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On the Existence of Borel Point of Meromorphic
Algebroidal Functions in Unit Circle

Shi Junxian
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Abstract ; In this paper, the author defines Borel point for v-valeus
meromorphic algebroidal functions of positive finite order in unit circle, and
proves existence theorem of it.

} . Introduction

About Borel direction of meromorphic algebroidal functions, Lii and Gu®’
proved its existence. As for meromorphic functions, Sun®’ proved the existence
of Nevanlinna point. This paper is based on their ideas. It obtanned the result
of the abstract .

v-value meromorphic algebroidal functions W =W (z) in unit circle is defin
ned by function equation,

A (DWW + A ()W 14 eeer 45(2) =0 (1)

Here A4,(z),+s,A4,(z) are entive function in unit circle. They do not have
common zero points. W (z) is a v-value function (v>1). (When v=1, W(z) is a
meromorphic function). It’s domain of simple value is a Riemann surface R..
'R, is v-sheeted covering surface’ of unit circle. For any point set EC{|z|<1}
or |z|<r (0<r<1). The part in §, corresponding to E or |z|<r is denoted b
by E or [z|<r. In this paper, 0<r<1, By |

Mo ,0,,1)={z|p<argz<e,, |z|<1}
Al ,@,51) = {z]| p<argz<e,, |z|<1}
(0<¢;<9,<27), we denote the domain of circular sector in unit circle, then
let

1 W (z) '
SU)ZTI;JHL,( 1+IIW(z)|Jz a2, T(’)z%fo
By n(r,a) and n(r, A(p,,®,31),a), we denote the numbers of zeros of
function W(z) —a in |z|<r and Z(lcp,,cpz;l) N{|z|<r}. Including order of zero
points , let

S0 4,
r

N(r,a)=-%-f’ n(r,a)-n0,a ;ir+ n0,a) logr.

0 r v
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At last, by n(r,Ez) and n(r, A((P],(Pg;l),i ), we denote the numbers of
the branch points of Rz in |z|<r and Al , 9,3 1) N{|z|<r}, Including order
of the branch points, let

1J~r n(r,ﬁz)—n(().ﬁz) dr + n(O,ﬁz) logr
b

N””EZ): 0 r v

Vv
there, we have
N(r,R)<2(v=1T(r +0(1). (2)
Definition Let W =W (z) be a v-value meromorphic algerbroidal function
defined by (1) in unit circle. It's positive finite order,

R
o= i Jog T ()

r—=1 log

(0<Cp<_ + o).

1-r
Let exist @,such that
log ' n(r, Mp—38,9+5;1),a)

lim

r—1

log«—1 1 ;
At most, it has 2v numbers of exceptional value a, for any given 6(0<5<—72[~)
and complex value a. Then, we called ¢'? a Borel point of v-value meromorp-
hic algebroidal function W (z) of positive finite order p.

Based on the theory of algebroidal function, we called“a” the Borel excep
tional value of W (z) in domain of circular sector A{gp— 6,9+ 5;1), the value
“q” determines the inequallity

Y log'n(r, Alp=96,9+8;1),a)

r—-1

<p

1
log1—73

(0<p<oo), 2v numbers of exceptional value a of dafinition are all Borel ex-
ceptional value,

2 . Several Le mmas

Lemma | Let W =W (z) be a v-value algebroidal function in unit circle
fixed by (1). a,,s+,ay (¢>2) are points on the W-sphere, and

q ~
>.n(l,a)<<oo and n(l,R,) <oo,

i=1
then

q . ~
(g-28(r< S nl1,a,) +n(l, Ry +lj‘k (0<k<1).
j=1

Where A is defined by a,, «,a
Proof in (3]

q*

Lemma 2 Let W =W (z) be a v-value meromorphic algebroidal function in
unit circle fixed by (1),
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Then,as for 0<6<60<—f~and 0<8d,<2m,let
Ao=1{z]| |argz —8y|<dy, |z|<L}
Ao=1{z| |argz - 6y<5, ]zi<1}
— 1 7 (2) | 2
S(r, = __ ) A2
.AO) ”Zommo) 1+|W( 2) |
then,any time there is

(g-2)S(r, K°’<,i} n(r*, Ag,ap) + n(r', A4, R.) +O(log : fr )
for any given number 4 (0</i<(l), and the points a,,-,a,(¢g>>2) on the W-sp-
here.

Preof Let r,=(0,1) a (n=0,1,2, %), then, let R=r,,,, we can see the func
tion _ i
(2e_'”°)£;x+2(ze %) ZTiRE%i— RY (3)
(ze™1%) %i—9 (ze ") 2 R2%_ R%

it map the domam circular sector E= A, {|z|<R} onto |¢|<1, it map the point

$=f(zy =

z=(J2 -1)7 7 “Re™ onto center of a circle ¢=0; samely, it map F= Aoﬂ{rl<|z|
<r,} into |¢|<1, F belong to E.

