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Abstract

By viscosity method, we prove the existence of global smooth solution to the

system of 2 x2 genuinely nonlinear hyperbolic conservation laws .,

Consider the Cauchy problem of the systems of 2x 2 conservation laws
U,+F(U),=0, (x,t)¢€(-00,00)x(0,00), (E)
U(x,0) =Ugx), xe(-o0,00) (D)
where U=(u, )7, FWU) =(f(u,v), g(u, o', Uy(x) =(u0(x),po(x))r, f and g are
smooth in an open region D, . (E) is assumed to be hyperbolic, i.e.,VF(U)
has real and distinct eigenvalues 1 <u, and genuinely nonlinear in Lax’s sen-
se.

It is well known [1,2] that under the conditions (M), (C) and (V)( see
below), the Cauchy problem (E), (I) has a global smooth solution. However,the
methods used in [1,2] can not be used to get weak sclutions. The intent of
this paperl) is to make a fifst step to solve (E), (I) by viscosity method. This
paper can be regarded as an extension of [4], in which (E) is the system of
isentropic gas dynamics equations, and the condition (V) is removed.

Consider the system (E) with viscous terms, namely

U+ FU),=¢eU,,,e>0, (x,1)e(—00, 00)x[(,00). (E) g

Introduce Riemann invariants (z, w). Thus, we can diagonalize (E), into
z,+Az, =¢z &/ %2zU2 ),
{ W, +uw, =ew,, — eV WU?, » (1),
where Vw-r,=0, Vz-r,=0;3 r, and r , are the right characteristic vectors of VF
with respect to the characteristic values 4 anv u; Y f=(f,, f,) for all smooth

*) This work is supported in part by Notional Natural Scicnce Foundation.

1) In detail, the intent of this paper has been described in [3],
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functions f, Since

W= Wi, + W, , (2),
{ 2= 2 M 20, (2),
then )
u=Aw.+ Az, , 3),
{ v,=B,w,+ B,z , (3N

where A, =2,/D, A,= -w/D, By=-2,/D, By=w,/D, D=w,z,-z w,, Without loss
of generality, suppose the mapping R: (#,»)—>(z,w) is one to one and smooth
on D,, D#(, Substituting ( 3) into ( 1), by straight calculation, we have

2 2
{ Z,+ Az =6z, - e(bywit bzt byw,z ), (4),
. 2 2
W+ W, ZeW, — (AW, + QyZ +d W,2,), (4),
where
. 2 2 ) 2,
a, = Alwuu‘ + zAIBlwuv+ Blwvv * aZ‘_ Azwuu+ 2 AZBzwuv+ Bz”w s

b= Alz  + 2A4,B,z,,+Blz,,, b,= A%z, + 24,B,z, + Biz,v ,
a,=2A,Aw,, ~2(AB,+ 4,B)w,,+2B Bw,, b,=2A,A4,z,,+2(AB,+A,B)z,,+2BB,z,.
Let

p=ew,, 6’:6”2, ’ (5)
where a,=y,/(u—-1),8,=7,/(+»- w). Differentiating both sides of (4), with respect
to x, we have

dw, ow, qzwx 2 : 2 2
ar “ax Cf dx? THGWLT U W Z - (AW @2t W, Z,) (6)
By (5)
ow,_ F)
y _ - 0@ -a
YRR T; a,e @, (7),
awx -a 0@ ~a
P o A€ P (7,
azw«' —ﬂaz¢ -2 Op 2 <
—ax—zze 3;2—--2axe ™ t(ag-w e @ (7),
Substituting (7) into (6), we have
dp dp___ 0% .
ix +u ox =& ot +(a,+ua.x)q7—e uwwi—u,z,(p+elaf—axx)¢p
—Zeaxwr—e"a(alw_f+a2zi+a3wxzx)x (8

Since
a,tua,=a (W +uw) +a,(z,+uz,)
=a fwtuw) +a,(z,+1z,) +(u-MNa,z,
=&a,w,, +ta,z,)+u,z, —
~ela, aqwi- azlva,wez) +a(bwiebh, v bw z, ). (9)

Substituting (9) into (8 ), 1t is easy to get

— 76—

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



©

oy
ar TH

&

dp 0%
ox - ax2

a 2 . a 2 2
-e /4wa‘8[20_‘¢,+5’ (aI“’x+azzx+a3n7xzx)xj
2 2
+tepl(a w,+a,z,) -a (aw,+a,z +a,w.z,)
2 2 2
—a (bw,+ bz +byw,z)]) +epla,—a

