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Abstract

In [ 1 ], the convexity, existence of selectors and Radon-Nikodym deriva-
tive of a set-valued measure have been developed . This paper is to invetigate
the structure and extension of a compact set-valued measure.

§ 1 Set-Valued Measure and its Properties

Let R™ be the m-dimensional Euclidean space, #,(R™)(X,, co A, respec-
tively) the family of all nonempty subsets (nonempty compact subsets, nonempty
compact convex subsets, respectively) of R”. Let H denote the .Hausdorff distance
on ¥,, i.e. for K, and K, in X . -

H(K ,K,)=max{max min d(x,») max min d(x, y)}. (1)
xeK, yeK, xeK, yeK‘

It is known that (X , H) is a complete metric space.
For De #,(R™), the norm of D is defined by

_ ||D||=sup{|lx):xeD}. ' (2)

For D,e #,(R™) (n>>1), define the addition as follows !J:

iD,.s {}ij,ﬁx,.eb,, (n>1), fillx.ll<°°}- ) (3)
n=1 n=1 -1

It is easy to verify that
H(K1+K2’Kz)<"K|" (4)
for X, and K, in X, .
Definition | Suppose # is an algebra on Q. Mapping =: g—> #,(R”) is called
a set -valued measure on ¥ if

(U4, =X 24 ' (5)
n=1 n=1
for every sequence {A4,} of mutually disjoint elements in .# and UA,,ef;. 1f
|z(Q) ]| <oco, then‘r is called bounded. . "

If = takes values in K,(coK,), then = is called a compact (compact convex)
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set-valued measure .
If = is a compact set-valued measure on #, then the support function of =,
5,(A) =8 (p, 7(A)) = sup(px:xen(A) (peR", deg) (6)
is a finite signed measure on #, Let e, (i=t1,+, tm) be the Zm vectors (0,e,
0, +1,0,,0),z,| denote the total variation of 2, . Denote

(A= o] (). (Aeg).
v i;'ll I ¥

v is called the tight-control measure of 7 and it is clear that for A¢ ¥
Az ) | <o) <p(Q)<oo, (7)
Theorem | Let z:#-—>K,, then n is a compact set-valued measure iff the
following two conditions are satisfied:
(1) = is finitely additive,
(z) H(x(A), 1(4)) =0, whenever {4,, A:n>1}C # and 4,14.

Proof “=7” ., If r is a compact set-valued measure, then 7(4) = {0} n is
finitely abbitive and 7(A4) =1(A\ A4,) +1(A4,) whenever A4,44. Hence
H(x(A), 1(A4)) <|x(A\ A, |<o(4\A4,) =0 (n—>00) .

“e”, Let {A,:n>1} be a sequence of disjoint elements in # and A= OA,,
n=1
¢#, then

lim H(x(A), 3 2(4,))=1lim H (z(4), 2(|') 4)) = 0.
n-rco i=1 . n-*co i

Since 7 is finitely additive, it is easy to show that » is finitely additive. So for

every n>1,

3 204 |< 32 o(Ap=0( iU A)<p(Q)<oo.
=1 i=1 =4

Thus Y 7(A4,) is a nonempty bounded set. Noting that x(4,)¢K,, we getl7]

n=1
i‘ 7(A,)" K, . Therefore

n=1

Ha), ¥n(4) <H @), Y a4n+ Yo |xc4) |0
n=1 i=1 i=n+1

ie. () =3511(4,).

n=1
§ 2 Extension of Compact Convex Set-Valued Measures

Let # be a algebra on Q, o(#) the o—algeBra genrated by # (i.e. mini-
mume g-algebra containing #) and 7 be a set-valued measure on ¥ . If there
is a set ~valued measure 7’ on o{ #) such that 1'(4) =2(A4) (4eF) then 7’ is called
an extension of 7 from & to o(#) .
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Definition 2 Let u: #>R", u,: F>R" (+¢T) are singned vector measures on
(Q, #), u is called strong additive if

I il”u") <o o (8)

for every sequence {4,} of mutually disjoint elements in & . {u,:1eT} is called
uniformly strong additive if {u, :t¢T} are strong additive and

lim suP"i u,(A) =0

nvco o i=n
for sequence {A4,} of mutually disjoint elments in #. {u :teT} is called uni-
formly bounded if for Ae¢#. :
sup [lu, (4 | <oo (10)

teT
"It is easy to verify that statement (9) is equivalent to for A F (n>1), A,,?@=
lim sup |4, (4,) | = 0. (11)
A0 46T

Let (2, # ) be a measurable space, 7 a bounded set-valued measure on (Q,
#4). Z.Artstein{!) proved that for arbitrary Aed and xer(A) there exists a vector
measure u on (Q, ) such that u(A4) en(A) (Aef) and u(A) =x; this u is called
a measure selector of 7. With little modification the proof is also suitable for
the case that algebra # replaces o-algebra yf, i.e.if _f is an algebra and 7 is
is a bounded set-valued measure on.# , then for'arbitrary A¢F and xen(A), there
exists a vector measure x4 on (Q, #) such that u(A)en(A4) (4¢¥) and u(A)=x.

