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On the Joint Essential Spectrum,the Joint Essential

Numerical Range and the Boundary of Joint Numerical Range
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(Harbin Architectural and Civil Engineering Institute)

Abstract The present note gives some results of the joint essential spe-
ctrum, the joint essential numerical range and the boundary of the joint num-
erical range for several commuting operators,

| . Joint essential spectrum and joint essential numerical range

Definition | .| (R.E.Curto (3)) Let T =(T,+-T,) be an n-tuple of almost
commuting operators on Hilbert space H (i.e.T;T, =T,T,-TT,eX-(H), i,j=1,2,
«sn), and the Kozul complex

k+ 1 k

" dn ”n
0—»..._>E',"” (H, C)—’El:' (f],C')—-»Ek_1 (H,C)—>sees g (1.
is obtained from the system '

k+1

D,
0_...._.15;”(H,c)——i—*E;(H,C)-—-—E;_,(H,C)—»---—»o (1.2)
by the classical map. Where

k :
Di(xe  NeeNeyy) :iZ1 (- 1)'+'Tj,.xej1/\---/\ej,./\---/\ejk

If the complex (1,1) is exact, then we say that T is a Fredholm tuple,
Definition | .2 Let 7 = (T,+--T,) be an n-tuple of almost commuting operato-
rs on infinite dimmensional Hilbert space H. If i1¢C"such that T-1 is not a
Fredholm tuple, then we say 1 belongs to the joint essential spectrum of T,
The joint essential spectrum of T is writed by Sp (T, H).
Definition | .3 Let T = (T,--T,) be a n;tuple of several bounded linear
operators'on Hilbert space H. The set '
wg,(T) = {AcC" |there is a sequence {x,}CH, | x| =1,
x,_w_0, such that (Tx,, x,)—»1}
is called the joint essential numerical range of T,
Theorem |, 4 Let T = (7,--T,) be an n-tuple of almost commuting operators
on infinite dimmensional Hilbert space H, and T,T;=T,’T, (ixj). Then Sp (T,
H)Cw, (T).
Proof Let A= (4,+1,)¢Sp, (T,H), i.e. T-1 isn’t a Fredholm tuple. Then
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there is a map f; {1,2,+, n}—{0,1}such that Y /(T,-1,)isn’t a Fredholm
i=1

h

operator by Cor.3.7 in R.E.Curto (3). Since ) /(T: -4,)is a positive operator,
i-1

So ol (T (T, -4)) =0, (X /(Ti—1,)) . Hence, for any SeL (H), S (XL/(T,-4,))
—1 is not a compact operator. By theorem1.1 in P.A . Fillmore, J.G.Stampfli

and J.P.Williams (2], there is a sequence {x;JCH, |xi|=1,x:2=0,such that

I (ilfm ~Axe |0 (k—o0)
consequently Ilf(Ti—/li)xk ||~> 0 (k—=oc). Hence
V(T ~2)x, | = 0o0r | (T, -2)*: | —>0.
Furthermore (T, —A)xi xx)—>0 (a@s k—»00), i.6, A= (Ad),e0,4,)ew (T).
Theorem 1.5 Let T = (Ty+T,) be an n-tuple of almost commuting essential
operators on Hilbert space H.Then Sp (T ,H)C Wess (T ).
Proof It is an immediate consequence of Cor. 3.9 in R.E.Curto [3)].
Lemma | .8 (G.F.Cao (1)) Let T =(T,--T,) be an n -tuple of bounded

—1 Lot}

. 2 2
linear operators on Hilbert space H. X = (D x,¢ D H, (Ty++T,J;and (T, -T,) are
i=1 1 .

respective the j-th rows of (Tl---T,.)Aand (Tl---T,,S\'.
T (X, n) = ((TyeeTo ;X x;)y I = ((TyoeTW) X, x1)
. Then we have followings

) =1

2" ! 2 B 2 _

S (Txinx) = andu(X,n) + 20 biyjJ ;1 (X,n) (1)
i=1 ihi=1 iyj=1

2l - 20, I 7 - 1 *b

Z (T,x,,x,-):}:a,jJU(X,n)+Z b,,-J,,(X,n), (2)
i=1 =1 ivi=1

where a/;, b/ €Z (I =1,2,+n).

Theorem | . 7Let T = (T,«T,) be an n-tuple of almost commuting operators
on infinite dimmensional Hilbert space H. Then Sp, (T,H)Cco‘n.We,s (T).

