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Sufficient Conditions of a Chaotic Map with Topdlogical Entropy (
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Let fec®(D) (where I=(0,1)) and ent(f) =0, x ¢ () - p(f)+ In this paper,
through study of limit behavior of the sequence {le(x) 154, We give two suf-
ficient conditions of chaotic map with topological entropy 0, when the set of
periodic points of f is not closed.

Lemma | ‘!’ Let feco(I) . Topological entropy of f is zero if and only if
the following conditions hold ,

(1) For any positive integers m and k, y x ¢I, the sequence {f""zu"(x)}"::0
has at most two limit points. ’

(2) 1If xeﬁ} and sequence {f’"'zuk(X)}o;:o has two limit points,then
they belong two endpoints of same connected component of I~ p( /), further—
more x is one of them.

Lemma 2 Let fec® D). If the periods of periodic points of f are powers
of 2, then

(i) If pis a periodic point of f with period 2", then O(p,le) is strong
ly separated under f2 for each i=0,1,2, «,n—1 ({27.

(i) If xeQ(f) - p(f), then O(x, f*) is strongly separated under f" for
each n>0, (3.

Lemma 3 ©’ Let fec®(I) and the periods of periodic points of f be po-
wers of 2. If O(x, f*") is strongly separated under f*" for some n>0 and for
each k=1,2, then the convex hull of O(x, f*") contains no fixed point of f™".

Lemma 4 ©®’ Let fcc%1I) . If there exist sequences p,—~x and g¢,—~y of perio
dic points, satisfying following conditions ,

(1) <oy <ol ool x L y<looelg; << g0 g,y 5

(2) Either x&p(f) or yEp([);

(3) There exists a sequence of positive integers n,,n,,++,sach that for
each i>0,

I DI UKy, SMK) DI UK,
where J,={p;,,P,,), K,=(4,,4,49;]. then [ is chaotic.
Lemma 5 Let fcc®(D) and ent(f) =0, then the set of recurrent points is
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not closed if and only if there exsist xe;f_f—}— p(f) sach that x is not a limit
point of sequence { f2 (x)}%_,.

Proof Necessity is clear. Hence we only prove sufficiency. If x is not a
limit point of the sequence {fz'(x)}fzo,by Lemma 1, the sequence {fz'(x)}"';_o
only has a limit point y.Without loss of generality we may assume that x<y.

Since x ¢ p(f) - p([f), it follows that xeQ(f) - p(f).By Lemma 2 and con-
tinuity of f, for each n>0, such that fznfx) e p( ) - p(f).Since (x,y) Np(f) =
#(see (7)) thus (x,y) O0(x, ) =é.

Note that the sequence {f2'(x)}%.,—~,hence we can asseme that there
exists someJ positive integer N such that for each nonegative integers, i

f2(0)<x,if i<N;y f2'(x)>y>x, if i>N.

By (ii) of Lemma 2 and Lemma 3, clearly, for each i<_N and each posi
tive integers K, it follows that ﬂ"ZK“>(x)<zN<x, where z, is a fixed point
~of f. :

Similarly, for each i>>N and each K, it follows that f2'@K-D(x)>y>x, .
Obviously, O(x, ) - {x}= | J {f2@K-D(x)}, hence (z,, y)NO(x, )= {x}.

X1 .

Thus x is not a recurent point of f. Since ;?7) = I—Q?f—') hence xel-i(-f_)
-R(PH. '

Theorem | Let fec®(I) and ent(f) =0.If there exist xe;ZT)—p(f) sach .
that x is not a limit point of sequence {fz'(x)}:":o then f is chaotic.

Proof By Lemma 5 and Theorem A in [6], it is each easy to see that f
is chaotic. . .

Theorem 2 Let fcc®(I) and ent(f) =0. If there exist x e;)(_f—i - p(f) sach
that sequence {fz'Zx)}f:O has two limit points, then f is chaotic.

o0
n=90

Proof By Lemma 1, if sequence {f2"(x)} has two limit points, then x
1s one of them.

Without loss of generality we may asseme that_another limit point is y and
y>x. ‘

Since yeR(f) - p(f) (see(3)), thus [x,y1Np(f) = ¢. hence there exists a
sequsec n—~>oco of positive interges sach that fZ"'(x)<x, 2" (x)—+>x and ﬂ"'_l(x)
>y, ﬂ"’_l(x)*y.By ( ii) of Lemma 2 and Lemma 3, O(x, f2") is strongly
separated under fzn’ for each i and the convex hall of O(x,flnﬁ contains no
fixed point of ﬂ"’_l. Hence we can select a sequence p,—~x and sequence
n,—~oo of positive integers, such that for each i=1,2, +-, satisfying following
conditions :

(1) p, is a periodic point of f with period 2™ ;
(2) pi<piu<x and n;<n;,;



(3) (p,x) contains no fixed point of f2".
For each i>0, let k;=2%7! and q=r% ).

Since f%(x)>x and (x, y)N\p(f) =¢, condition (3) implies y<g,.

On the one hand,since O(p,, /) is strongly separated under /%, there
exists a fixed point z, of /5 with z, ¢ (p,,q,).

On the other hand, if K is the convex hull of O(pz,fxl),then by (i) of
Lemma 2 and Lemma 3, K is contians not fixed point of f%/2, Since n,<n,,
K,/2 is divisible by K,.It follows that fX/2(z,) =z , since fX(z,)=z, Thus
z,¢ K.This implies that y<q,<z,<q,. Furthermore, using induction on i/,we have

AN AE AN G 2@ AN RN A )
Note that fKi(p,)=g,and f%(q,) =p;. 1t is easy to check that the sequences p;
and g, satisfy the hypothesis of Lemma 4. Hence by Lemma 4, f is chaotic.
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