X.Y) b

Since

-a -8
a2, =g ,w.+a,z,=e 2,p+e ‘a.bd ,

(1!
a.,=(ea,) e gr+(ea),e’+(e%,) e Ipb
A Bpl, p¢ op -p 08
(e "a,),e "0°+e "a, ax +e a’—T)_x—' (11) ,
Bi=Buw.+B.z,=e "Bo+e’B.0. (11) 4
By (5), (7) and (11), we can rewrite (10) into
dp o o .
or TH e =6 oz € U +€f§<0,¢)+eﬁ¢x+€/30,, (12)

wh re
fi(t6.0)=(aya,-a,,~ba,-a,,+a,e >’
+(asB,+2a,a.-ba,.+2a a,-a,,—a,,~2a,,)e "o +(2a,,-a,,)e ¢’
(2008, + asa.+a,p.-aa,-ba.vai-a,,~a,, -ay,) e Ypb’,
f(0,9)= ~2a,e “p-a,e 0 -2a,pe -2¢ a8,
58, @) = —2a, P0-ae’y.
Similarly, we can prove

?}f + 4 gi = gioz —e"’i,ﬁ‘zvzg,(a,cp)+sg2(0,(p)q>_x+ag3(9,q;)f)x, (13)
where ) ;
£(8,9) = (2b,a,-b,,)¢ %9’ + (b,.-b,,~a,B,+ B - B.)e "’
+(2ba,—b, - by, ~aB,~bB,~B:- B+ b, +b.a)e o
+(2b,8,~ by~ by +bya.- ayB,+ 26,8, - 2B.)e ¢ Ceh?,
&,(8,9) = —2b,ge *F-bge’,
g40,9) = —28,0e *~2B8,0e "~ 2b,0e”" - bge *.

Our main result is the following theorem .

Theorem | Consider the Cauchy problem ¢(E). (). where f and g are smo-

oth functions in an open region D,, The matrix 7 F has two eigenvalues 4, u,

“satisfying A<wu, A,>0 and u,>0 for all (u,mreD,. 1.e, (E) is strictly hyperbolic

and genuinely nonlinear. If the initi2al data satisfv the following conditions

ZolX) 2 0, u;i( Xi v, (M)
zo(X)y “’o(x)ecz(‘oosoo)y (C)
RY(D)CCD, (V)

. - * . *
where D, ={(z,w) |24, <z < z8, WouW < Wy , 2Zo,=infZo(X), zg =SUPZe(X), Wy, =
X X
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infwy(x), wy=supwyx), then the solutions of (E),, () are uniformly bounded
X X

with respect to small ¢>0 in the strip (—-oo,o0) {0,7T), where T>>( is any given
constant, And these solutions uniformly converge to a smooth function as ¢ tends
to zero. The limit function is a smooth solution of (E), (D).

Proof By (V), maxu-_oco, mini> ~oc, then it is no harm to assume the in-
D! D\

itial data are constants outside a finite interval [ — X, X}, where X >0 is any
fixed constant (see [ 47]).

Since z,(x) and wy(x) are bounded and smooth, by the conditions (C) and
(M) we have 0<zj(x)<[,0<wyx)</ and |z{(x)|, |wjx)|<h, where I and h
are fixed constants,

For any small ¢ >0, let

D;={(z,w)[zoa~ ¢ <Tz<l2d+ &5 wou —$ < W<l wg + ). (14)
Since R™'(D,)CCD,, then, for sufficiently small ¢&>0, R7(D,)CCD,.
We need the following lemma,
Lemma 2 For any given T >0, if £¢>0 is sufficiently small and
—Jecte 1) <@, § <L+e(l-e"), 0T, (15)
(cf (5)), then
(z. w)eD;, 0 <Cr<T, (16}
where (z, w) are solutions of (E),, (ID; ¢, is positive constant which depends
only on D,, F,t, and L, L=sup{|ey(x)|, [#,(x)]}.
Proof Let i
Ti=sup{t| (z(+,0), w(e,t)eD,} . )

Obviously, in order to prove the lemma, it is sufficient to prove T,=T,.
We now prove T,=T by contradiction. Suppose T,< T, then there exists a point
(x,, T)) satisfying z(x,, T,) =z, -~ {(or w(x,,T) =wy, —¢), or z(x,,T,) =2z +¢ (or
w(x,, T)) :w;+§) . We only need to examine these two possible cases.