Then, we will work about the max {1‘1|f|} by (3). Let z=he'%*? c F
ze F <

A+iB

(|g|<é,r,<h<r,) ,then, from (3),and let f(Z)zﬁﬂT’ we obtain
eos s gk Te0s 8 gE, eyl Fon 2
A= h"cos 5q + 2R h “cos 26, R%; B= h° smd +2R? h smm;

do 260 26 on a., P 260 z P
C = h%cos—— 60 - 2R %%p ‘cosi---b—z(j0 R“; D=nh smd0 2R %oh ‘smzao

x

A*+B*=P-Q(R%-h%)~G; C*+D*=P+QR%-r%) -¢G.
In it

2z 2%

P=4R%h%+R %+ h %, Q=4R> °hz°cos—g6—; G=2R%n °cos-%”-
0

we can obtain

4

) ) ) 31;_ JL‘,)
¢l=1f) | = %&%r\/l 2R b
~ P+Q(R%-h%) -G

x

% _ %
0 S5 X0

P+Q(R%- h%) -G

From it, we obtain
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4k -
1 <P+Q(R +h) +G (4)

1-1¢] on’ (Ry & 1)
As
R= 1o, (0,DF =1 <h<r,, 0<6<6,<L, o<cos2"T"<cos—g’—g——,then obtain
o 1]
E A 3 21 2z .
P+Q(R*»+ h%) +G 16R % AT dra,
. R T B by
S o _Lr 0, —r o .
Qh 4h “cos 20, r cosvzéo (0.1) “°cos 20,
I'n
: ; =
R,5 L RN Taw
(h) 1>( r, ) 1=(1+ y, ) 1
L
. Ty _ Ty T'nyy _ Ty
>{50 r (1 r“l)>2 ;- a rm). 3
From (4) and the above estimates, we obtain 1‘1|§| < N- r”*’rr" . In it
1__"
rn+l
N= 2“2 is a positive constant. Where r>r,, there exists n>1

3, on_
0.1) cos 23,

anytime, let r,<r<r,, , then, we obtain R=r,,,=(0.1) 2 (0.1) M=rf,<r’1 ,
from it, we obtain

) 1 r3l+l r3).+1
. l—ls’l\Nl—rf,"1 \Nl—r“’1 '
As 0<A<], there is 34+1>1 -1 (unless A<(), then
1-4

1 r
1-12] <N 1= ,i% °

Then, there exist a value r, anytime (r,<<1), when ry<r<1, from it,we have

1 rli-4 ' rl'l : 1
<. + =
=17] <N 1—r1_T Nlog (1 —1‘—_77—) NIOW—
. 1 / 1 . 1 1
Because l:ir;log L logl_r =1, then, we obtain 1—_|?|—<0(log—-——~1 —5)

~ Then, because W =W (z) =W (f'({)) has been defined in |¢|<1, let
1 W' (z) 2
S(r,F) == de
ryF) anI (Tewao
Then, from conforal constancy of covering area S(r,F), as for FCE, from
Lemma 1, we obtain

q
(¢-2)S(r,F)< 3 n(E, a,) +n(E, R, +0(log )
j=1

1
1-r
having pay attention

S(r,F)=8(r, Ay) ~S8(r;, Ag)
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n(E, ap =n(ry,, Ag,a)<n(r', Ag,a,)
n(E,R) =n(r,,, Ay, RO<n(*, Ay, R
Then, we obtain

_ q i ~
(g-2)S(r, A(,)<j§1 n(r', Ao,a,) +n(r*, Ay, Ry

+(g-2)50.1)*, Ay + O(log )

1
1-r

Put the given value (¢-2)S5((0.1)*, A,) into O(IOST_—I-;—), by proof , we obtain

R q ~
(g-28S(r, A< 3 n(r*, Ag,a,) +n(r‘,‘A;o,R,)+0(log1_1r )
j=1 i

(0<r<1), then finish the proof of lemma 2,

Lemma 3 Let W=W(z) be a »value meromorphic algebroidal function in
unit circle fixed by (1), it's positive finite order,

. c— A" - .
p=Tm BT (< pc+ 50,
r—»1
logl_r
1 sg s k _ _ 2 _ 2n _
et m be a positive integer, let 6,=0, 4, = peaf il 0= (m—l)—m—; 4,=0,. let

domain of circular sector
A8) ={z| |argz - 8,|<-EE, |z|<1} (1=0,1,2,+,m-1),

then in it, at the least, exist a domain of circular sector A(ﬂ,-o) O<ip<<m-1),
such that for any complex value a, there is

__ log n(r, A8 @
S R D g pi e,

r—+1
1-r
at the most, it can exclude 2v numbers of Borel exceptional value a.

