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Abstract

F. G. Tricomi (1923— ), S. Gellerstedt (1935— ), F.I,Frankl (1945— ),
A. V. Bitsadze and M. A. Lavrentiev (1950— ), M. H, Protter (1953— ) and most
of the recent workers in the field of mixed type boundary value problems have
considered only one parabolic line of degeneracy. The problem with more than
one parabolic line of degeneracy becomes more complicated. The above resear-
chers and many others have restricted their aitention to the Chaplygin equation:
K(y)-u, +u, = f(x,y) and not considered the “generalized Chaplygin equation.*
Lu=K(y)-u,+u, +r(x,y)  -u=f(x, y) because of the difficulties that arise when
r: =non-trivial (#0). Also i1t is unusual for anyone to study such probiems in a
doubly connected region. In this paper 1 consider a case of this type with two
parabolic lines of degeneracy, r:; =non- v+ a2 301, in a doubly connected region,
and such that boundary conditions are prcscnbc;d oniv on tie =exterior boundary”
of the mixed domain, and 1 obwain umgueness -csuls tor Guasicgu'ar solutons of
the characteristic and non-characieristic Problem by applying the b, ¢ eucrgy intcg

ral method in the mixed domain.

The Exterior Tricomi Problem

Consider
(+) Lu=K(y) oty +u, +r(x, y)-u=f(x, ), KeC¥e), reC'(+), feC%),
and such that
K=K(y) >0 for y< 0 and y |,
. =0 for y=0 and v- 1, and
: <0 for 0<y<1.
Consider a mixed domain D which is doubly connected, contains the two
parabolic arcs: A4, B,, 4,B,, with ¢na port.. 4, - -1 1), By=(1,1), 4,=(~1,
0), B,=1(1,0), and has boundary
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0D=Ext(D) ‘Int(D),
Ex(D): exterior boundary of D, =lyily 1, Jry UA,UAI/, and

Int(D): interior boundary of D; =1, I} U4, U4, ,
with boundary curves;
I',, «“elliptic arc” for y>1 connecting points; A4,, B,

Iy . “elliptic arc” for y< 0 connecting points; A4,, B,,
I, : characteristic for 0 <y<{1, 0<x<{1 emanating from point,
0, = (0,1):

:joxdx:—jlyJ—K-dy, or l",:x:—J‘ly./—K(t)-dt,

r,/; characteristic for 0 <<y<1, 0 <x<! emanating from point;
0,=(0,0): ‘

: foxdx=j0y./—K-dy y or ﬂ’:x:J‘Oy/~K(1) -dt,

I, . characteristic for 0 <y<{1,0<x<1 emanating from point,
81: (1,1):

Lxdx:J‘Iy/—K.dy , or Fzgx:fly./-K(t) dr+1,

fz'g characteristic for 0 <y <1, 0<x<{1 emanating from point;
82:(1,0):

: jl‘dx= —foy/-x-dy, or Fz’:x:—IOy/—K(t)-dt«Ll,

4 s characteristic for 0<C y<{1, -1 <x<0 emanating from point;
A=(-1,D:

: J‘ﬁxldx: _IlyJTE'dy’ or /\: x= _Ly KD -di-1,

, : characteristic for 0<{y<{1, -1<x<(0 emanating from point:
Az =(- 1,0):

: J""ldxzfoyl'_K-dy, or L/x]’:x:.foy TR -di- 1,

4, characteristic for 0<C y<{1, -1<x<(0 emanating from point,
0, = (O,l):

: J.Oxdxzj'l"/‘_l(ody, or le:x=J'1y~/‘_K(t)-dt,

"5 : characteristic for (< y<1, -1<x<(0 emanating from point:
0,= (0,0):

: foxdxz_foyjf_f.dy, or N\ x= —foy./—K(z) .dr .
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Besides,
D=G, UG, UG,UG, (A4, B,) _(A,B,),
Where

