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| . Introduction

Let g be the standard generator of HZ(CPZ;Z) and h the standard generat-
or of H,(-CP;Z) .1t is well known that pg+qhc H,(CP*#(-CP? ;Z) can be
represented by a smoothly embedded 2-sphere provided |p|, |¢|<2 or ||p|-]q]]
<1, where g and % are the images of the standard generators in HZ(CPZ#
(-CPYH;2) , In this paper we consider the connected sum of CP? and several
(-CPY’s, ‘

Let M be CP’# (-~ CP? #P, P, t+#P,, where P,,++ P, are m copies of
(-CP¥».Let g,h, g, ,+,8, be the images of the standard generators of /7,
(CP*;2), Hz(—CPz;Z), H,(P,;Z),+, H,(P,;Z) in H,(M;Z) respectively.

Let £=pg+qh+ Y r,g be an element of H;(M;Z) with |p|>|q|, 3 ri=p*- ¢
iT1 i=1

-1 and r; %0, i=1, «s«,m. We have

Theorem |, Suppose p>-¢?>8, |p|-|q|>2 and 2(m—1)>p*-q*. Then ¢
can not be represented by a smoothly embedded 2-sphere.

Corollary. Suppose p?-¢*>8, |p|~|q|>2 and m<p’-q?-1. Then n=pg+qh+
Y. gie¢H,(M;Z) can not be represented by a smoothly embedded 2-sphere.
i=1

Theorem 2, The homology class pg +ghc HZ(CPZ#(-CPZ);Z) can be
represented by a smoothly embedded 2-sphere if and only if |p|, |¢|<2 or
el-le]]<1.

2 . Proof of Theorem |
Proof of Theorem 1: For convenience we assume; g0, p, r; >0, i= 1, ==, m.
The other cases is similar.
If £ can be represented by a smoothly embedded 2-sphere S,let 4 be a
tubular neighbourhood of § in M. A is the total space of a normal 2-disc-
bundle 7: 4—=S in M. The restriction to the boundary =|,s 04—>S is the associated

* Received Nov.2, 1988. The Project Supported by National Natunl Science Foundation of China

— 227 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



S’ bundle. Since the Euler number of this S'-bundle is S-§=¢+¢=pigy .r
it

=1, it is the | Hopf fibration. Thus 94=S>. Let N= (M-Int A |J,D*, where
D* is a 4-ball and f a diffeomorphism from 9D onto 04=9(M-Int A). N is a
closed smooth 4-manifold and is simply connected. We get
M= N#CP?,
Let §, be the intersection form of manifold X. Thus we have
Su~SNDS pr »
But S,=A)YH(m+1)<-1> and S_=(1). So Sy is negatively definite. By
Danaldson theorem ([1]), we obtain
Sy~(m+1)(—1)>.
Therefore there exist 2(m+ 1) homology classes in H,(N; Z) with selfintersec-
tion number -1, The images in H,(M;Z) of them have selfintersection number
-1 as well and have intersection number O with ¢,
Let a:xg+yh+iilz,g,.eH2(M;Z) such that ¢+<¢=0 and a-a= - 1. Then x,

Y,2Z,, 2, satisfying following Diophantine equations

i=1

px—qy-— Zrizizo
(1)

m
x?-yr=3lz1+1=0
i=1
We will show that integral solutions of (1) are less than 2(m+ 1).

Discarding z;.s which are zero and renumbring the nonzero ones and corres

ponding rjs, zy e,z 5r1,000,0 ,0<s<Im, we may eliminate x to obtain
(p*-q? y*- Ztl(iz:,lr,-z,)y— (l"ilrizi> 2+ p*( ; zEF-1)=0 (2)
As a quadratic equation of y its discriminant is
A:p2<ilr,.z,.>2‘p2(p2—q2)(ﬁlz,z—n
i= i=
Set 6= 4/p*, we have:

i)« s5s=0. (2) becomes (pz—qz)yz— p>=0 and has at most two integral
solutions ,

ii) . s=1.For z,=+1, (2) becomes (p’—q>) y*F2qr,y—rl=0. Its solutions

r r r
are * Land + ——. Since p+qg>pand r’<p’-gq? L __is not integral
ptq p- pra=r N 8
o . . . .
number. _' is an integral number if and only if (p~gq) |r,.Since p—g=>2

m m-1
and there are at lest two r;s which equal 1 (otherwise, > r2> 3 ri+1>4(m-
i=1 i=1
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1)+ 1> p’—q*, contradiction), (2)has at most 2(m—2) integral solutions.

