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Introduction. In (2], V.I,Istratescu discussed the k-uniformly convex spa-
ce. Let us recall that a Banach space x is said to be k-uniformly convex (k>
1) if for every &> 0there exists J (¢) >0 such that if x,,..,x,are vectors in the
closed unit ball with |x, -x,[>¢ for n3xm, then [ x, +-+x, [|<k(1-8(e)).
In (4), Jong Sook Bae and Sung Kyu Choi have proved that the k-uniformly
convexity is equivalent to uniformly convéxity, hence the k-uniformly conve-
xity is not a new notion, In (3], Istratescu also introduced another k-uniform
mly convexity. A Banach space is ca?lléd the k-uniformly cokvex if for every
¢>0 there exists d (¢)>0 such that whenever (x,), (y),i =1,*,k,are vectors .

in the closed unit ball of X and t I x, -y |>¢, then
. 1=1
”xl toeetx, Yyt <2k -6,

The function 8, (¢) =inf {1~ (1/2k) [lx, += +x, + 3, +o 4y, | fil | x -3 1>}
i=

is called the k-modulus of convexity of X,
&
Let 2kp, (s)=sup{ L ( o +sy I+ lx-sy -2k fx=151{=1)the fun-
=1

ction p, . (s)is called the k-modulus of smoothness of X.
A Banach space X is called k-uniformly smooth if p, ,(s)—0 as s—+0.Istra-
tescu have proved that for any Banach space the following relation holds

P () =sup {—sz’—k ~84, x(1))

In this note, we prove that the above k—uniformly' convexity also equivalent
to uniformly convexity, and x is k-uniformly smooth if and only if X is unif-
formly smooth,

Theorem | Let X be a Banach space, then x is k-uniformly convex if
and only if x is uniformly convex.

Proof If X is a uniformly convex Banach space, ¢>0,x,, ", X, y,,---,y,,
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k
are in U(X) ={xeX: |x|<1) and X |x, -y | >¢, then there exists i,(we may
it

assume that iy=1) such that |x, -y | >e/k. For the ¢/k, by the uniformly co-
nvexity of X, there is a 6’ (e/k) =6 (¢) such that |x, +y [|<2(1-6 (¢)),therefore
A R Rt A B P I EN e E A o PN R P
L2(1-8@())+2k-2=2k(1-6(&)/2k).
Hence X is k-uniformly convex.
Conversely, if X is k-uniformly convex and &> 0is given. Let x, yeU (X),

k
“lx—y H>€. Take x;, =x, =eee=x, =x, y, =y, =cv=y, =y, then 1;1 ||x,.»y,- ||>ke,

* by the k-uniformly convexity of X, we have
klx+y] = |x,+eee 42+ +e+y, | <2 (1-6 (ke))

SO
Ix+yl<2(1-6 ke)),

This prove that X is uniformly convex,

Theorem 2 Let X be a Banach space, d,(e) and J, ,(¢) be respectively

the modulus and k-modulus of convexity of X, then ’

Ox(e)/ k<O, x(ke)<d,().

k
Proof Let ¢>0,x,, »,eU (X), then for any {x,, -, xk,yz,--e,yk}Cb’(X),Z “x,. -
i=1

¥, | ke implies
O x (ke)<1 = (1/2k) [|x, + oot Xy + 3, + ooty |
In particular, for x,=«s=x,=x,, y,=+=y, =y, we have

8ryx ko) 1= (1/26) lkx, +hy, | =12+ |
Thus

8, x (ke) <inf {1——%- lx+y |ix, pe UKD, |x-y | e) =6, ().

k
Now assume that x,, e+, x,, ¥, **, ¥, are in U(X) and > I(x,—y,. “>k5- Then
. i=1
there exists i (we may assume that i = 1) such that |x, -y | >¢. Note that

1*"21;" ”xl Toeretx vyttt N<1 +% ”x, ! " +

AR A R P R
2

k

. -2
<1 +% "xl ¥ ” +L2—_:k+_'21_”xl+yl ”’

which implies

7%,‘(1“_21‘“"1 N “)<1"_21‘/? |, +eee +xp t ety |
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therefore

Fox @<t o e v by et |
Thus

Lor@r<s,, s ko),

the proof is end.
We recall that a Banach space X is said to be uniformly smooth if for
every ¢>0 there exists 6 >0 such that if x,» X x| =1and |y | <6 then
lx+rl+ lx-yli<z+ely]

The functionp,(r) =sup { | x42-y I+ | x;y I-1: x| =1, »]=1}is called the
modulus of smoothness of X . It is well known that X is uniformly smooth if
and only if p, (1) /10 as 1—0.

Theorem 3 For any Banach space X, we have

Px (1) =p,, x (1)~
Proof Let 1>0,x,y¢X, |x|=1and [y|=r. Set z,=y/7, then |z, |=1
Now take z, =<z, =2z, then S

;11 Jrvrz, [+ fx-rz, -2kt (fx+yf+ [x-y]-2)

=2k (252 |+ P52 -0
hence

2kpy, 5 (0>2% (| ZZL | + |22 | - b

By arbitrariness of x and- y, we- obtain the inequality
2kp,, x (1) 22kpx (1),

that is p, ,(1)>p,(1). Now assume that | x| = |y, | = 1,i =1,2, «, k,7>0.Set
k
lgl ( "x +1y, |+ |x —-1y, ") -2k =a,

then there exists Jj, 1< j<k, such that
| x+p, | + | x—y, | - 2>a/k,

SO
| 252+ 52 | - 1a/ 2k

Let 1y,=z, then [z =1 and ni’éz— | + \|—"—‘2—z- | - 1>a/2k, it follows that
px (1) >a/2k,
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hence
Px(T) >p, x (1),
Thus we obtain
Px (1) =pp, x (T
Theorem 4 Let X be a Banach space, then X is k-uniformly smooth if
and only if X is uniformly smooth,
Proof, This is an immediate consequence of Theorem 3.
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W®E % X }BanachZ i, JAUX) = {x<X: |x [<1}. V.I.Istratescud| A7 T P4
W& .Banach 2518 Z W B k —BL IR0, MBEREA e >0, FIES () >0, Bx, por Xy ¥, ooond,
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