('I) If z(x,,T,) = 24, — (0T w(x,,T,)=wye ~¢), T\<T. Let ﬁ,:ilr)lfﬂ, u" =
supu, /l,:ig‘fi, by (15), we have f

I3
~e M Jece' - <z < Le? vge P(1-e ), 0=t <T, . (18)

z(x,,Tl)zzo*~e“ﬁ‘iacl(er‘* 12X + Tl(;f—,l*))
220**e“ﬂ*/acler‘ (2X+T1(/4*~,1*)), (19)

Let 0<<e<<¢®e¥*ce™(2X +T(u*-1))2)"", by (19) we have
Z(x1’ T1)>zo*—§. 20)
But we have assumed z(x,, T)=2z,,~¢, then we get a contradiction,
() If z(x,, 7)) = zg+ ¢ (or w(x,,T)) =wg+¢), T\ < T.Since lim(xx,, T, ),

Thus
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w(x;, T1)) =(2zo(X), wo(X))<(z§,w} ), then following the proof in (1), we can
introduce a contradiction. [ ]
According to Lemma 2, it is easy to see that the major step of the proof
is to prove (15).To this end, we let A
T,=sup{t| - [ec/(e'= D< (-, 1), 0, 1) < L+e(1-e "), (21)
where the constant ¢, wil | be defined later, which is independent of e, In
order to prove (15), it is sufficient to prove T,=T as 0<e<ég, where ¢ is a
constant which depends only on F, D,, L and T.
To do this', we need the following Lemma 3,
Lemma 3 If (15) holds, then
0., | 0] <,y 0<t<T, (22)
where ¢, will be defined later, which is independent of ¢.
We will prove the lemma later,
Case | There exists (x,,T,) such that g(x,,T,)=L+e&(1~e ) (or 8(x,,T,)

- . . i} 9?2
=L+e(l—-e ™)), T,<T. It implies az (xz,TZ):O, ———axqi (xz,mgo. By (12), we
have
de ca R
—Ot—_ (XZ,T2>£“(€ ﬂw)l(szz)w +8n(1+2c2)

< ~-m(L+e(l-e€
as 0<<e<mlX1+2c,) 'n"’

T1yy een(1+ 2¢,) <0 (23)
» where m=inf{e u,, e”u:}> 0, n=sup(lal, |£],i=1,
(9

, :
2,3). Obviously, m and n are constants which are independent of ¢ and T,. On
. the other hand, by the definition of T,,

do - 5 w(xzyTz)"(P(xz9’)
ot [T o1y T,-t
; . . )
> lim (L+e(l-e " ))-(L+e(l-e )] e r,>0. (24)
t—=T,-0 T,-: R

(24) contradicts (23), thus there is no T,<T such that ¢(x,,7T,) =L+s(1—e—T’) .
Similarly, there is no T,<T such that 6(x,, T,)=L+¢(1 —e_T’) .

Case 2 There exists (x,,7T,) such that q)(,\.cz, T, =~ [ec (e~ 1) (or 8(x,, Ty
2
= —[ec (€~ 1)). 1t implies that %—‘z— e >0. Thus by (12), we

6Ty ox?
have
(xz,Tz>2 -M(-/ scl(eT’— 1) -en(1 +2¢,) = —sclMeT1+ e(Mc,—en(1 +2¢,)],
(25)

(x;, T3)

¢
0x

where M=sup{e “u,, e ?1,}. Let ¢,>M 'n(1 +2c;), by (25), we have

Dy

w2

op

7 > —ec, Me. (26)

(X, Ty)) ™

On the other hand, by the definition of T,,
\
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0p - lim @(x,5, Ty) — @(X,1)

T (T t=T,-0 T,-t
. —\/sc,(eTZ—l) +\/6C2(e'—1)
<. lim .
I+T2-;) 72 -1
11 L
= -—%azc,zerz(er’—l) z, (27)
When ¢ <e< (4M’c,(e"- 1))7', by (27) we have
0y | X
-,é.j_’_(x“n)< ~ec Me'. (28)

4

(28) contradicts (26), thus there is no (x,, Ty, T,< T, such that ¢(x,, T,)

-V/ac‘(erl-— 1). Similarly, there is no (x,,T,), T,<<T, such that #&(x,,T

It

—Vs/c‘ci(er’—' D.
The contradictions imply T, = T,
Finally, we only need to prove Lemma 3,
Proof of Lemma 3 Differentiating (12), (13) with respect to x, by straight
calculation, we have
dp, o, 00,