G, ;: upper elliptic region: = {(x, y)eD, 1X|<1, y>1i

G\ : lower elliptic region; ={(x, y) €D, |x|<1, y<0}
G, right-hand side hyperbolic region; = {(x, y)eD, 0<x<1,0< y<1}
G;: left-hand side hyperbolic region: ={(x, y)eD, —1<x0,0<<y<1}
with boundary
oG, , =, U4, B), aG’lz :r(;U(BzAz)s
06y =1, Url/Urzurz/U(Blol)U(Osz)’
aG/z: =0\ UA; UAZ UA/ZU(OIAI) U(Azoz) .
The above characteristic curves intersect at the following points;
nnr=p, L,NL =P, for 0<y<<1 and 0<x<1, and
AN =P, OUN, =P for 0<y<1 and -1<x<0.
Besides, assume boundary conditions
u=¢,(s) on Iy, u=¢,s) on I,
(++) u=9p(x) on I,, wu=4,(x) on I,
u=d,(x) on /\,;, u=pLx) on A\
(i.e.: u; =continuous prescribed values on Ext(D)):
The Exterior Tricomi Proelem, or Problem (ET),
Consists in finding a function u=u(x, y) which satisfies equation (+) and
boundary conditions (+ +) .
A New Uniqueness Theorem

Assume the above-mentioned domain DC R? and the conditions

(R)). r<0 on Int(D)
(R xdy~-(y-1)-dx=0 on [,
27% { xdy-y-dx>0 on I,

“star-likedness”

2:er+xr,+(y-1)-r,<0 in G,

(Ry): r+x-r,.<0 in G,UG,
20r+xr 4+ yr, <0 in G,
(RY: K'>0 in G,, and K'<0 in G|,

Then Problem (ET) has at most one quasi-regular solution in the mixed d¢
main D, )

Proof We apply the b, c-energy integral method (a=0 in D) and use (+ +)

First, we assume u,, u,:two quasi-regular solutions satisfying equation (+)
and boundary conditions (+ +). Then claim that

u=u,—u,=0 in D,
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It is clear now that
[ +7 Lu=K(y)-u  +u,+rx y)u=0, and
(R u=0 on Ext(D).
It is enough to show that
u=u,-u,=0 on Int(D).
Second, investigate
0=J=2-J'J'(b-ux+c-u,)°Lu-dxdy,
where b
b=x, c=y-1 in Gl'
(c): b=x, c=0 in G,UG,
b=x, c=y in G{’.
Then consider the identities
2:bereu-u,=(bereud), - (br i,
2-c-r-u-uy=(c-r-u2)y—(c-r)y-uz,
_2+bKeuu,,=(b K-ul),~b,K-ul,
2-b-ux-u”=(2-b-ux-uy)y—(b-uf,),+ b,-ui,
2¢cc Xeu,ou, =2 cKougu), -(c- K- u,z,)y+(c-K)y-u,2,,
2-cou,u, =(c-u2) -c, -u2
Then employing above identities and applying Green’s theorem we obtain;
0= J—H[—(b r), wu? —(c r),.u ‘b K-ul+ b, u, +(c-K) cu; —c ‘u dedy

+gSwEb reutep vooreutpy +boKeudeo +2:bosty uyo0,— beuteo,
+2-c-Keu-u, v - c-K-uf-vz+'c-uf,-vzj-ds,
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d dx .
where v=(2,, ;) —(—a):— ————ds—); outer unit normal vecior on 0D,

Therefore

0=-f[C® )+ (c:r,)-u’-dxdy
.+£f[(—bx.K+ (C-K)y)-uf,+(bx-cy)-ujj.dxdy+§wt(b_vl+C.Dz).rj.u2_ds
+5f>w[(b-pl —cov) Keul42-(beny+c Kooyttt + (= bop +cony)ul)-ds

=l +1,+Ji+J;.
Claim that all integrals; I,,[I,,J,, and J, are nom-negative,

First The integrals I,, I, are non-negative if the following two conditions
hold in N:

(c)): (bx+C)-’+(b'rx+c'ry)'/“”
A: =-b K+ (c- K), =y
(C'z): )
B: =b,-c.20.