Theorem 2 Let # be an algebra on €, then 7 is a compact convex set-va-

lued measure on # iff there exists a sequence {u,} of uniformly bounded and
uniformly strong additive signed measures on & such that ,

1(A) =col{u,(A)in>1) (AdeF) = (12)
and 7 is finitely additive. '

Proof “&”. By (12)

Ja( | = feotu, (D n>1} | <sup fu,(4) | <oo
n>1
i.e.7(Ad)ecoK,. Since {u,} are uniformly strong additive, fo. arbitrary 4, A%

(k>1), A tA from
H (A, ()< |2(A\ A4 | <sup | u, (AN 4) |0 (k—>o0)
and Theorem 1 it follows that » is a compacti convex set-valued measure on ¥ .
“=” If = is a compact convex set-valued measure on # , then 7 is finitely
additive . Since 7(Q)ecoK,, there is a countable set D= {x,x;,} of 7(Q)
which is dense in 7(Q). For x,eD there exists selector u, of 7 on % such that
#,(Q) =x,(n>1). Hence- ‘
Q) =clD=cliu (QD:n>1;. (13)
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By the convexity of #x(Q) it yields
1(Q)=cofu,(Q):n>1}. , (14)
For arbitrary Ae #,
1(Q) =coiu,(Q):n>1}
Ccol{u,(A) :n>1}+cofu, (AT) :n>1}
Ca(A) + 1(A°) = 1(Q)
s0 that
1(A) + 1(A%) :E{u,,(A>=n>1}+E{u,,(A") tn>1}.,
Noting that C_O{,M,,(A):II>I}C7I(A), Eo(un(A”)=n>1}Cn(A”), we get that
1(A)=colu,(A):n>1} (Ae F). (15)
Ii is obvious that |u,(A) |<|x(4) | <co (n>1) for every Aec#, hence
sup i, (D | <Jjm () || <oo

i.e. iu,:n>1} are uniformly bounded. For sequence 14,} of mutually disjoint

elements in # .

155 (A | 35 004, <0(Q) <oo
i=1 i=1

i.e. {u,} are strong additive. If A cF (k>1), A, D, then
sup || u, (A | <|z(4) | <v(A4) >0

. n=1
i.e. {u,! are uniformly strong additive.

Theorem 3 Let = be a compact convex set-valued measure on algebra ¥
and o(# ) the o-algebra generated by # , then there uniquely exists a compact
convex set-valued measure 7 on o(#) such that 7(A4)=x2(A) (AeF) . This 7 is
called the extension set-valued measure of =.

Proof 1If 7z is a compact convex set-valued measure on (2, #), by Theo-
rem 2 there exists a sequence {u,! of uniformly boundéd and uniformly strong

additive signed measures on ¥ such that

, 1(A) =colu,(A):n>1}) (A F). (16)
Let u, be the extension of x, to o(#) (n>1), and denote
7(A) =colu,(A)n>1) (Aeo(F)). VR

It is clear that 7(A)=7(A4) (Ae#).
Let » be the tight-control measure of » on ¥ and y the extension of » to
o( ¥), then o is finite since p is finite. Put
€= {A: |u,(A)|<o(4) (n>1)}.
It is obvious that #C #. For arbitrary A4,¢€(k>1) A, 4|4,
I, (A | = ||lkiljlooZ(Ak) ||<1ki§1m5< A) =9 A.

Hence Ae¢w , i.e.# is a monotone class. Thus ¢( % ) & by the monotone class
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theorem, i.e.
[, |<o(A) . (n>1, Aea(F)). (18)
By (17)
I |<v(a) (19)
i.e. 71(A4) €coK, (Aca(F)) and {u,:n>1} are uniformly bounded on o(#). By
(19) in a way similar to Theorem 2 we can show that {;,,=n>1} are uniformly
‘strong additive on ¢(#). By Theorem 2, to prove 7T is a compact convex set-
valued measure on o(# ) it suffices to prove 7 is finitely additive.
Firstly, since {u,:n>1} are uniformly strong additive, for 4,4({)4 we have
H(x(A), 71(A4) = H(co{u,(A):n>1}, col{u,(A4,)::n>1}).
= H(colu,(A) +u,(ANA,) :n>1}, colu,(A,):n>1})
<\isg;1) Ve, (AN A4 |0 (k—>o00) .