Proof Suppose 1 = (Ay;+,4,)€Sp, (T ,H), then (T —=1)" = (T =4y, =, To~4,)
is not a Fedholm operator by Cor.3.11in R,E.Curto (3], 1i.¢. (7,‘\~J,1) =(((Ty —
MTy—14y) diag (T3—A;)+- diag (T,—4,))"is not a Fredholm operator. So for any

-1

2 T~ . ) . . o
SeL (GP H), S (T -2) -1 is a noncompact operator or (T -1)S -1 is a nonco-

-1

' ' , 2 2»—|
mpact operator. Hence there is a sence there is a sequence {@ x,.'"} - @ H,
i=1 1

Il - 27! m ‘ 2! 2!

IIQBIx, | = 1,{6}9' x Zo,such that | (T -a5(P xM | —=o0or | (T -45* P x™ -0
= = i=1 i=1

by theorem 1.1 in P,A.Fillmore J.G.Stampfli and J.P.Williams (2], Furtherm
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1 Ll
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more J,, (P x7', n)—=0 or J5(Px],n)—~>0.By lemmal.6, we have
r=1 r=1

P |

P (T, =A)x7, x>0 =1,2,en),i.e. t (Tix['s x[)—4,.

=1 =1

Without loss of generality, suppose ||x7' || 2»6, (m-»c0), then }Zj é,=1.Let I,be
I=1

L x A xM ) =ul, ted,,

the set of / such that §,%0,and suppose lim (T;x7/ || x7
m

i=1,2,0, n. Then u'= (uleeeplleW ,(T), leI,. Hence
A= (Gyeesdy) =lim (& (Tyxlx e & (Twx]\, x)
I1=1 I=1

=lim <[§[3 Wx? WP el Nl Vel Nl :”ZJIu’econWess (T).

2 . Joint essential numerical range and boundary of joint numerical range

Proposition2 .| Let T = (T,+-T,% be an n-tuple of bounded linear opera-
tors on infinite dimmensional Hilbert space H, K = (K;++K,) be an n-tuple of
compact operators. Then W, (T)=W,,, (T +K). Where T +K = (T, + KT, +K,) .

Pooof Let AW, (T), then there is a sequence {(x,)CH, |xi!=1x:2%0,
such that (T;x;, x)—=4;, 4= (d;+4,). Suppose K = (K,-K,) be any n-tuple of
compact operators, then (K;x x:)—~0.Hence ((T, +K,)xy, xx) —~0.Furthermore
AW o (T +K ). Similarly W, (T +K)YCW, ,(T).

Remark Clearly, we have W (T)C ﬂ W(T+K).
where .(H) is the algebra of compact operators.

Proposition 2 .2 W, (T be non-empty set,

Proof For any {x,JCH, [x,]=1, (xwxi)=0(kxk’), we have x,—2.0.
We can find a sub-sequence {x, !} such that (Tixy;, xi;) —=A;. Hence 4= (4 e
AW, (T).

Proposition2 .3 Let T = (Ty-T,) be an n-tuple of commuting unilateral we-
ighted shifts' with no zero weights. Then W, (T) is a convex set.

Proof It is easy. We omit it.

Proposition 2 .4 Let 7 = (T,++T,) be an n-tuple of commuting operators on
Hilbert space H, and for any two-dimmensional orthogonal projection P, we
have T,PT;=T,PT;, i,j=1,2,+sn. Then W, (T) is a convex set,

Proof Let 5= (5,00e5,), 4= (Aeeed)eW, (T), s5=A. Then there are sequences

{xe}, {7} CH, such that x, 20,720, | x, | = | » || = 1,and (Tx,, x0)—>s, (Ty

(Txuxe)—~>i. Let He=V {xy, ye), then H . H is two-dimmensional Hilbertr

 space, By hypothesis of the proposition, P,TP,, = (P, PP, TP, is a n-
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tupl of commuting operators, and W (P, TP,,) =W(P,,yTl”k)CW(T). Where P,,
is the projection onto Hi. Since W (P,TP,,) js a convex set. For any 0<u<
1, there is a ugHy, |uil= 1, such that (Tuy, we) =t (Txg, x0) + (1-1) x

(Tyir, y&). Suppose ui=apxi+B, we ll prove that both a,and B,are boun-
ded, By sxi, we have | (x, yp |<6, 6§<<1.In fact, if scA, then there is a
T; such that ,}i:g(T"x"’ xk)ﬁgglxllo(T,yk, Yi). Suppose y; =AiXi*tuiZi, Zil xp then

(xty Vi) Ak If >0, then (e, ¥ = (|4 P (xiy x0) + |ux [ (2o 200 = 1,
(xes 300 |8,
4 <1.Without loss of generality, we assume a;—>a, f,—~B. Then u,x 0, Hence
IS+ (1-04 :,‘lilg(T”k’ U )EWe (T).

s0 |A¢ |= 1. It contradicts si-A. Hence u;—0.Furthermore 1,~1,i.e.