S tHTy T e +f4+f5<p,+ef,,+e (fzw,,)+e (f,ﬂ), (29)
06, 04 , 3%, 0
Py + 4 Rk o VR TR T ERe T 8 i (£,9,) +€ (83 <) (30)

where
fiz (e “u).e 9’ - (e u,)e P98, fi=-3e ‘up-u.e’d,
fo= fwe o+ 12700, g,= - (e %h,) 0 907~ (e 'i,)e” "0,
gs= -3¢ ‘A0 -Ae 0,  B=g,.6 9t+8.e .
Let M (1) :s”up{lfp,,l, |61, where m,= {(x,1){xeR, 0<1<1},

N=sup{|f.;|, |8.3)»i=1,2,3}. Obviously, N is a constant which depends only
DJ

onD,, F, L and T,
When 0 <e<min{L,4L%;'(e"~1)""}, by (15) we have |¢]|, [#|<2L. We
now prove (22) by contradiction. Let
T,=sup{t|M (1) <c,}. - (3D
Suppose T;<CT, and we divide the strip (- oo, o0) x{((0, T;] into small strips ( — <o,
ooy x(1, 48, 1), I,=ie,i=0,1,2,+, (Ty¢ 'J-1, here, it is no harm to assume T
is an integer, For any given point (x,,¢y),#,~21,<1,,, we rewrite (29) into

dp, dp, 0, .
2 T u( Xy, ty) R ot Lo refore e

(fe)

+¢& (f;01)+(,ll(x0,to)—ll(Xq

(32)

Define o coueninae tran~formation t=1, x=y+ u(xy, 1,)(r—1,). Let w(y,n =
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w(x(y,t),t), then

Iw(y, ) _ dw(x,I) Iw(x,t) dw(y, t) _ Iw(x,?)
a7 - or * u(Xo5 1o) ax i dy 9x ’
where w is any smooth function. By (32), we have
g aq)
—#:s y+j;+f5¢y+gf6+e (fzq))

o~

s (33

2 .
+ & 3y (f30y) +(U(Yosty) — uly,

where ‘;(y, t) =<P('x(y, t),1), Z(y’ t) = f;'(x(y’ t),1), i=2, 3,4,5,6, év(y; 1) =0(x(y, L),
1, wly, ) =u(x(y, 1),1), ,Ryo,to) =u(xy,1,) . Hereafter, we omit ¢ ~” for simp-
licity in printing. )

If we let oy, t;) be the initial data, then by the equation (33), we have

?(Yoste) =] N ZJ;T’(;;;:_Z;_’%D{ —E(—(,—y:-%%i} d¢
2
J‘,;‘f,,ﬂf.-oo ZJE%_:_TT_exp{ - 4:();‘;_5;; Vdgdr
T szf::—_;y expi - 4§<yzi’,_-f)>z yagr
' /3¢ ( fy0, (¥o—¢&)°

& 0 e
== e -—} d¢d
" szr, J‘-°°2\/8(t0v--1r) xpt 46ty —1) yasar

= /35 £;6,) (¥g-¢)?

& ‘.’o

T = s - dédr
JnJr,J'-w 2/e(ty~1) exp 4e(ty—1). yds
o (U(Yyst t (Y- &)°
I, [ Yoslg) = H)wgh expl - Yo— &) dedr
Th 2J£(t0—r) 4e(ly—1)
us
|<P(yo,10)l< M) + N(ry~ r)+Nj M@)dr+eN(ty—1) +1, (34)
where -__-“ [ oy 080 gug
< 2Je(ty ~1) E(ty—1)

: w 00 f18,) (py=¢) s

+ ‘/T J' J.A_ao ZJE(IO-T) expl - 4511 -1) o) dédr
A NIy (yo— &)
—‘)f [ LU APPSR P P2 Y
2Je(ty—1) 4e(ty—1)
e 2030 L - ) (Vo— )7
S‘—i:f j‘ 2_5(—0——-—___"_3 ex p{ ——I?’—f—)—}dgtdr

valtuTee 2 ety - 1) et

¢ [ 200, (Fo- &) (ye= &)

