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| . Introduction

Let X be a Banach space, and U,V two subspaces in X. We mainly con-
sider the proximinality of U+ V in X, Other papers directly related to this work
are (13,023 . We prove that if U,V are two proximinal subspaces, V is ref-
lexive, and U+V is closed, then U+ V is proximinal in X, In (1 ], the similar
theorem requires that UV is finite dimesional, In section 3, We prove that the
proximinality in L' and L’ is related.

Let X be a Banach space, G a subspace of X,xc X, geG, g is said to be
a best approximant of x with respect to G, if

| x - g| =dist(x,G) :iléf('; | x- gl

G is said to be a proximinal set if and only if for any x ¢ X, there exists at

least one best approximant in G.

2 . Basic results

We need several results which are not in the mainstream of our arguement.
For convenience, we collect them in this sectiog.

Lemma |, (2 ) Suppose that U, ¥ are two closed subspaces in Banach space
X, then U+V is closed if and only if there exists a constant K >0, such that
each element x ¢ X has a representation x=u+p with uecU,v¢cV and

max{ul, Jo|}<K|x]

Lemma 2, (5 ] If X is a Banach space, X, is a finite dimensional or codi-
mensional subspace, then there exists an X, X such that X = X,+ X, is topologi
cally direct sum.

Lemma 3, (3] Let U,V be two subspaces in normed space X. If U is
proximinal and each element x ¢ X has a weakly compact subset K(x)( V
with the propesrty

inf dist (x - ¢ ,U) =inf dist (x —p,U).
x e K(x) veV
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Then U+ V is proximinal.

We make use of above lemmas to prove following theorems.

Theorem | Let U,V be two closed subspaces in Banach space X. If U(\V
is a finite or proximinal co-dimensional subspace, then U+ V is proximinal if
and only if each fe X responds uelU , veV such that

dist( f—u—p , UW) =dist( f,U+ V)
Proof Let f¢ X, then there exist ucU, vecV such that
dist(f—u—-p, UNV)=dist (fLU+V)
Since UV is finite dimensional or proximinal, co-dimensional then there exis-
ts a gc UV CU such that
| f-u—v-g|=dist( f-u—-p , UNV) =dist(f,U+V)
i.e. u+g+op is a best approximant of fs.
Necessity: Firstly,let UV ={0}. Since U+V is proximinal, then there exist
uclU,vecV such that
| f~u-o|=dist(f,U+V)
that is
dist(f~u—o, UMW) =dist(fLU+V)

Secondly, suppose U{\WW #{0}. From assumaption and lemma 2, we know that

there exists a V,(CV with U+V =U+V,, furthermore UNV;={0}, so we get
| f—u-v)=dist(f-u-0,UNVD >dist( f~u—-p,UNV)
but UV is proximinal , then there exists a «' ¢ UV such that
|f~u-o|>=f~u-—v-u|=dist(f-u-0,UNV)
Also .
| f- u+u’) —v|>dist(fLU+V) =dist (f,U+V))
From above two inequqlities, we get
dist(f—u~p , UMW) =dist(f,U+V) B

Theorem 2 Let U,V be closed subspaces in Banach space X. If U is pro-
ximinal , V reflexive and U +V closed, then U +V is proximinal.

Proof . Let A4 be a proximity projection: A: X——V,i.e.

| x— Ax}| =dist (x, V)

We define a projection B: X——=V, By=A(f- y), where f, y are two elements
in X, We will prove that B is a weakly compact operator. Since Projection A4
is a proximity projection, we get

| f~y—ACf=p) || =dist(f— y, V)
Also |ACS = | << || f- y] +dist(f~ y, V)
If y is bounded,so are A(f-y) and By. we know a Banach space is reflexive
if and only if each bounded closed subset is weakly compact. So B projects
each bounded subset of X into relatively weakly compact one.furthermore B is
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a weakly compact operator.
Suppose f¢ X, then there exists {q,} CU+V such that
| S~ g —>dist (f,U + V)
From lemma 1, we know there exist f,eU,g,cV and a constant K>0 such that
q4.= fo+ &, max{| f,|, ||g;,||}<K||q;,||, where ¢, is bounded,so are f, and g,.Let
g.= AC(f- f,) ,from above proof, we get that {g’} is relatively weakly compact.
Suppose that {g,} is {g/,}'s weak closure, we get

inf dist ( f- ¢ ,U)<dist(f-¢" , | f-gn~ LI<|f- &~ 1l

g clgy}

So inf dist (f- ¢ ,U)<ldist(f,U +V) =infdist (f- g,U)

g elegy) geV
From lemma 3, we get U+V is proximinal., [} )
A closed subset G in normed space is said to be very-non-proximinal , if
there exists no x in X\G which has best approximant in G.
Theorem 3: Let H be very-non-proximinal subpace, G any subspace. If
GNH={0}) G+H+*X,and G+ H is closed, then G+ H is very-non-proximinal .
Proof : Suppose the theorem is not true, then there exists an fg¢ G+ H ,such
that f has best approximant in G+ H, denoted as g+h, where g=G,hzH,such that
| f—&- k| =dist (f,G+ H)
Since G(YH=1{0}, then f-g¢ H. In fact, if f-gc H, then there exists fcg+H
CG+ H that contradicts to f¢gG+H, so f-g¢H.
Since H is a very-non-proximinal subspace, then
dist (f-g,H)<|f-g—-H | for any h' ¢H, especially when h supposed above.
Then
dist(f,G+H) = || f- g~ h|>dist (f- g, H)
But g+# is a best approximant of f s in G+ H,and for any A ¢H
|f-e-H |>|f-g-h| Aist(f,G+E)
This leads a contradiction. [l