Proposition 2.5 Let T, = (T\,oTw)(k =1,2,-eem) be respective n-tuples of
commuting operators on Hilbert spaces Hi(k =1,2,+m)and W,,(T,) be all

convex. sets. Then We, (D Ty) =con (| ) Wy (Ti))
k=1 k=1

Proof Suppose 1=, t,decon ( UW%s (T)) (2 te=1,1,>0), then there are
k=1 k=1 k=1

sequences {xkj}jo_ICH,,, xi; | =12, %0, such that (Tex,, x.)->i:. Let

m m m
xj=@thxkj, “then x; » 0, |x;[=1, and (P Tix;, x;)>2 tih,. Hence con
k=1 k=1 k=1

m m

(\J Wegs (Te) CW,oyo (P Ty) . Conversely, if AW, (P Ti), then there is a sequ-
k=1 k=1 k=1

m m

L3 m m
ence @xij@Hk, 3 llxkj “2=1,x,‘j_’;0 (j—>o=), such that ((P T) (D x4
k<1 £=1 k=1 p X

=1 21
Elek,-) =k21 (Tix ), xi;)—~>A. Hence Aeccon (U Wes (TW)) .
= = k=1

Theorem 2 .6 Let 7 = (T,--T,) be an n-tuple of commuting operators on
Hilbert space H. W (T) is a convex set. Then ExtW (T)W., (T) UW (T). In
particular W (T) =con (W, (T)UW (T)).

Proof For any n xn unitary matrix U and g¢C", we have W (UT +8)
=UW(T)+p. One can assume 0¢Ext W(T) - W(T) , hence there is a sequ-
ence {x,JCH, |[x:]=1,such that (Tixe, x0)>0 (i =1,2,+n). Without loss
of generality, we assume x,%x, [x|<1, we claim x=0. In fact, if [x[ =1,
then x, 5>x, So l (Tix,x) |<| (T, (x — x4y X) ] +| (Tixpy, x —X¢) |+[ (Tixp, Xi) [—*0,
Hence (Tix,x) =0, i.e.0eW (T). It contradicts our assumption. If 0<|x |<1,
then (T, (x=x), x-x), X ~x) = (Tix, x —x) = (T,X4, x) + (Tixyy x) > — (Tx, %),

2 Let ye=(x—x0/ |x—xc |, then (Tiyy yo

| x-x, H2=1—2Re (x —x4 x)— |lx



- - (Tix,x)/ (1~ |x|*. However, this implies 0¢ExtW (T). Thus completing
the proof of the theorem. .

We state following lemma2.7 —2.14 but omit their proofs.

Lemma 2 .7 Let G bea bounded non-empty closed set in C". Then there
are at least two extreme points in G. ,

Definition 2 .8 Let G bea convex sub-set in C", @ = {A:ACG is homeo -
morphic to a simplex}, we say z is a k-th dimmensional interior point of G.
If there is a Ac @such that z lies in interior of A, and dim (A) =k, k<2n.The
set of k-th dimmensional interior points of G is writed by G (k). Clearly,

G (k)CTG (k—1).

Definition 2 .3 Let G bea convex subset in C". The k th dimmensional
boundary of G is the set 3,6=G -G (k).

Lemma2 .]0 Let G bea simply connected closed subset in C". we¢G,

A = {F Qo IF (u)CG i1s a closed convex subset, and weF (#)}. Then there is a
maximal element in g4, We denote the maximal element in g by G (u).

Lemma 2.l Let G be a bounded convex closed subset in C", and
dim (G) =k. If / is a ray that the center lies in G (k), and there are at least
two points in /(}G. Then /(19,G is a simple point set.

Lemma2.]|2 Let G be a bounded convex closed subset, and dim(G) =k.
Then Extd,GCExtG.

Lemma2 .13 Let G be a bounded convex closed subset, and dim(G) =k,
u€d,G. Then Extd, G (u)_Extd,G.

LemmyaZ.M' Let G be a bounded convex closed subset, ueG. Then eit-
ther 4 is a extreme point of G or there are u,--u,£ExtG such that gecon {u e
M) o

Theorem 2 .15 Let T =(7,--+T,) be an n-tuple of commuting operators on
Hilbert space H, and W (T) be a convex set. Then W(T) is a closed set if
and only if W, (T)CW (T). In particular, if T is an n-tuple of compact
operators and W (T) is a convex set. Then W (T) is a closed set if and only
if peWw (T). If 0EW(T), then ¢ ExtW (T), W(T)-W (T) contains only 0 -
or ray segments from  and these ray segments don’t contain extreme points.
of W (T) but 0.

