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The following conjecture is well known. “Let G be a finite group and A<
Aut(G). If (|G|, |[4]) =1 and C,(4) =1,then G is solvable”. As a special case,we
pay much more attention to the case of that A4 is a p-group. When A is a p—
group,the hypothesis “(|G|,]4])=1” can be derived from “C;(A4) =1” by use of orbit
formula. So far as we know, the possitive answers were given to the following
cases: (1). |A|=p, (Thompson’s theorem [61; (2). |4 =p* ([ 11 Theorem 10
4.2, 10.5.6 and [41); (3). A4 is an elementary abelian p-group, (Martineau’s
theorem [ 2]). But there is no general answer yet if the power index is larger
than 2. In this paper, we give an elementary proof to the case of p=2or 3 by
use of a Glauberman’s result.

(5] Let G be a finite nonabelian simple group. If G is

Glauberman’s theorem
§, free, then G is isomorphic to one of the following simple groups;

(a), $,(2"),r a prime; (b), psl(2,2"),r>1; (c), J, or Ree; (d), psl(3,
2); (e), psl(2,9), g=3 or 5(mod 8). 4

Thompson’s theorem'®’ If a finite group G admits a fixed -point-free auto-
morphism of prime order, then G is nilpotent.

Main theorem Let G be a finite group and A<<Aut(G). If 12_HG|, (|Gl, 14D
=1 and C (A4) =1, then G is solvable.

Proof Suppose that this is false and consider a counterexample for which
|G| + 4| is minimal.

(1). Every proper A-invariant subgrup of G and every proper A-invariant
quotient group of G is solvable.

Let G, be a proper A -invariant subgroup of G. Then A induces a group B,
of automorphisms of G, and |G|+ |B,|<|G|+ |4], Cg, (B)) =1 and 12+|G,|, 46,1,

|31|): 1.Hence G, js solvable by the choice of G. Let N be a non-identity A-
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invariant normal subgroup of G, since (|G|, |4])=1, we have that Co/n (A =
Co(A)N/N=1 by [21X.11.1. Hence G/N is solvable by the same argument.

(2). G has no non-identity proper A-invariant normal sugroup. G=G,xG,
X e+ x G is a direct product of isomorphic non-abelian simple groups, where each
G, is a minimal normal subgroup of G.

Suppose that this is false and let | £AN+G and N be a normal A-invariant
subgroup of G. By (1), both N and G/N are solvable and so is G. This contra-
diction implies that G is a characteristic simple group.

(3). G is a nonabelian simple group.

By (2), we only need to show that m=1If m>1,Let B=N (G)) then B<A
by (1). Let A=Ba,+ Ba,++-+Ba, be the docomposation of all cosets of B in 4,
where 1=a,,a,,*,a, are the representive elements of cosets . Since G, is a mini-
mal normal subgroup of G, so is G;" . G/ NGy+#1 if and only if Gy =Gy if and only
if a,=a,;. It is easy to show that G;'x Gi*x++xG}" is a non-identity A-invariant
normal subgroup of G and so that G=G}x G2x «+xG* by (2). Let B, =B/C(G,)
< Aut (G,). We have |G,|+|B,|</|G|+ |A4|. Since G, is nonsolvable, Co(BY=C4 (B)
1 by the choice of G. There exists 13£g,¢Cq;(B). Note that G=G," ><G:2><---‘>< Gy .
Let g:g‘;'...g‘;". It is easy to show that 1ige‘CG(A) =1.This is a contradiction.

Since 12+|Gl, G is S, free. By (3), G is isomorphic to one of the simple
groups listed in Glauberman’s theorem. By [ 1] Theorem 7.6.1 and odd order
theorem, 4 [|G[, hence 3 }G[. But 3 ||G| if G is of the form (b to (e) listed in -
Glauberman’s theorem by [ 1] p490, hence G=S,(2"), where r is a prime. By
[3], |Aut(S,(2"))|=|S,2") ]| r. Since (|G|, |4]) =1 and A4+#1, we have |4|=rlt
follows that G is nilpotent by Thompson’s theorem.

The last contradiction completes our proof,

Corollary Let G be a finite group. Let 4<Aut(G) be a p-group with/p=2
or 3.If C,(A4) =1, then G is solvable.

Proof Consider 4 acts on G. By orbit formula, we have |G|=|M,|+|M,]|+e=
+ [Mkl, where M, ,M,,--, M, are the orbits under the action with M, =1. Since
|M|||A]:p’, Cy,A4) =1, we have |[M|>1 for i=2,3,+,k and |G|=1 (mod p).
Since p=2 or 3, lzﬂG[. The Main theorem follows that G is solvable.
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