Second The integrals J,, and J, are non negative if the following condi
tions hold on 4D,

(cy); (hep))r>0 on Int(Dy,

(Cy): bev,+c-v,>0 or L UL,

(cs): bev,£0 on In(D) .
Justification

Condition (c¢;); From [+ +] and (c) we get
= bev)r)eut-d
I flnt(D)[( o) rleut-ds

Therefore, condition (c,) holds.
Conditions (c,) and (cg):
= eds ods. = JO + J0
J, Q,-ds +J'IMD’Q2 ds; =J;'' +J5

Ext( D)
where

Q: =0 (u,,u): = (b-y,-c-vz)'K-uf+2-(b-vz+c-K'0,)-ux-u,+( —b-u,+c-02)'ui,

Qy: = QCu,,u,: -—-(b-v,)-K-uf+2~(b-n2)~u‘-u)_+ ( —b~ul)~uf
are two quadratic forms with respect to v, u, on Ext(D) and Int«(D), respecti-
vely.

From [+ +] we get

u,=N-v,, u,=N-v, on Ext(D),
where
N. =normalizing factor,
Therefore,

Q|: =(b'[)|+c'02)'(K'Df+D;)'N2 .
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But
K-ol+03>0 on I, Ul (as K>0 in G,JG)s
K'U|2+l)§=0 on Ext( D)\FOUF(,/ (as 1"2,1"2/,;;,,@; are characteristics)
Therefore,
Q1:Q1|E,”(D): = Qllroquo/>0
if (¢, holds. Therefore, Ji'’=0 if (c,) holds.
Also JiP =0 if
0;: =Q2],M<D>§0.
But on Int(D) .
(bv))-K b,

s = — b (K-vl+0d), =0,
b.v, -b-y,

because
K-v!+pl=0 on Int(D) (as Iy, I}, /\;,/\; are characteristics)
From (c¢), therefere,
0,>>0 holds if
(bev,)-K=0 and —-b:v,=20 on Int(D),
or if condition (c¢5) holds (as (as K<0 in GZUG;), and the justification is comp-
plete. »
Reduction of Conditions (c,) - (c;5) (by using choices (c)):
Conditions (cy) and (¢;) are reduced to condition
(R), : r<_ 0 on Int(D),
because
x-0,<<0 on Int(D),
Also condition (c,) is reduced to condition;
(R).. { x-dy-(y-Ddx=0 on [,
2 x-dy— y-dx=0 on I,.
Besides, condition (¢,) is reduced to condition;

2er+xer . +(y-1)-r, =<0 in G,

(R, . rexer, <0 in G,UG,
2ertxer,+yor, =0 in G/l.
Finally condition (c¢,) is reduced to condition:
(R),: K'>0 in G,, :<¢ in G,.
because

K+ (K+(y-1)K)=(y-1)-K'>0 in G,
if K'>0 in G,
b K+ (c-K), = -K>0 in G,
K+ (K+y-K')=y-K'>0 in G|
if K'<0 inG,
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and b,-c,=0 in G,UGj, and b,-c,=1in G, .
Special case
(8): K=sgn(y (y-1))-|y|*“|y-1|*h(y) in D.

a, >0, and
h=h(y) >0 for all y,
where N
1, y>1
sgn(y-(y-1): = { -1, 0<y<1
1, »<0

and : =0 for y=0 and y=1,
Therefore
K.(») =y (y- D"y >0, y>1.
K(y)={ K,(» -y(1-»’'Ky)<0, 0<y<1
K,(»=(-»*=U-»’hy»>0, y<0
and ; =0 for y=0 and y=1.
Corollary
If K=K(y) is of the form (S) in D, if conditions (R,)—(R,) of Theorem
hold, and if
R=R(ysa,B)=(a-(y=1) +B+y)-h(»+y(y= 1)K (y)
is such that the following condition
(B); R>0 in G,, and R<0 in G|
holds, then Problem (ET) has at most one quasi-regular solution in the mixed
domain DCR?.
Remarks
1) It is cleaf then on the parabolic lines of degeneracy; y=1 and y=0.
ylir{gR(y; a,B)=8-h(1)>0, and ,“J}‘—R(y’ a, f)= —a- h(0) <0 hold, because a, £>0

and A(y)>0 for all y in D,

2) If r. =constant, then conditions (R,) and (R,) are replaced by only con-
dition (R)).

