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Abstract Let P, (p, A, B) be the class of functions f(z)=2z"— 2: ]a,” Paaid
k >2 analytic in the unit disc E={z: |z|< 1} and satisfying the condmon
zf (D) /f(z) - py/(Ap~ Bzf (2)/ A< 1, for z¢ E and - 1 <BCA<L 1.
In this paper we obtain representation formula, coefficient estimate, distortion and
closure theorems and the radius of convexity for the class P, (p, 4, B) under the
assumption — 1 <B< 0.

| . Introuction

Let S(p) be the class of functions f(z)=2z’+ Za,,”z"“’ which are analytic

in the unit disc E={z: |z|<1}. For —1<B<A4<1 let P*(p, 4, B) be the
class of those functions f of S(p) which satisfy the condition
[Kzf'(2)/ f(z) = p) /(Ap— Bz f'(z)/ f(2) |<1 for z¢ E (1)
Let T, denote the sub-class of S(p) consisting of p-valent functions in E
and having Taylor expansion of the form

f(Z) =27 ZL lall+bn |Z"¥p9 kZ 2,
¥

Let P.(p, A, B)=P*(p, 4, BT,

Goel and Sohi {11}, Sarangi and Uralegaddi [ 2 j, Shukla and Dashrath [ 3 J,
Herb Silverman [ 4 ] have studied certain sub-classes of analytic functions with
negative coefficients and Vinod Kumar (53 has‘recently studied the class of
univalent functions with negative and missing coefficients,

In this paper, under the assumption - 1 <B< 0, and k> 2, we obtain rep-
resentation formula, coefficient estimate, distortion theorem, covering theorem
and radius of convexity for P,(p, 4, B)

-We also obtain the class preserving integral operators of the form

c+pz

F(z) = f‘f(t)dt c>-1 , . (2)
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for P,(p, A, B). Conversely wher Fe P, (p, A, B) we determine the radiue of
p-valence of f defined by (2). Lastly we show that the class P,(p, 4, B) is

closed under “Arithmetic mean” and “convex linear combinations”,

2 . Representation Formula

Theorem | The function f(z) =z?P- % Ia,,” |z*** belongs to P.(p, A, B) if
n=k

and only if it can be .expressed in the form
z (1t
Sey e
where ¢(z) is analytic in E and satisfies |#(z) |<1 for z¢ E.
Proof Let f(z)e P(p, A, B). Then
Wzf' (2)/f(z) - p)/ (Ap-Bzf(z)/f(2)<1 for ze E
and since the absolute value vanishes for z= ¢, we have
(zf(2)/f(z) - p)/(Ap~ Bzf'(2)/ f(2)) = z*6(2)

f(z) =2’ exp[ p(A- B)

where ¢(z) is analytic function in E and satisfies |¢(z) |<1 for z€ E,

/f(z) = p)/(Ap— Bz f'(2)/f(2)) = z*&(z) implies

1 27 f(z) = pz P f(z) o  zZ*'@(2)
p(A-B) [ z7Pf(2) J T 1 + Bz*¢(z)

which on integrating and simplifying gives

- “1e(t)
? A-B)\" — -7
f(z) = z?exp [ p( )X N +Bt"¢( - dr)
conversly suppose
1
f(Z)=2’eXp[p(A B)J ~m%{(—-)t—)—dtj
'oCt)

implies logz™?- f(z) = p( A — B)IO_ITB—M—(“I—)

So differentiating and simplifying we get

1 z2f'(z) _ Z*(2)
W A-B) U7y PI=

1 + Bz*¢(z)
zf'(z) B |z*¢ (2) | p(A- B)
| f(2) pl_p(A B)ll +Bz"¢(2)l<

11 +Bz"(z2) | °
Since |z*¢(z) |< 1. '
Substituting z‘¢(z) from (1) and simplyfying we get
|(zf"(2)/f(2) = p) /(Ap- Bzf' (2)/ f(2))|< 1.
Hence f(z)€ P, (p, A, B),

3. Coefficient Estimate
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(1)
(zf'(2)

2)

(3)



3

n+p

Theorem 2 A function f(z) =z?- i la

n=k
if
((1 -Byn+(A-B)p) la,,,|<(A-B)p,
n=k -
Proof Suppose i ((L -Byn+(A-B)p] |a,,,|<(4- B)p is true. Then
Il=k
zf'(2) _ _pz2f(2)
I“]m‘—‘ pl- |4p B_T(_z)_|< 0
provided

|- a2 = (A= By p2*+ (B= W p T la,., |77+ BEn la,., 277 [< 0
n= . P n=k n+ k
For z=r<1 the left hand side of the above inequality is bounded above by