= exp! - ——1 dé&d
’ Jr .f,, '[-‘oo (2 s(to—‘r))3 x‘:l 4e(ty—1) gdr
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L] eopm Hepe (yo-¢)°
— ————exp{ ~——————} d¢dr
+ \/7[ .r/’ J;coz\/a(lo_r) 46‘(t0—1)
to oo 204 ) ! -$) (% =&’
+ LI 2Cu— u(y,y o))wf()’o ¢ expl - o ;_ }dgdz
Jﬂ t, —oo (\/5([ -7)) 48(10 T)
_ 2
< zﬁj:ojoc M)y, - ¢ expl - (B—-£ | dgde
\/7[ 4 00(2\/8(1 *‘[)) 4£(t0"f)
9ng oo oo M(D|yo—¢ - (yy—¢)°
+ = — ¢ -1} d¢ds
J”‘J‘I,-j;oo (zjg(to—T) )3 xp{ 48([0—‘[) }
oo g M (1) (5= OF
=" S expl - Ll jdedr
Jﬂjiw(‘us(rov—r)) P 4e(ty—-1)
2 plopoe ]/’4;|M(T)(J’o*§)2 (y0~—§)2
= ——— exp{ - ——————} d¢dr
J?rff.j‘oo (2Je(tyg—1) )3 P 45(10—1)} S
0 OO .u, M t - — _ 2
2 U M) (1 D (Jo=¢) expl - O g
(2Je(ty-1)) 4ty 1)
(35)

Since

Uy=u,e g +ue’s,

Ho=tyw, + .2, =t few,,— e WU yw) +pu (62, — 657 °2U% — 2z ),
then without loss of generality, we can suppose that lu,| <N and |u,|<N, 0<
1< T, hold for the same constant N defined above. Let

3 Vo= §
S 2fell- )
then by (35) we -have

o2 w  |r|M(1)
I - n(';f ]:

0 00 M 2 fy
S L ¢ dydr + ZnEI “i,,ﬁr) e’ d)}dr+N&j M (1) dr
N R N T IS JT o T 2fe(1y - 1) i
o oo 0 p OO \,lt - M 2
+ ZN_[’ [“Mnrie”’ "drdr + tf o T _Er)|r| e drdr
‘/7[‘(” T )72 \/”2(' _°°)1/z 2J ¢
- one 2y — 7T ne Iy to
— — M(t) + —== Mt M d
NE 2/¢ (o) Jr Jr (°)+N8L, (1) de

+Nj M (1) dr +TN~%<: — 0¥ M (1,)

J_eM(to) +N(+of M(T)dr+§7_; M(1y)

<(2n+ N)eM (1)) +2N[ M (1) dr, (36)

(36) holds for < e< 1. Substituting (36) into (34), we have

[@,(¥y s t )| <M1 + N (1L +e) (15— 1) +3le"’M<n dr +(2n+ N)eM(1).

(37)
Let d,=N(1+¢), d,=3N, d,=2n+N, then
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@ (Vorto) | <M(t) +d(tg—1,) +dJ"°M(1)dr)+ dieM(1ry) . (38)

Similarly, we can prove

16,Crur 1) | <M (1) +dy(to= 1)) +d,[° M(D dr +d 6 M(5y) . (39)
Since (y,,?,) is arbitrary, then for any te(;,.,t,.ﬂj, we have
M) <M (1) +d(1-1) +dy [ MDA+ dyeM (1), (40)
That is |
(1-dye) M(1) —dzj"iM<r>dr§M<t,-) +d(1-1,),
s or
(exp{—l—_‘%t}f{"_M(r)dw,g M(t')lt‘;':—t") xp{—l_L‘zs ). (4D

Integrating both sides of (41) from ¢, to ¢,,,, by straight calculation, we have

Mt >.+ﬂ< L exp(—2(r oy + (42)
i+l dz_ 1—d3£ 1—d3£ N i i dz .

By (42) and the above proof, we have

dl — T ! dl dz
M(Ty) +=<(1-due) " "1 (MQ) +5)exp{ ——T;}.
dZ dz 1

—d3e
Since lin01dl:N, lir101d2=3N, lin3d3:2n+ N, limn(l—dsg)'Te"+l:exp{(2n+ MT,},
& &> &> & -

then there exists ¢;>>(0 which depends only on D,, F, Land T, such that if 0<
e< &y, then

M(T) <L+ expl2(n+ 2N Ty} <(L+ Dexp{a(n+ 2N Ty} <y (43)

where c,=(L+1)exp{2(n+2N)T}. (43) contradicts T,<T. Thus, (22) holds for

0<r<T, |

The remainder of the proof is standard and we omit it. [ |
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