1 (p*-qH

For z?>4, since 2(m- 1)>p2—qz, we have r,<%(p2—
and hence dzrlzzf— (p—qH (z}-1)<0. (2) has no solutions.

iii) . 2<s<<m—1. Suppose p’~-q’ -3 r’=k.We have k>m-5+1>2 and

i=1

35 z{>s>2, Thus k3 z!>(m-s+1)+s>2(m~1)>p’ - q*. It follows

i=1 i=1

5 § 2 5
> gl k k-}:z~k k(l;z,—n _'2212,2—1

i=

il

_ 2 2_ 2 - $ - s *
F4 q D q - igl Z,- kz; zlz '.;1212
and hence (5—(2rz, 2 (p? —qz)(Z‘,z —1)<(}_—_,'r)(22,2)—(p -q )(Zz,—l)
i=1 i=1 i=1
3 S zi-1

=(p —q)(Zz, ( ';1 - =L )<0.

i=1 q ZZ

i=1

(2) has no solutions.

n m
iv).s=m. Suppose {=pg+qh+d . rig,+ Y g ,i.e.r;=1 when i=n+1, e,
i=1 e
m. From ii), we have n<{m- 2.
If {21}1—1—1r:} -, 0r {z,};';l:{-r,},”‘:l,then o=1.

We will show that if {z,}7., %+ {r;}7-1,then 6<0, hence (2) has at most
two solutions . )

It is easy to see that if sign(z;) #sign(z,;) for some i,j,then 6<0.So0 we
assume sign(z,) =sign(z;), 1<i,j<<m. Without loss of generality, we assume
2; 20, i = 1y 000, m.

a) z,>2,for some i ,n+ 1<i<{m, say z,>2.By iii), (’Z]lr,z) —(p*—gqH-

m-1
(Y z2- D<o,

i=1

i=1

m-1 m—1
If Zr,Z, (p*-¢®» >~ 2, then 3_r?> 2>(§ r, DI>(p*-¢*-2)7. Since
i=1 i=1

m-1
L ri=p’~ 4’2 we have ZZI>P ~q'-2 and ¥ z}= N teai>piogioz+ 2

i=t i=1 i=1
>pl-q-2+4>p*-q*. 1t follows

m m
2 2
r; z; -1
Igl ! _pz__q2+1 <1=LI
pl_qZ p2_q2 m 2 hd
>z
i=1
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Thus é-():rz>2~<p -q )(Zz,—l)&(Zr)(Zz ) (p —q’)(zz, 1 <.

i=1 i=1

If (Zr,z,)—(p - g% < -3, then 6—(Lr,z,) - (p? —q)(Zz —1)—(2r,

i=1 i=1 i=1
m-1 m-1 m-1 m-1
tz)i- (pz_qz) (iglz§+zf,,- 1) = (ier,z,-) 2y sz(iglr,z,) + zf,— (p*-g%H (iZ:]lzz,— 1)
~ 22 (pr-ghH <2z (pr-q*-3) -z (P - g -1 <zip -¢*-3) - zX(p*- ¢’ - D <0.
b) zp, = ee=z,=1.Let s,=r,—2z,,i=1,+-,n.Since {z,} #{r;} , we have
s; 70 for some i.

Z iz = (p'=qh (3. 22 -1)—(2"“2"151 (pt-ghH (X1

i=1 i=1 i i=1

—ZZr,s +2s)—(2 rHi-(p? —q)(}:r—l)*Z(Zr,z) 2r,s,)+(2rs, +

i=1 i=1 l—l = 1-1

+2(p’-gq )(er,)—(p -q )Zs,—l+22r,s,+(2r,s) - (p? —q)Zs =(1+

i=1

+er) - (p? —q)(2s+1—1)<0.

i=1

The last inequality is from iii).

By i),ii),iii)and iv), we have that the solutions of (2 ) hence (1) are
at most 2m,., This proves Theorem 1.