°§;n la,,, "2 - (B- ) p S_ la,., |7**~BS nla,,,|r**~ (A~ B) pr*
n= n=k n=k
= Z;(E(l -Byn+(A-B)p)la, lr?-(4a-B)pr

n=

<L -Bn+(A-Bplla,.,|-(4-Bp<0.

n=k
Hence f(z)e P(p, 4, B).
Conversely suppose that f(z)¢ P, (p, A, B) then
[(zf'(2)/ f(z) - p) /(Ap- Bz f' (2)/ f(2))]

o nt oo at
- Y n la,,, |z Z"‘n la,., |z
n=k n=

=f - I<1 for z¢ E (1)
(A-B)pz*+ 3" ((B - A)p+ Bn) |a,,, |z**
n=k
Since Re(z) < |z| for all z, we have
S la,., 2" !
Re {: L )y <1 (2)
(A-B)pz’+ Y. {((B - A)p+ Bn) Ia,,”v]z"*"
n=k
. zf(2) , :
Choose values of z on real axis so that ——fT;)—— is real . Upon clearing

the denominator of (2 ) and letting z—» 1 through real values, have

ikn la,,, [<(4-B)p+ iE(B -~ A)p+Bn) |a,,,|

So 32 C(1-Byn+(A-B)p)la,,,|<(A-B)p. The function
n=k
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|z**# is in P,(p, A, B) if and only



oo (A~ B) pz"+*
f‘z’”",,g‘% (1 -Byn+ (A-B)p)]

is an extremal function,

4 . Distortion Properties

Theorem 3 If f(z)¢e P.(p, A, B) then for |z|=r

,_ (A~ B) prr* (A~ B) pr'*
YT =B (A-B T (1-B +(4-B)p)

p(p+ 1)(A+ Byt
((1 -By+(4A+B)p)

<@l
[ 4

ntk—1
plpt VA BT | (2) |<prt+

a[(l -B)+(A- B)p)

Proof From theorem (2) we have

prpfl —

(1 -Ba+(A-Bplla,.,|<(4- B p. (1)
n=k
Now since (1 —B)n>(1 - B) we have

((1 -B)+(A-B p) ilamlé 2[(1—B)n+(A—B)p] |@n,, | <(A=-B)p

So
s (A-B)p
Slavlsta=pra-ma . (2
Now we have
o ip | (A= B) pr*’?
£ 1= 12" C s 12 <P T v (A= B 7 )
and
TS wto_ p (A- B) p*'™?
[f(2) |> ]2 | ";cla,,”, [z |[""?=r (T -B +(A-B 7 (4)
From results (3) and (4) we have
~ (A-B)pr'’ - (A= B) pr***
P T -B +(4-Bp =TT B+ (A~ B p) €x)
Further
£ |<pr™ 4 5 (it p) fag., 100 (5)
n=k
and
@) [<pr = & (it p) lay, I (6)
n=k
(A-B)p

Using the result ila |<

in th t . _
L ST T =By v (4 Bypy M the resul ”‘;kt(l Byn+

(A- B) p) la,,” |<<(A- B) p of theorem 2 and simplifying we have
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v

p(p+ 1)(A-B)
((1-B)+(A-B)p]

Zk (n+p) la,,,|<

Substituting this value of i (n+ p) la,,ﬂ,[ in (5) and (6) we have

,_p(p+ 1)(A- B) e
(1_B)+(A_B)p£lf(z) I

pr”

p(p+ 1)(A- B) P!
OB T AP )

Equality in (x) and (») is obtained if we take

(A+ B) pz**»
(1 -B)y+(A-B)p)

Corollary If fe P.(p, A, B) then the disc E is mapped by f onto a

<prt

f(z) =z~

domain that contains t di l - B i
s the disc |y |< T B+ (A-Br The result is sharp
(A- B) pz*'*

ith ! i =
with extremal function f(z) 1 -B +(A-B)p

Proof By letting r—~1 in the L _H.S, of inequality (x) we have

(A-B)p
((1 -B)+(A-B)p)

1 - < |f() |

hence

/l’ l“'B <
BBy P

so f maps the disc E onto a domain that contains the disc

1 -8B

S R RV BV T

'5 . Integral Operators
Theorem 4 Let ¢ be a real number such that ¢ ~1 If f2P.(p, 4, B) then the

function F defined by F(z) =—C—+—£fzt°“f(t)dt also belongs to P,(p, A, B),
z¢ 0 ‘

Proof Let f(z)=2z"- i la,,, |z"*?. Then
n=k

n+p

F(z) =<2 fenar,
implies
g PFC np_ g nrp
F(zy =22 n=2k n+p+c Ia,,'” 2 ‘ n;c lb"” S
h b _(p+c) I |
where | ,.+p|—-,,—';—p—‘rc—. Ayipte
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Therefore using theorem ( 2) for the coefficients of F(z) we have

i"% ((1-Byn+(A-B)plb,,, |=§t(1-3>n+<A;B)p] (o z) |, |

g

c + p

m<l and feP.(p, A, B).

