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On L>-Boundedness of Singular Integral
with Oscillating Kernel*
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(Dept. Math., Hangzhou University)

Abstract In this paper, we consider L? boundedness of singular integrals
with oscillating kernels and corresponding T(I)-Theorem,and generalize or imp
rove some results of Hu, Phong and Stein.

I . Introduction

~ Let X €D (R"X RHYNC(R*X R"= {(x,x):x €R"}), B: R"X R"™*R' s.t.(x, y)-»xByT,
where B is a symmetric (real) matrix, define a singular integral operator from
D(R"™ to its dual continuously as follows

SN (x) = [WK(x,p)e' 857 f(y)dy (1)

where feD(R"Y. In this paper, we consider L’-boundedness of Sp.

Notations are as follows.
KeD? ,u(a,u>0,k=1,2,3, <) implies

VK (x, 90 |+ V4K (y, 0 [<Chr (L + [x =y 7 Ok =1, |x= y|=1)
| VA K (et hyp) = VE K G, ) [+ [VE K (G x+ ) = VE K, x) | (2)
<Gee (4w y) "% 0u b ((Al<glx- ], Jx~ »| and

|x+h-y|>1)
KGDB implies
|K(x, ) |<Cpolx-y|™" (Jx—y|<2)
|[K(x+h,y) -~ K(x,y)|+|K(y,x+h) ~ K(y,x)|<Cy* x—y|#"w(—,—)|7h_—|y—|—) (3)

(v A <7x-y|<D)
K eD,,,,, or D, implies (3) or (2) without restrictions |x-y| and |x+h- y|>1

or<2”. w € D* implies that o is increasing in [0, + oo) and

w(6) 1
J;T ]ns'dd Loo,

T eWBP® implies that T is a continuous linear operator from D(R") to D (R"Y,
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and
[KTh}, 85| <Crp ot (0<t<l, hyg €ED(R™)

where A7 (y) = f"h(—%) , &/ is similar. Without the restriction “<1”,6 we write
T ewBP. Finally, fix ¥, € D(R" such that ¢o||x|<%zl, Yol|x>, =0, then define

S3(f)(x)  when rank (B)= 0
T,,(f)(x)={ o (4)
[2K(x, ) ¥o(x~y) f(y)dy when rank(B)>(

When rank(B) =0, David-Journe !’ got following famous 7(/)-Theorem.

Theorem A Let K €D,,0(d) =3 (0<a<1), then S, is L*-bounded iff T 41I)
and T3(I) € BMO and Ty,cW BP.

In (4,57, Yabuta and author improved Theorem A.

When rank (B)=n, Hu Yu ’ got a corresponding 7(I)-Theorem.

Theorem B Suppose rank (B)=n, K €D, or K €D] but K has bounded de-
rivitives of sufficiently higher orders, @(8) =d, then S, is L>-bounded iff 7(I)
and T3(I) €eBMO® and T,cWBP°.

For general B, Phong and Stein proved

Theorem C If K(x,y) =K(x—y), K€CMR" , and |V'K(x) |<Cyx, (1+|x]) **
(0<I<N),then S, is L*-bounded if #u>n-rank (B) and N is sufficiently large.

In this paper, we prove

Theorem I If k=rank(B) >0, K €Dy «,,, 0<a<]l, u>n-k+(1—-a), then Ss
is L>-bounded.

Theorem [I If k=rank(B)>0, K €D3 , ., DS, o €D*, then,S; is L*-bounded
iff Tp(I) and T;(I) €BMO° and Ty cWBP°.

Theorem 1 improves Theorem C, Theorem [ improves and generalizes
Theorem B,

II. Proofs

Theorem [l is a corollary of Theorem ] and [4; Theorem 2], so, it is enough
to prove Theorem I. Take a nonnegative, radial C™-function ¢ such that supp ¥

C{%<|x|<l}, ;od;,(x):l (¥ x#0) where §;(x)=¢(2’x) . Then,set K,(x,y) =
0
Kix, 3 ¢;(x=—»,K;(x,»)=K(x,»¢;(x—y) (j>0),and
T,(NH (x)= Rf’w( UK (x, ) fly)dy.

Because |T;|,,.= |T)T,|}/: and the kernel of T!T; is

Ly(x, =[P 7K (u,p)K,(u,x)du,

so,it is enough for Theorem I to prove
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Yosup (L, oy [+ [L ) | 012+ oo (5)
) ¥

J=t
It is not hard to see that

L, Cx, 90 [« Cxy 2 2 " Kyl o (X = ¥ (6)
Now, let P denote the -orthogonal projection operator from R" to B(R") =
{Bx: x€R"), for ¢,=i(a,V,)/Bla,x— y) where a €R", there holds ¢Ye 8>
e BT take a= B (P(x—y)/|P(x— y)|) where B, is a matrix such that BB,
=P and B,P= B,,then B(a,x- y)=|P(x~ y)| and

Li(x, ) = [Plx= )| =Dk e B, 705! (K, Cu,y) K u,x)) du

-‘/’i(—iy‘ﬁ'lf’(x-- P2 R S S G0

1rm=k-1
where
Nprm= [ 70 K s ) (@, V07K, (a0 e P70 dy
. ’
:e*tB(x*)'._VJJ'L‘”’Inj.lqm’u’(x’y)d(]( u )
and
Hiotom (x’y) - J.(;_ e—iB(x‘y,u’)r((a’\VM)IKj) (y+ru/ ,y) o »

((a,V,,)”'E,-) (y+rd yor 'dr
= [l T IBT 2 (4 7,0 K ) (e 20U ) e
((a,V,)"K;) (y+2°u' ryx)r '\ drX g, pon(x— p).

