)
i=0

where @, are nonnegative integers and 0<<q,<a,<++<a, ,<n-1, we use T,(x) to*
denote the polynomial 1+ x+ «+x*" and use f(x) lg(x) to represent g(x)=(
(mod f(x)).
- In [ 4], it is shown that a g-circulant A4 is a solution to (1) if and only if
Q(x)Q(x*)+-Q(xf )=AT,(x)  (mod x"-1) (4)
where k"= in.
The following lemma is the starting point of this ressarch.
Lemma | Let g be an integer, Q(x) be of the form (3), k"=4in and c=
(g, n), then the following four congruences are equivalent .

Qx)Q(x?) e Q(xf"" ) =AT,(x) (mod x"-1) (4)
Q(x)Q(xF)eeQ(xf" ) =0 (mod T,(x)) (5)
Q(x)Q(x%) e Q(x" ) =AT,(x) (mod x"-1) (6)
Q(x)Q(x) - Q(x" ) =0 (mod T,(x)) (7)

It is evident that (4 ) is equivalent to (5), and ( 6 ) is equivalent to (7).

From Corollary 1.2 in [ 7], we can get the equivalence between (4) and (6).
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Therefore, A is a solution to (1) if and only if one of the four congruences
holds .

Now, we state without proof a proposition which covers the main resuits
in [4,5,6].

i)

Proposition 2 Let Q(x) be the Hall Polynomial of a g-circulant A4.
Suppose g"=0 (mod n), then A4 satisfies (1) iff T _(x) |Q(x), where c=
(g, n).

ii) Suppose Q(x)=T,(x) (mod x"-1), then A4 satisfies (1) iff rg” =0 (mod
n) and r=0 (mod c¢), where c= (g, n).

Now, we can construct a new class of solutions to (1) via Proposition 2.
Let ¢ be a factor of n, and there be such a positive integer s that ¢'=0
(mod n). If s<{m, the g-circulants A satisfying (1) are characterized by (i)

of Proposition 2, If s>>m, we have an integer sequence (K ,,K,,

««, K, ,} such
that K =0, 0<K, - K, <m, i=0,1,*,¢-2, and K, , >s—m.
Put

K, K.
Qo (X)=T (x)T (x° )eeeT (x* ) (mod x"-1). (8)
If we remove the restriction that 4 is a (0,1) g-circulant in following
Theorem 3,

we can give more general solutions of (1), of course,

(0,1) g
circulants as the special case of the solutions are involved in the following Theo
rem 3,

Theorem 3
Qo (X)Qy(x) +eQy(x" ) =0 (mod T,(x)). (9
Proof A simple calculation shows that
— m- 1 t- K, +i
Qy(x)Qy (xVeeeQu(x =T (TIT.(x" )
i<e, j=0
t—1 m—|] K -1 K
=TI = 7™
j=o i=p J=0
m K, +m K, _,+rm
x‘ -1 x -1 x° -1
= — e . T
=L ety X -
-2 .
=T x ., o(X) H______x‘KM 1
< j=0 xc _'1
K, Km -2 xcl‘""'_l
Since K, ,<K,+m, x° —1fx‘ - 1,it follows that hA(x)=]]—5%——is a
j=0 x€ ”..1
polynomial with integer coefficients such that

Q(X)Q(x) o Q(x" ) =Tk 0 (X)h(x)

. K s . K
Since s< k,_, +m,c'|c *""implies that n]c

+m
—

, thus, T,(x)|T.x n(x)
We get (9), and the proof is complete.
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Now, let (s,n) =1, put
Q(x) =Td(x)Td(x”K‘)---Td(xCKM) (mod x"-1), (1D
where d=sc. In the same way like Theorem 3, we have
Theorem 4
Q,(x0)Q, (x) @, (x<" V=0  (mod x"-1) (11)
When r=1, we get (ii) of Proposition 2.
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XTHEBEFTEA" = MH—HZR

(KEBTR¥FRAYERRTI

% L3
AXF AN ENMEARX SR 82, AR T AR —BER,
B2 ROXOKEe WHHAEHF AKHall B IMK
(1) B g"=0(mod n), MAWMREA™=2J Y HIVKT.(x) |Q(x), c=(g,n);
(2) B Qx)=T,(x) (mod x"-1), MAFRA"=AJ K HMN%re"" =0 (mod n)
Mr=0 (mod c). Ef1H Hall- B A T«
R ERE 8B 45w

Qy () =T, (OT,(x )eT.(x*"")  (mod x"=1)

0 O=T,(OT,(x ) eeTy(x* ") (mod x"- 1)
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