3 . Two Special Results

Let C(S,Y) be the Banach space of continuous mappings from S to Y. C(S,
Y) is endowed with the supremum norm
1] =supl] S ,,s€8}.
Let T be a vector measure space, Y is Banach space, L°(T,Y) (1< p<{oo)
is Banach space of L’ integrable mapping,i.e. f:T—>Y
£ = ¢f o) ?dmn) ' P< oo,
Theorem A: (2 ) Let T be a compact Hausdorff space, and V is subspace,
of Banach space Y, if there exists a continuous proximity A:Y——V, then C(T,
V) is proximinal in C(T,Y).
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The theorem A give a sufficient condition in order that C(T, V) is proximi
nal. We will give a necessary condition, '

Theorem 4: Let 7 be a compact Hausdorff space and V' a non-proximinal
subspace of Banach space Y. Then C(T,V) is non-proximinal in C(T,Y).

Proof : Suppose that C(T, V) is proximinal , then for any feC(T,Y), there
exists at least one g C(T,V) such that

| f—gl| =dist(f,C(T, V)
From [3 ], we get
dist ( f/,C(T,V)) =supdist( f(), )

teT
Let d(y) =dist(y,V), then d(y) is continuous with respect to y,and f is con-
tinuous, then d(s) =d( f(r)) =dist( f(),Y) is continuous,
V is non-proximinal in Y,i.e. there exists an element x,¢Y, such that it has
no best approximant in V. So there exists no y in Y such that
[ x, = y]| =dist(x,,V)
Suppose f(t) =x,, then f has one best approximant g in C(T,V) such that
| £ &l =sup dist fto) V)

Since T is compact ,then supdist(f(s),¥V) can be reached, i.e. there exists ¢,
1T

in T such that sup dist (f(0) , V) =dist ( f(r)), V)
teT

| f-gl =max|f() - g(0) | = max|x—-g(n)|
teT teT

where g is continuous, then there exists a t' ¢ T such that
Nf-gll=lx-eg]
That is
If—g|=|x— g )| =dist( fir;), V) =dist(x, V)
i.e. g(f ) is one best approximant of x's. This leads a contradiction.

Lemma: {4 ) Let Y be a closed proximinal subspace of X. Then every

simple function z = 'tl 1R, (4,NA;=P if i#j) in L°(T,Y) has best approxima
mant in LT, X) (1< p<Zoc0).

Theorem 5: Let 7 be a measurable space with finite measure, and Y is a
reflexive subspace of Banach space X.If f¢ L(T, X) (1< p<oo), then f has
same best approximant in L'(7,Y) (in L'-norm) and L’(T,Y) (in L’ norm).

Proof : f¢ L°(T, X), then there exists simple function sequence {g,} CL?’(T,
X) such that |g,- f|—>0 i.e. (J'T“gn(t) = fo || "dm (1)) P
By Holder inequality,

[ ea) = fo [dm( <[ g, () = f(y | 7dm () 2 (m(T))" >0
i.e. g, (0)—=f(t) in L'-norm.
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Suppose simple function g,= Z‘, Li QU™ (A,NA;=D iFj).

By above lemma g,= ZIA, ®ov'™ is a best approximant of gs.

where »,'” is a best approximant of »{”s in Y.

Set G={g,,8, eesseg,eseef} is compact in L (T, X) (1<p<oo0).
Set G= {g—,,?zgr_,,} then G is relatively, weakly compact subspace in
L'(T, X) .
In fact,since Y is a reflexive subspace of‘X, by Dunford (3], we only
prove G is bounded and uniformly integrable,
leali<lgn—guli+lenli<2lgal,-
Since G is compact, then {g,} is uniformly integrable,so when mes(A4)—0
| &0 |[dm(nH<2[ |g.() [dm()—~0
i.e,G is uniformly integrable. So G is relatively, weakly compact set, then
there exists gL' (T,Y) and a subsequence of {g,} such that
EnE
Without loss of generality, we can assume E,,—L g. By weak semicontinuity
of norm, we get
| f-g|<liminf{| g.— g.|} = limdist(g,, L' (T, Y)) =dist(f, L'(T,Y))
i.e.g is a best approximant of f's in L'(T,Y).
We' 1l prove g is a best approximant of f's in L°(T,Y). Since g,—»g then
there exists a convex combination of {g,}, such that
i%,g,_’“l—»; where a >0,i;a,=1 I.={i: pa<i<pn.},and{ps} is an increasing

integer number sequence. Set y,= Z"a,z then {y,} is L'-Cauchy sequence and
i‘el,

g, L?(T,Y),so is {y,} in L’ norm.
In fact:
[ o byns s = (&) |[dm(n >0
By Lebesgue theorem, |y,,, (1) -y, (O >0 in measure sense.
Apparently, |y,,,(t) = y,(1)]|’—>0 (in measure sense) and {y,} CL’(T,Y). So

J WmnO =y |?Pdm()'?>0 i.e. {y,} is L~Cauchy sequence.Then there

exists g; eL"(T Y) such that | y,— g} ,>0. By Hoélder mequallty

L
17a= g i <lya= g, (m(T) >0 i.e.y,—g1, but y,—¢
so g= gla e. g ecL? then g L’. We get:

"f—g"p\"f—,zaiginp"' "‘Zaigl_z’np<,2 ai("/' & np+ "yn_ é_’"p
iel, iel, iel,

I,+ l{g,"§, "p) + uyn_:g—“n
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| f-z2l ,<dist,( f,L?(T,Y)) as n>oo
i.e. g is a best approximant of f 5 in L?(T,Y). B
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