The following examples show that the restriction for m and r!s in Theo-
rem ] is needed.

Example }. The notations is as above., Taking m=5, p=4,9=2,r,=r,=2,
rsi=ry=rs=1 Then (S H,;(M;Z) can be represented by a smoothly embedded
2-sphere in M. This can be proved b); using a geometric construction as the
proof of Theorem 2 in the next section.

Example 2, Taking p=5,9=2, ry= see=rs;=2.Then {<H,(M;Z) can be rep-
resented by a smoothly embedded 2-sphere,

Proof of corollary: If n=pg+qh+ ) g, cH(M;Z) can be represented by a
i=1

smoothly embedded 2-sphere. Let M =M #P,,, t+HP .

pioqio1» Where P ., e,

' m =gl 1
P, ., ,are copies of (-CP»,and ¢=pg+qh+ Y. g+ Y. g ,then ¢ can be
i=1 i=m+1
represented by a smoothly embedded 2-sphere as well.But 2(p*-g’-1)>p’-¢4°
This is a contradiction to Theorem I.
Remark. It is easy to see that Theorem 1 and the cordlary is also true if we
change CP? and (- CPY . ‘
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3 . Proof of Theorem 2

The “only if” part of Theorem 2 is a special case of (Corollary (changing
CP and (-CP) if |g|< | p]) . The «if ” part is well known provided |p|, |¢]<2,
and the other cases can be found in [ 3 J(the proof of Proposition 6.6). Here
we give an intuitive proof .

Without loss of generality we assume p>0.

Taking a copy of CP*={(z,,z,,z;])} with preferred orientation. CP* can be
considered as the union UV, where ¥ = {(z,,2,,2; 1€ CP*; z;=1, |z,|? +|z4’<
-1} is a 4-disc and U=CP-IntV is a tubular neighbourhood of the complex
projective line CP'={(z,,z,,2,)eCP*;z,=0} =S>CCP?. Let 4,={(z cosg,

2’ sind, z; )¢ CP?} . Clearly A4,=CP'=S”? for # fixed. Take p distinct 8, -6, in
(0, 7).« Ay, +o=, Ay, intersect at point [0,0,z;)c V. The projection f:U—~>CP' is
defined by f((z,,2,,2z;))=(2,,2;,0). We regard that D,=U( 4y ,i=1, «,p.
The discs are oriented so that their intersection numbers with CP! are all equal

to 1. The oriented dises cut U = S? transversely at an oriented link L consts-
ting of oriented knots 9D,, ., 3D, .

Take another copy of CP? and copies of all the things above. We use a ’
to denote the new things. But this time, the orientations of CP?, discs and link
are the opposite ones.

We can glue U and U’ by identifying U= S? and U’ =S’ identically and
obtain the connected sum CP*# (- CP?» and smoothly embedded 2-spheres

(after smoothing the corners) D, |JDji,+-,D,JD,, which are disjoint mutually,
Then we can easily pipe them to get a smoothly embedded 2-sphere which
represents the homology class pg-— qh.

Take the third copy of CP? and the all things above. Only choose the
opposite orientation on CP? and the same on discs and link. We use a 7 to
denote them. Let id: U—U" be the copy identifying mapping.

Let 1:8U— be defined by ¢((z,,z,,1))=C(iz,,iz,,1]). Clearly ¢ is in SO
(4) and is isotopic to the identity. Notice that r sends aD, to itself and re
verses the orientation of it for i=1, ., p simultaneously,i.e.t sends the oriented

link L to itself orientation-reversely.

Then gluing U and U” by the composition idet along U and ", we
obtain the connected sum CP*# (- CP?) and disjoint smoothly embedded
2-sphere D,UD{',---,D,UDZ, too. And we pipe them to get a smoothly embedded
2-sphere, which represents the homology class pg+qh.

Moreover, notice that CP' in U’ /or U” intersects each D' /Jor D" at just
one point. By piping CP'/or-CP' with D,UD,,+-,D,UD’,/or Dy )D},+-,D,UD)
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in CP® +( - CP%» at intersection point, we thus obtain a smoothly embedded
2 sphere which represents the homology class pg+ (p* 1)h in H,(CP*#(~-CP");
Z).
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