i.e. for 4,4 ()4,
F(A) = lim7(4,) (20)

k—co
For Ae¢#, denote
&, = {B:7(AUB)=7(A) +1(B):BNA=Q}.
It is clear that $NA°Ce, .For B,e¥, (k>1) and BB it is obvious that BNA=
¢ and
T(BUA) =7( Q (B,UA))

= lim 7(B,U A = lith (T(B,) + 1(A))

k »oo k-»oco

=lim 7(B) +1(A) =7(B) + 2(A) .
k-»oc0

Hence Beg, . Similarly we can prove that Beg, whenever B, (k>1) and B,}
B. So ¢, is a monotone class. Thus o(#)(A°C ¥,, i.e.for arbitrary A¢F and
Beo(#F) if ANB={ then 1(4JB)=7(A) +1(B).

For Beo(§ ), denote w,={A:n(AUB)=n(A)+7(B), ANB=0Q} .

Similarly to the above process we can prove that ¢, is a monotone class
and #\B°C ¥,. Hence o(#)NB°Cw,. i.e.for 4 and B in o (¥) if ANB=0
then 7(AUB) =7(4) +7(B). By Theorem 2, 7 is a compact convex set-valued mea-
sure .

Suppose z* is another compact convex set-valued measure on o(.#) such that
1*(A) =72(A) (A F). Denote €= {A:7(A4)=12*(A)}, then FC &,. By (20) it is strai-
ghtforward that ¢, is a monotone class, so o(F)C ¥, i.e. 71(A) =7*(A4) for each
Aco(#). Thus the extension measure is unique. Now the proof is completed.

§ 3 Extension of Compact Set-valued Measures

To study the structure and extension of compact set-valued measure, we



introduce the concept of atoms of set-valued measures.

Definition 3 Let# be an algebra on Q and 7 a set-valued measure onj ,
AeF is called an atom of 7 if 7(A)=={0} and »n(B) = {0} or 1(A\B) ={0} whene-
ver BC A and Be#. If 7 has no atoms, then =z is called nonatomic. Given mea-
sure 4 on ¥, 7 is called absolutely continuous with respect to x4 if 7(A4) ={0}
whenever Ac¥ , u(A4)=0; and denoted it by 7 <u.

Let o be the tight-control measure of =, it is obvious that 7 << u.

Theorem 4 A is an atom of = iff 4 is an atom of ».

Proof If Ae¢# is an atom of 7, then 7(A)+{0} and z(B) = {0} or x(A\B)=

{0} whenever Be#, BCA. Hence v,(B)=0 (i=+t1,e, tm) or y (B)=p,(A) (i=
+1,-ss, m). By Hahn decomposition
,,(B)=0},(B)-v(B), |v,|(B)=0}(B)+u,(B:r
Where '
v} (B) =sup{s,,(D):DCB, Deg}, y,(B)=—infly, (D):DCB, De¥}.
If »,,(A)>0, then 27,(B) =0 or u},(B) =p,(A4) (BCA4), v,(B)=0. Hence we get

m
lo,,] (B) = |0,,(B)| (BCA4). This result holds also for 2,,(A4)<0. Thus #(B)= )
i=t1

lv,,(B)|. From =(B)={0} it follows that 2,,(B) =0 (i= t1,+-, £+m), so that y(B) =
= (.Similarly s(A\ B) =0 whenever 1(A\ B)=1{0}. By << and z(.A)i{O}, (A
#0. Therefore 4 is an atom of ». _

If Ac¥ and A is an atom of v, then (A +0 and 2(B)=0 or s(A\B)=0
whenever BC A. By <<y, it yields 7(A)={0} or 7(A\B)=1{0}. Similarly 1o the
above process we can show that

p(B)=3|o,(B)| BCA.
i=+1

Hence by s(4)#0, 1(A+#{0}, i.e. 4 is an atom of z.

Theorem 5 If # is an algebra on Q and 7 is a nonatomic compact set-va-
lued measure on ¥, then 7 is, compact convex on #.

