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For a> 0, the convex combinations f(z)=(1 —a)F(z) +azF (z), where F
belongs to different subclasses of univalent functions with fixed second coeffici-
ents are considered and the radius for which f is in the same class is deter-

mined.
| . Introduction

The ‘writting of this paper has been motivated by recent papers of Al-
Amiri [ 1) and Noor, Aloboudi and Aldihan [ 5 ].

Let S denote the class of all analytic and univalent functions F in the unit
disk E={z: |z|<1} which are normalized by the conditions F(0) =0 and
F'(0)=1. Let $* and K denote subclasses of S consisting of starlike and
convex functions respectively and S the subclass of § consisting of functions
F with the property that Re(F'(z))>0 for z¢ E. Livingston [ 2 ) has studied
the mapping properties of f; f(z)=%[zF(z)]/ where F belongs to $*, K or
S. Al-Amiri [ 1) has improved most of Livingston’s results by involving the
second coefficient in the power expansion.of F(z).

In this paper we shall study the mapping properties of f:

f(z)=(1 —a)F(z) +azF (z), a>0
when F belongs to S*, K or TS’_, with fixed second coefficient.” By taking a=
—é— we obtain the earlier results of Al-Amiri [ 1]. Also some of the results obt-
ained here will generalize the earlier results due to Livingston [ 23 and Noor,
Aloboudi and Aldihan [ 5].

2 . Preliminary results

Lemma | Let ¢(z) =h + hyz+ e be an analytic map of the unit disk E into
itself. Then
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* Clo |+ 12|
lo¢2) 1< 7% B [z

This lemma may be found in (4], p. 167.
Lemma 2 Let w(z) =zp(z) = byz+ b,z*+ --- be an analytic map of the unit

disk E into itself. Then

for all z in E.

o (r+ lp(ré®) D( 1 —rlpré’)
) I< (1-rH :

This lemma is due to Al-Amiri [ 1].

|w'(ré

Lemma 3 If P(z)=1 +bz+ f:a,,z" is regular and has Re(P(z))>0 for |z |

A= 2
<1, then
1- |z
+tolz |+ |z |
Further this result is sharp for each value of b. 0 <b<2 by considering the
1 -2¢
1 -bz+ 22 °

Re(P(2)) > 1 where $>0.

functions P,(z) =
This lemma is due to Tepper [ 6].

Theorem A If P(z)=1 +bz+ E a,z" is regular and has Re(P(z)) >0 for
n=2

[z|< 1, then

Re(P(z)) {sz[2+4]z]+b
1 - |z} lzP+b]z|+1
This theorem is due to McCarty [ 3 ).

[P'(2) |< }» where 5b>0"

3. Main results

Without loss of generality, we will replace the second coefficient 4, in the
power expansion of F(z) by |a,| and prove the following theorem,

Theorem | Let F(z) =z+2pz*+.. be a member of the class S*. Let f(zJ
be defined by f(z)=(1 -a)F(z)+azF'(z), a>0. Then p<1 and f(z) is star-
like for |z |<r,, where r, is the ieast positive root satisfying (1 —2a)r*+2pr
+6arf-2p(1 -2a)r-1= 0. This result is sharp.

Proof Since Fe S*, it is well known that 2p<2 or p<<1. We can write

f(z)=(1 -a)F(z) +azF'(2) (1)
as pol 1 .
_ f(z)=az ° (£ F(2))
and from this it follows that
1 1
— — z ___2
Fo=Lz 027 f(z)qz. (2)
a o
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A computation of ( 2) yields
1

F ‘ ra
LB - -b A2 (3)
z) a z -
[,# " rdz
Since Fe€ S*, the equation ( 3) may be written as
JR _ J L1y
KD[PF  f(Ddz=(1 -D)[*F " f(Ddz+2"  f(2)
Jo a’ly
F(z) _
where zF(z) =h(z).
Differentiating again we obtain
L.,
2 f(z)dz
f/(z) _ ’ B4
iy = h(2) + K () ) (1)
2 flz)
From theorem A
Reh(z) 2prt+4r+2p -
|K (z )|< — 5 { ATzt 1 3 lzl=
Then from (4) we have
, 1,
2 flz2)dz
[ ___2(pr+2r+p) -[o 5y
Re( R ) >Reh(z) {1 - (Proprs D) I } (5)
Z f(z) »
From ( 1) and (2), we obtain
z: WiE sex(z F@)L L F(a) Ly gL
R -1 F(z) a a
-[02" f(z)dz a(z® F(2)) :
1 - #
Since F&S*, by lemma 3.Reh(z)2-1—:—2—p—r—';—rz—. Thus
1,
z_J(z) 1 1 1-7
R - = +h —l t—
fzz%'z f(z)dz ZRe (g 1)+ HD)=g 1 +2pr+r
w0 (S-1)(L+2preA+1-7
(6)

(1 +2pr+p)
Inequality (5) in connection with (6) gives
2r(pP +2r+ p)
Z(z) l:l - :,
Re (z77237) ZReh(2) (1—r2)'{(—(1;—1)(1+2pr2)+1—r2}

= Rek(z) I: (1= {(1/a=1)(L+2pr+r) + 1 =2} —2r(pr +2r+ p)]
(1 =-M{/a-D+2pr+H + 1 -1
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The right hand side of (7 ) is positive for r<r,, where r, is the least positive
root of

' (1 -2a)r*+2pr+6arf-2p(1 -2a)r— 1<0, (8)
which gives the repuired root.