Because K € D% «,,,and suppK,C {2/ 3|x- y|<2/}, it is not hard to see (Re-

mark 2)
| (a, V) 'KiCo,x) |na= sup |k “|Ca, V'
u &R h£0
KjCut h,x) = (a,)'K;Cu,x) [<ICh 2 "1 7
(a, V'K, 0| KCk,,, 2 407 _ an

{supp(a,V“)IK,(u+.,w)CB((),Z"), ]
( ///)

suppla,V,) K,;(u+.,x)B(0,2" " for u—x€B,2™").
And, when suppfC (0,2°7%7, it is also not hard to see (Remark 3)
[ f27re A O o/ 2235 | 1] a3 (8)

glnat l2ll M ,’w'e

By (7/)—(7"7’) and (8) and the fact that || fg| .. <|f].*
get

2—(2;4+I+m)j
(

2/|B(x~y,u) |
2~(2u+1+m)j

+ i a
2| B(x~ y,u’) ]

J
Inj,l,m-u’(x— ») |<2" Ckokywon

)13(0,2"5("_ y),
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so, (6) gives (for 0<<e<{1)
le9IvM(x’y)|<CK0kq¢s'ﬂ2
-&j —agj
'I ( 2 7 a + 2 ’ at
Lo |B(x=y,u')| |B(x—y,u)|

—(Qu+ | +m-(2-¢)n) -€j — e
*2 2 x
<CK,&,k,n,g,a - ( /l yi

*(2u+1+m—n)£j.2 —-(u-wL-8)j

)0 (U’ VX gg, o (X W)

£2 = P g X9
Thus, for ¢ € (0,1), there holds
|Lj(x,y)|<CK,h,k’a’ha.2'<2ﬂ+k-1-<2-e>n>..
2"/ |(I=P) (x= | +2 /| = P) (x= )|
[PCx= )| g omm(x = »)

and
f(lL/.(_x’y)I‘Fle(y,x)')dX
. dx
—(qu+k-1-(2-¢)n) —ej .
. .2
LCx, pykrmrera®l (2 fed-mr |x|*
[x|<2”" ]
df e | dx o dx
. ————k—~+2 IL ,|~|la .QEP(R,): ““-'k‘l
~ -t ” =1k—1 ¥ed - PR X x X
« XEPRY, |XIK2 Ixi m<z,ﬂ ‘ F<e™

<C.2'(2u+k‘1—(2—e)n).(2—sjz((n‘k)—E)As)‘j.éj
+z—asj2((n‘k)~sa)j2j)
<C.2—2(#+k‘1‘(3'£)n/2+a5)j .
Because #>n—-k+(1-a), u+k-1-(3-¢)n/2+ac>0 when ¢ is sufficiently close

to 1, thus (5) holds. Theorem I is proved.
Remark | From the above proof, we see that if (2) is replaced by
|VE K (et hyp) = VE K, ) |+ [ T4 KOy, x ) = VET K Gy, x|
LCp k(1 + |x =y " 0P A" for [A<|x-»|/2,
then, in Theorem [, “«>n- k+ (1-a)” can be replaced by “u>n—k+max(0,1
—a-§/2)”.
Coroliary If K(x,y)=K(x-y), K €C"*(R" , k=rank(B)>0 and
IV K(x) |<C(1+|xp *
VK (x)|<Cp(1 + |x]) #*D
then, S, is L*-bounded when #>n—k.

(yo<<I<k-1)

Remark 2 (7”) and (7"'’) are obvious. Now , we prove (7'), for exam-
ple, for k=1 and /=0. Because suppK,C{2j_2<|x-y|<2j} , wWe can assume
that at least one of y+h—x and y- x, for example y+h- x,belongs to B(0,
2) - B(0, 27*) . Now, if x~y¢&B(0, 2”"") -~ B(0, 27*) , then |A|<<2’"?, thus

K (y+h,x) = K;(y, )| <|K| |4, (y+h=x)=#,(y—x)|

— 364 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



+|K(y+h,x) ~ KCy,x) |¥].
SC VU o2 7+ [ las LA Tx = 2|7k e ()
* "'/’”m”K”m'XMDz“(h))
<Ck, 2% |n°.
If x-y&B(0,2'"") - B(0,2°7%), then |A|>27"?, thus
|K;(y+h,x)=K;(y,x)|=|K,(y+h,x)|
K Cy 32 T C | H] %27
Remark 3 Proof of (8). Because suppfC (0,2°"2), |r/4|<2’*® when f(2/r-
x/A) #0, thus

T
274

. o 1+3— _
J:f(zjr)e‘lu'r"_ld': ﬁf x 2Illf(zjr-‘;t—) (r- )a-le ey,
Fuy

=%f;e_“2!'( f(2’r- %) (r" = (r— %

2

+r* N f(27r) - f(2’r—§—) ydr

1 7 Ve . T ay ik
t5 et ] Phreir-2 G )l ar

=0 (Jf)o/27A+ | fl 2/ 2+ | fll /270
(8) is proved.
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