<(A4- B)p since
Hence Fe P,(p, A, B) .

6 . Radius of Convexity

i

Theorem § If f(z)e P, (p, A, B), then f(z) is p-valently convex in the

disc |z |[<R,, where

_ (1 -B)n+(A-B)p » i
R,= inf ((———q= By I ) ) for |z [<K, .

74
Proof It is sufficient to show thaﬁ I( 1 +%z——) -p 'gp for |z {<Rp,

Now f(z) = zP - on la,,, 2", So
n=k

- ‘o\'.:n(ru— p) lae,|z"

) N7 AKE N
Sz p- S (n+p) la,,,lz.
n=k
Therefore
) i;(rz(nwL m e, Hz |
R EP R <
P 2_; (n+p) lu/u/':!: ‘"
or
oo n+p .
L ) <y (1)

From theorem 2 we have

&= (1 -Bn+(A-Bp
n;[ (A-B)p ]’a'“nlgl .

Hence (1) will be satisfied if

(

Byn+ (A-B)p
(A-B)p )

n+p e -
=y Y
or if

(1-B)n+(A-B)p P N
NS (A-B)p }(n+p)2] .

So f(z) is p-valently convex in the disc
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. (1 -Byn+(A-B)p P W
|ZI<R’—I,,'gk [{ (A-B)p }(n+p)] .
7 . Closure Properties

In this section, we show that the class .P,(p, 4, B) is closed under ‘Ari-

thmetic mean’ and ‘Convex linear combinations’ .

Theorem 8 If f,(z) =2"- il%ulfﬂé P(p, A, B),then h(z)=z"- §;|b,,,lz"+'
n =k n=

also belongs to P,(p, 4, B),” wkere bl+p=% 2 Gy e
. J=1

Proof Since f,€ P,(p, A, B) it follows from theorem 2 that
5 (=B n+ (A= B o) oy, |- (A= B p< O, j=1.2.m.
= .

and

"\

) -
bl+r=—”;/;anj*P'
‘Therefore we have i ((1-Bn+(A-B) p)lb,,,|
el : ‘ 1 o
= 5 (1 -Bn+(4-B)p) I?,Z-;“"A*'

<

¢

1 m
2 a -B)n+(A—B)pJ;j§ lay,+» 1

<Z(A- B) p (Since “’mnl\{‘ﬁl—i lea"J*’I)
-

Hence from theorem 2 " h(z) belongs to P (p, A, B) .

) A-B)p "’
Theorem 7 Let f,(2) =" and f,,,(2) =2/~ lﬂj)“”(;_mﬂ Then f€

P.(p, A, B) if and only if it can be expressed in the form

LD =3, (D + T4 Su(D)
n=k

where 4,3>0 and 4, + il,‘—- 1.
n=k
Proof Let us suppose that

f(2) =4 f(2) + ia,f,,,m

- - < ’_ (A-B)pz"*?
=(1 .;l.)z’+'§l{z T Bt (A= F—)p]
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S"A,(A~B)pz"?
n=k

T -Bn+(A-B)p)

Then from theorem 2 we have

(A- B) pa, o
CC1=B)n+ (A= B) p){—7 “ B+t (A-B)p }g(A—B)pn;‘l,,;(A—B)p

18

H

n=k

since ii,,: 1 -4,-71.
n=k
Hence f€ P.(p, A, B).
Conversely, suppose f€ P,(p, A, B). It follows from theorem 2 that |a,,, |

(A-B)p .

< (1 - Byn+(A-Bp" Setting

- (1 -Bynt(A-B)p

4= (A-B)»p ] D
where n=4, k+ 1 and 4,=1 - iln we have
n= k
S 4,(A-B)p 2"
g —~ P _ = ntp _ p_ s A ohp = A -nte n=k
f(Z) z ,,‘i:/: lan+p lZ z nzzk n +n§ n [(1 "B)n+(A~B)p]
(A-B)yp:z="""*

=L LAY LA T - B (B- A )

:Alfp+ ;\._O_-:A"f,HF(Z).
n=k
Hence the theorem.
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