Proof Suppose the result is not true, Then exist ¢=2v+1 numbers of Borel
exceptional value {aj} at least, (j=1,2,++,9), as for each domain of circular
sector A(4,) (i=0,1,+,m—-1), let

—— log"n(r, ACG) ,a)

log

Hm 1 p (0< p<< + o0).
r—=1
log =7
Then, it exists r, for any given ¢>0. When r>r,, as for i and j,samely, we
have ,
n(r, Aw,),a,’><<‘1_1r )P (5)
For any given positive integef a, let
8, = 27 + 2kn
’ m ma

o<i<m-1, 0<k<a-130,,=6,,6,,m=0,.4,0,
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Q,, =120, <Largz<8, ,.,, |z |<r‘} (r>rg).
Then

-1 m
{[zl<r kz_: IEQ,,k ,

0

—_

so, it must have existed a k, (0<ko<a , where let ky= Q, such that
Z’.n(Qi,o,R )< n(r , R

Then let domain of circular sector
={z|6,,<argz<l6,,,,, |z|<1}

— 0,0+, O, 0,0% 8.
Af:{2| 19021,! g,argz< floz {41, 1 , |Z|<1}

because A9 only cover Q, o twice, then we have
m-1 A o5 1 Pl
nir , iy NNz —)n(r , K,
>on( A R')<(1+a) (r',R,) (6)

i=0

Well, from lemma 2, as for each domain ~Aj,C A‘,’,we obtain

. — q
(q=DS(r, K<Y n(r, 89, a)) +n(r*, AR, +OClog 1.
is
Add up to i, and from (5) and (6),and
m—1 _ :
3. 8(r, A) =8
1=0

we obtain

g DS+ nlrh R + O ) +0(log L,

this time, because

Cp—oli 1_ye-e_
=Cp E)I,T}(l—r) =

lim

r—1

log1—r

then
(g-2)S(rn<1 +%>n<r‘,'R,>+0<<1_1r ) pey

first of all, it is divided by v, on either side, then intergral from 0 to r, we
obtain )

1 p-e
. . n(* R, S
(q-2L [0 g e Ly l’(——)—d+0( T L A
1.
From it,let 7= % then dt=—111—1‘1 1d1, we obtain

(g-Tm<a+Lyll g ”—(i’)—dn +0(0 (5

Then we obtain .
(q-2 >T<r><—§—(1 +L)NGH R + o€

—) 79
1 p-&
————l_r? ).

— 84 —
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From (2), we obtain
1

1 F 1 p-e .
(q—Z)T(r)<2(v—1)_(1+—a—)—/1—7‘(r)+o((1_r ). (7)
L ; let U(~L = (L) " T
Now, let p(_l‘t“r“‘) be an exact order of W (z),and let = =97
. ' 1
be a type function, of T(r). When 0<p<+ oo, we have hnlxp(—l—_—r-)zpsand
. 1 1 | s-e
U« ) (—)
lim-—T—(r—;—-—= 1, Tm—L _117, lim—— =0 (8
r—-1 r—=1 r—1i
U(l—-') U(l—r) U(l—r)
from(?), it is divided by U( 1_lr ) on either side, after this, from it's superior
limit, we obtain
i
(q—2)1'15—1—(1—)-———<2(v——1>(1+-1—)lxim—l(—'—3—————
- 1 e’ A >l 1
R I U( )
1—r 1-r )
1
U(——)
l D —— —
<20~ 1+ Liim T(’i fm— -
r—=1 U(_i__:‘T_,) r—=1 U(l_r )

1 ) 1
_a— Al‘*‘ﬂ
for any number (0<A<1), and for any positive integer a. We can get a suffi-

Then from (8), we can obtain g-2<2(v-1) (1 + It is in existence,

cient big, and let A—1, then obtain ¢<(2v. But it is in contradiction with sup-
posed g=2v+1,

Then lemma 3 is true.

3. Theorem and Proof

Theorem Let W =W (z) be a v-value meromorphic algebroidal function in

unit circle fixed by (1), it’s positive finite order:
+
i log T(r)

=p (0<p<lHt o),
r—=1
log————l_r

then exist 8, (0<<6,< 271),such that for any given ¢ (0<5‘<—”—). in the domain

of circular sector- A= {z| |argz—- 6¢<d, |z|<1},and for any complex value «,
anytime there is

' . log'n(r,A,q)

lim -

r—-1

=p (0<<p< +00),

i
log—1—<-

at most, it can be excluded 2v numbers of Borel exception value a. (About 6,
in the theorem, we can see, from definition, e'® is.a Borel point of W(z))

Proof From lemma 3, for any given positive integer m, anytime there exists

a domain of circular sector An=12] ]argz—z?,,,]<~—2ml, |z]<1} such that for any
— 85 —
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complex value a, there is

i 108 n (s A my0)
1

1-r

at most,it can be excluded 2v numbers of Borel exceptain value a. After

choose the subsequence, we can suppose, when m-»co, §,~+8,. Then e'” is

the Borel point . '

In tact,for any givend (0<6<—72t—) , in A, if exist 2v+1 numbers of Borel

exception value a, let

=p (0<p< + o0) (9)

t -]

log

| - —logTn(r A a)
lim—as. ﬂ-l!‘—-’ p (< pl +00),
r—=1 lOg

1-r
But we can get sufficiently big m, let A ,C A,so, we have

i log n(r, A,,a)

r -l

1 P
1—-r
But it is in contradiction with (9),

log

Then finish the proof, and theorem is true.
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