For P=1, (1-2a)r*+2P+6ar’~2(1 -2a)r- 1< 0 and we get the radius
of starlikeness obtained by Noor, Aloboudi and Aldihan [ 5). Putting a:—;— and
p=1in (8) we get 2 +3F”~ 1 < 0 which implies r0=—;:—([ 2.

To prove the result is sharp, consider the function

zZ

F(z) =

It is easy to see that F&S*. Further we have

2(1-2p(1 —a)z+ (1 —2a)z*)
(1 -2pz+2%)°?

f(z) =(1—-a)F(z)+azF'(z) =

A computation yields
f(2) _ 1 -2p(1l-2a)z-6az’+2pz’— (1 ~2a)2*
) (1-2p(1-a)z+(1-2a)2)(1-2pz+2%)

f(2)

and it follows that Zf(z) =0 for z= —ry. This shows that f( z) is not starlike

in any circle for |z |<r if r>r,.

Theorem 2 Let F(z) =z+ pz’+.- be a member of the class K and f(z) =
(1 -a)F(z)+azF'(z) for ¢>0. Then p<l and f(z) is convex for |z |<r,,
where r, is the same as in theorem 1. This result is sharp.

Proof Since F(z) is convex, it is well known that p<1. To show that

f(z) is convex for |z |<r,, we observe that
11

-2 L
zf'(z2) =az ‘(£ (zF(2)))'. (9)
Since zF/(z) is starlike in E, theorem 1 and (9) shows that zf (z is starlike
for |z |<r,, where.r, is the same as in theorem 1. Thus it follows that f(z) is
convex in |z |[<r,.
The result is sharp for the function F(z) for which

z

zF'(2) = 5 ,where p<1.

1 -2pz+2z
It is easy to verify that Fe K. Using (9) and a similar computation to that

performed in the proof of theorem 1, one gets

Sz o1 -2p(1 -2a)z-6az’+2p7’ -~ (1 ~2a) 2*

“f(2) T (U-2pz+ A -2p(1-@)z+ (1 ~2a)z)
H f(2) _ _ . . .
ence zﬁ)——+ 1 =0 for z= —r,. This shows that f(z) is not convex in any
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circle for |z |<r if r>vr,.

Theorem 3 Let F(z) =z+ pz’++. be a memPer of the class § and f(z) =
(1 -a)F(z)+azF'(z) for a>0. Then p<1 and Re(f(2))>0 for |z |<r,,
where r, is the smallest positive root satisfyig

' rr+2p(l +a)P+4ar-2p(1~a)r-1=0.

This result is sharp.

Proof Let F'(z)=g(z)=1 +2pz++-. where Re(g(2z))>0 for |z|<1. Then
it is well know that 2p<{2 for p<1 (see (4], p.170). Also we have

f(2)= F(2) +azF"(z) = g(z) +azg'( z). '
To show that Re(f/(z))> 0 for [z |<ry, it suffices to show that

Re(g(z))>a|zg'(z) | for |z |<r,. (10)
Since Re(g(z))> 0, there exists an analytic function w(z) in E such that |
|w(z) |<1 and
g(z)— 1 __ .y_ = .
?(Z—)._"‘—i—— w(z) = zp(z) = pz + o
It follows that
_ 1 +w(=2)
gz) = 1 —w(z) (1D
Thus
g'(z) = 2w(2)
(1 —-w(z))?
Using the lemma 2,' we have
’ 20r+ lp(2) DC1 = |w(z) |)
12)
£ < A-m |1 -wiz) [ (
-where @(z) =p++- and |z]|=r. Also from (11) we have
1 - Jw(2) |2
R = . (13)
) =T | |
In view of (12) and (13) inequality (10) is satisfied if
. ) )
1 - |w(z) | >2ar (r+ lo(z) D1 = |w(2) D for [z |<rp- (14)

|1 -w(2) |
Simplification of (14) yields

1-Mmi1-w=

1 -7 r+ lo(z) |
2ar =1 +rip(2) |°

Using lemma 1 in the above inequality, we get

1-r p+2r+ pr’
S 2ar T 1 +2rptrt

This reduces to r*+2p(1 +a)rP +4ar*-2p(1—a)r—- 1 < 0, which gives the requir-

ed root r,.
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The result is sharp for F(z) for which

’ - 1 —22
I"(L')—""'_l —Z_p-z+zz

=1 +2pz+oes,
It is easy to see that F¢ S . Further
[(2)=F'(2) +azF"(2)
_1-2p1 -a)z-4a+2p() +a)2’ - 2*
(1 -2pz+2)?
Then we have f'(z) = 0 for z= —r,. This shows that Re(f'(z)) >0 in any circle
lz |<r if r>r,.
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