Proof The first assertion is clearly. To prove the second, we need only
to prove Wes, (T) = {0} . Since Wey (T)C[ W (T +K) ={0}, Wi (T) is a nonemp
mpty set. So W, (T)={0}. Now we prove the third. If ( EExtW (T), by
lemma?2.14, we know there are 1;+4,€ Extm, such that p€con {A;==As},
and 4,%0@ = 1,+k), py theorem2.6,4,€ W (T). Hence ¢ €W (T). It contradicts
0EW (T).



Now suppose 0XAeW (T)-W(T), if AcExtW(T), then AW (T).So
AEExtW (T), hence there are i,--+4, in Ext W (T ), such that 1€ con {;+=1;}.
If 1;%0(j =1,2,++sk), then i€ W (T) by theorem2.6, hence there is a number
j such that ;= 0. without loss of generality, we assume i, =0,and 4,5 0
j=2,ek. We'll prove (0,AJ VW (T)=¢. In fact, if there is a A4 in (0,47 )
W(T), let ¢ bethe extended line of (0,A), then c[)con {ipei;}3¢. Suppo-
se 47 €cllcon {Ayeeeds}l, by 24,350 j =2,e0, k, we know A;€con {A,-d}JCW (T).
Hence i€ con {Ag, A;}CW (T). It contradicts the hypothesis.

Theorem2 .16 Let T = (T,-T,) be an n-tuple of commuting operators on
Hilbert space. W (T) is a convex set, A€ dW (T), {f,}7Tis a sequence of unit
vectors of H such that (T f,, fi) = ((T\fu, fi)**(Tufi, f))=i. If ic ExtW (T),
then either there is a sub-sequence {fkj}‘;": ,converges weakly to p or {f;}
converges weakly to f Osuch that (Tf, f) =i f|*.

Proof Tt is similar to theorem 2,6's.

o0
j=1

Example 2.17 There is an n-tuple of commuting non-normal operators,
T = (T,+T,),such that the bare points of W (T ) are not the joint eigenvalues
of T.

Let H be a 3 -dimmensional Hilbert space, and {e,e,e,} be its ortlrogo—,
nal base

6 0 0 0 0 0
Tv=10 1 01, T,=| 0 0"
60 0 0 1 0

then T'T,=T,T, = 0,

W (TTy) = {(lay [, aay) llay Prlay Prlay f=1)
It is a circular cone in 3 -dimmensional Euclidean space. We write the base
of the circular cone by ¢. Clearly, all the points in dc are the bare points
of W(T\T,), if 3c¢CSp,(T,H). Let {x,},.,,
{xl}leacis a linear indepence family. It is impossible because H is a 3 -dim-

be the eigenvectors of T. Then

mensional space.

Remark Clearly, if T is a bounded linear operator on Hilbert space H,
then the bare points of W (7T) may not belong to ¢,(T). Hence, V.I.Istristse-
scu [4)’s result is false (The result says if 4 is a bare point of a bounded
linear operator T, then A€o, (T)).
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BRaAmill, BaEREEESKSHEERNDR

LI
R R R TR B

WME AR THibertZELILPLHA RRERTHNBAERE, BE BB
HESRARENNN RERHME AN XR. TEGRE
EE | BT =(T-T,) RHilbertZ[g|H L)L FRMA, HT.T, =TT, (ix)),
1l
Spe(T, HYCW,, (T).
TW2 RT = T,--T, RHilbertZdH L JLEXHERERL, WSpe(T,H)C
W, (T).

EB3 BT = (T\--T, RHilbert F|H kL FZ#Hh4d, WSpe(T,H)C.
conW _ (T).

EM4 BT = (T,--T,) RHilbert FjRIH L ERBFH, W (T) RIOE, 0

ExtW (T)CW,,, (T)UW (T). :
¥R, W (T)=con(W, (T)UW(T)).

EES5 |7 = (T,-T, KHilbert ZEH BB TH, W (T) BONE, WW T)
P4 BOUYSHL,, (THCW (T) . $e9i, MRTRRERETA, w(T) ALK, WW(T) 2
MY EAY 0w (T). B OW (T), WOEXtW (T), W(T) -W (THLE OHM 0
W& HRE, HXBHRBEATHR O SMH T K.
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