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A Note on a Paper of Dickmelis etc*

Zhou Songping
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Let X be a Banach space, X" be the class of all bounded and sublinear func-
tionals T on X, i.e. .
(1) [T+ |<|Tf|+|Tglfor all f,geX;
(2) |T(af)|=la|ITf|for all numbers a and feX;
(3) ||T||X,= il(l;) ITf|<eo.
Irl, <1
In (1], W.Dickmeis, R.J.Nessel and E. van Wickeren proved the follo-
‘_ wing theorem.
Theorem | Let {y,} and {p,} be the positive decreasing nullsequences. If
T,,R,,S,eX*, heX with
(4) |nl<c,, IT|,.<C, for n=1,2,¢
possess the following properties:
’ (5) |Tnhj|<C3¢n¢;lfor n,j=1,2,
(6). |RA,|<Cup,¢, for j<n and n=1,2,¢,
(7) uﬁ_rgls,h,|>cs>o,

(8) IS,h|<A4y,.
Then for any modulus of continuity o(z) with

(9) lim ()t =co -
=0+

- there exists an element f,eX such that
(10) T, f|<Cqo(p,).
(1) Timls, /| (o(p)) " >Cy,

and .
(12) @snf,llx,f,lﬂp,¢;‘>c7>o.

We find, that this theorem is not such accurate, some conditions are not ne-
cessary, Below we shall improve Theorem 1, and give it a constructive proof.
In our result, we cancel the condition (8) and the monotone condition of the
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sequence {y,} and {p,}, and use a weaker condition instead of (1) for §,

At beginning we give the following definitions.

Denote by X** the class of functionals T on X satisfying the conditions (2),
(3) and

ITr-Te|l<Mlf-gly .

for all f, geX, where M,is a constant only depending upon T,

Let V"eX" and for some element f, from a set FCX and a null sequence
{n,} it is valid that F::ElV,,fkl/an: 0.If for any sequence {h}C X with the pro-

perty |[V,h |>C>0 one has

£ Im,
where fZ’akf,‘ is some finite combination of f,, then we say that {V,} posses-
€ F

ses the property (Z) to F.

Indeed, if {V,}CX*, then {V,}CX*"possessing the property (Z) to X.

Theorem 2 Let {y,} and {p,} be the positive null-sequances. If for T,,
R,e X*, S ¢X** possessing the property (Z), to {h,}, h,eX with (4) the conditons
(5), (6) and -

(13) }'—iEIS,,h,,I>C>0

Wo(hyt S—tf)|>C-0(1) as n-rco,

are valid, then for any modulus of continuity o(z) with (9 ) there is an element
f,e X satisfying (10—12) .

Proof At first we indicate that, if for some fixed k, there is h"o satisfying
Elsnhkol/ﬂ)(l/’,)>0,theﬂ from the conditions (5,6,9,13) one can deduce that

IT i |<C3!9,<Cyo(9,), n=1,2,%,
—_— A R, h S o)
Tm S, | R e | oyt =Tim o heoCh 31 00) 1 _

o) - 4
so taking f =max{l, im|S 4, |/0(¥,)" }C,h;, we complete the proof of Theorem 2.
@ mosoo ™Ky n } sTkgs

9

Now suppose that for any fixed & there is
Tim[S A |/0(,) = 0.

Without lossing the generality we can assume that IS,,h,,,>C5, otherwise we can
turn to consider some subclass {h,,j_} of {h,}. Select {n,} to construct the ele-
ment f, as follows. Set n,=1,suppose that n,, n,, +, n, are given. Choose n,
satisfying the following properties (due to conditions of Theorem 2):

(14) b, <ihn, » '

(15) (i, D<min 2“7 (LMg" 5 oy #nlR,] L 0 () .

(16) for any 0<tr<ly,, t/w(t)<l;n<ill(1|2_k_l+jl/)nj/w(¢,,j My

— 146 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



k - o(yy,) %1
e,y )2

,S”k;:(h"ul n
J=1

(17)
Define
f;: .le(wn.)h"} .
Jj= p

Evidently f,cX. We shall prove that f satisfies (10—12)

For any n we can find n,, such that

wnjoﬂ < w"l)< ¢njo

therefore
) .
lTnoj;|<J§w(¢"]_) [T | + 0y, ) Tapn, |+ jtgzww,,i) Toha|=1,+ 1,41, .

Obviously from (4)
1,<C,Cr0(Yy, , )<C ,Cr0Wy,,),

3 27 < Coalhy),

using' (4) and (15)
13<Crczw(¢nj o
¢ J=jt2

Jo~1 ¥ o(¥,)
I AL

by (5)
L<S ot )0 = oy
4 ,:1") n, ¢"}"" " By (W)

from (16) and ¢, <y,
Jot
I <o) X 27<Cr0h,),
J=1

as for J , paying attention to
w(¢”j,)<(¢"jo/w’h+l)w(¢’b)

one can get
' J,<20(y,) .

. Combine all these estimates
(18) [T fI<Coo(s,) .
Since {§ }Cx"*
: _ , -1 o(Y,)
|Sl fw|>(0(1/’,,’ )|Sn, (h"/+ IEW

hO-CMs, Y o,)=K -K,.
J n, JET+1 i

In view of (17)
K|>(C5_ z_l)a)(’/’n,) ’
according to (16)
| K,<Col,) 52"
Jj=

hence v N
1S, £l /0@, ) >Cs-27 ~C, 327
=

(19
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‘Now we turn to the estimate of |R, f.]. Notice that

1-1 " oo
IR, f,|<j);I o) |R, By | + 08, IR, By | + ,-};1 0(9,) Ry by | = L+ L+ Ly
from (6) and (15) respectively

L2<C4w(¢n,)pn,¢;’l ’
L,<C,o(#) podr 527
A

by (6) and (16)
=1 g S #,)
LI<C4ZQ(¢H )pn¢n‘: C4(D(¢n)pnlﬁnl Z T ___L_w ¢ —
R ) onby B Sy e

Y 5.5 W
<Coo(¥s) pon 227"
j=1

i.e. :
(20) IRn,j;'/(w(¢n,)ﬂn,¢,:'l)—I<C“ .

Combining (18)-—(20), we have obtained the inequalities (10—12), thus the
proof is completed.
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