Proof It suffices to show that 7(Q) is a convex set.‘Let x and y be in #n(Q),
then there exist vector measures x4, and u, on ¥ such that u (A4)en(A), u,(Ae
n(A4) (A¢ F) and U () =x, u,(Q)=y. Put u:(ﬂ') then # i3 a nonatomic boun-
ded vector measure on ¥ ., Let x4 be the extension of u to o( ), then u is
also nonatomic bounded vector measure, By [ 3], # is conve'v, so that for (<4
<1 there is Aeco(#) such that u(A)=iu(Q), i.e .pu;(A)=1ix and FZ(A) =ly. By
the extension theorem of measures there exist 4,€ # (k>1), A4, u(A) :‘llci»H:OF('A,‘)
=’£im u(A4,), hence

CAx+ (1= D y=u(A) + uy(Q\ A
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=1im (s, (A) + 1y (AN AD)

en(A) +1(Q\ A4,) =1(Q)
ie. 7(Q) is a convex set
Theorem 6 Let # be an algebra on Q, 7 a compact set-valued measure on

#., then there exist at most countable mutually disjoint atoms {B,:i>1} of =z

such that

T () =lim 24N B)) (Aeg) (21)
and ' -

n2<A>=3§$u<Am(QB,>”> (AeF) (22)

-are compaét set-valued measure and compact convex set-valued measure respec-
tively, .and
1(A) =1, (A +71,(A) (AeF ). T(23)

Proof Since the tight-control measure » of 7 is finite, the mutually disjoint
atoms are at most countable, denoted them by B, (i >>1). By Theorem 4, {B,}are
atoms of 7. It is easy to show that z, and =, are finitely additive, and for A%,
AeF when A} 4,

H(x,(4,),7,(4) = H(lim u(Akﬂ(iL"JlB,.)), lim .v(Aﬂ(iL"JlB,)))

-+00 n->co

= lim H (x(4, N J B, (AN ) BY»
i=1 i=1

n—oo

<|lzAaN A4, | <o(A\ 4,) >0 (k—>o0)
i.e. l{im 7,(4,) =7,(4). By Theorem 1, 7, is a compact set-valued measure on ¥,

From
2 12ANBY |< 3 s(ANB,) <o A) <o
n=1 n=1
it follows  5.7(A\B,)¢K, and
n=1
1,(A) =3 1(4NB,) (24)
n=1

Similarly it may be proved that 7z, is a compact set-valued measure and is nona-
tomic, so that r, is compact convex by Theorem 5. Obviously (23) holds.

oo

Theorem 7 Let {4,} be a mutually disjoint sequence in #, Q=[] 4, and ¥
o =]

be the minimue algebra containing {A,:n>1}, 7 is a compact set-valued mea-
sure on ¥ iff there exista sequence {y,:/>1} of uniformly bounded and uniformly
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strong additive measure selectors of 7 such that
7(B) =cl{u(B):l >1} (BeF ) (25)
and r is finitely additive.

Proof Let D, be a countable dense subset of #(A4,) and D:”QD,,, then D is
also countable. For each xeD, there exists selector x of 7= on # such that u(4,)
= x. Hence there are countable measures {u,} such that (25) holds. By |z |<u,
it is easy to prove that {4,:/>1} are uniformly bounded and uniformly strong
additive. Also by #(J)=1{0} it is obvious that r is finitely additive. The suffi
ciency is similar to that of Theorem 2.

Theorem 8 Let # be an algebra on Q andrz a compact set-valued measure
on (Q, #), then theré uniquely exists a compact set-valued measure 7 on o(F)
such that

T(A) =1(4) (Aeg)
Proof By Theorem 6 there exist at most countable atoms {B,:i>1} of =
such that '
(A =7, (A) +7,(A (Ade F).
Where #,(A)= fi'in(AﬂBn) and r,, defined in Theorem 6, are compact set-valued
= .
measure and compact convex set-valued measure respectively. By Theorem 3,
there exists compact convex set-valued 7, on o(# ) such that
T,(A) =71,(A) (AeF ).
By Theorem 7 in a manner similar to Theorem 3 we can show that there is
a compact set-valued measure r, on o(#) such that 7,(A) =x,(A) (4¢# ). Put
TCA) = T,(A) + T,(A) (Aco(F))
then 7 is a compact set-valued measure on o(# ) and 7(A) =7(A4) (AeF). Simi-
larly to Theorem 3 the extension ‘is proved to be unique.
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AXHRTRBEAMBERNSHRFESY %, SHWT EREGR,

(1) BFRAQEMERY, MrRF EHRAMBENENRERGEREF LHEE—F
—BAR, —BCRAMBT XHE (1,:n>1) i r(AD=colu,(d:n>1} (4eF) Hr RER
B e .

(2) ®r kg EMROEEHE, o(F) hgERo-RE, mmwm#mp
AR OBEEIE 7 74 =1(A (4 F).

SRR, FH (1)1 SN 1D =colu, (Din>1) (AeF ) % u, ¥ KE
a(F L, BRu,(n>1), EX 1A =cof{u,(AD:n>1} (Aeo(F)), il {u, ) R—HE
R, —BOR i, REELIEH

={B:1(AUB)=7(A) +7(B), BNA=D} (Ac¥F)
#={A:7(AUB)=1(A) +71(B), ANB=T} (Bea(F)).
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