3) If

a=p=1, h=1

in (S), then - N
K(y) =sgn(y-(y-1)+{y|-|y-1|s = y(y-D.
and condition (B) in Corollary or condition (R,) in Theorem is not needed.

The Exterior Frankl Problem

Replace cnaracteristics I, I';,/\,,/A} by smooth non-characteristics; &,,£},
6,,6; so that:
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(NC); H:=K-vl+v7>0 on g, &Ud,.d0,, and

i) & emanating from point ‘B, lying inside the characteristic truncated tri-
angle 0, P, P,B, and intersecting I, at most once. This curve g, may conincide
with I, near point B,

1) g, emanating from point B, lying inside the characteristic truncated tri-
angle 0,B,P,P, and intersecting I, at most once. This curve g, may coincide w
with 1"2’ near point B,,

iii) 6, emanating from point A, lying inside the characteristic truncated triane
gle A, P/ P,0, and intersecting /\, at most once. This curve 6, may coincide with
[\ near point* 4,, and

iv) &) emanating from point A4, lying inside the characteristic truncated tri-
angle 4,0,P,F and intersecting /\; at most once. This curve &, may coincide
with /.| near point A4, .

Besides assume boundary conditions

u=¢,(s) on I, u=¢,s) on I,
(F).; U=y, (x) on g,, u=y,(x) on g
u=y,(x) on 4,, u=y,(x) on J
The new mixed domain D’ is such that:
oD = Ext(D) JlnyD"),
Ext(D') =T, | ryUNch(D"), Int(D) =Inu(D),
Nch(D") =8, &, 6, d},; the non-characteristic part of D',

Resides,

D'=G, UG UG, G4, B) J(4,B,),
where

GGy = {(x, ) €D, 0<x<1, 0< y< 1

GGy ={(x, meD , —1<x<0, 0<y< 1)
with boundary

0G,: = I, UI Ug, Ugy U(B,0,)U(0,B,),

0G}: = 0,7 U UL, U0, 4)) U(4,0,) .

The above non-characteristic curves intersect as follows:
gzmg/z:l’;z y 0,00y = Fl/ .

The Exterior Frankl Problem, or Problem (EF)

Consists in finding a function u:z}(x, y) which satisfies equation (+) and
boundary conditions (F) in the mixed domain D',

Then it is clear that a corresponding new uniqueness theorem and a corol-
lary hold in the new domain D’ under the same conditions as those of the abo-
ve proved theorem (and the corollary).

The only difference in statement 1is that we must change quG/2 with
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G,UG, in (R,
. (o)'; (b+9,)- H=0 on Nch(D")

References

{1] A. V, Bitsadze and M. A, Lavrentjev, Dokl. Akad. Nank S.S.S. R. 70, 1950, 373—376.
[ 27 F. 1., Frankl, Bull.de I’Acad, des Sciences de I'U, R. S. S., 9.2,1945, 121 —143.

{31 S. Gellerrstedt, Thesis. Uppsala. 1935; Ibuch.Fortschritte Math, 61, 1259.

(4] M. E. Protter, J. Rat., Mach, and Anal., 2, No.1, 1953, 107 —114.

[5] ¥. M. Rassias, Bull, Inst, Math, Acad. Sinica. 12, 1983, 51—55.

[61 , Thubner-Texte zur Mathematik, Leipzig, 79, 1985, 269-—284.

[71 , Como. Rend. Acad. Bulg, Sci. 38, 1985, 3l—34.

(8] , Teubner-Texte zur Mathemat’ik. Leipzig, 90. 1986.

£91] , J. Math., Res. and Expos., 1,1987, 79—80.

{10] , Ccmp. Rend, Acad. Bulg. Sci., 41, 1988, 35—37.

113 . Lecture Note Serles. Instituto de Ciencias Matematicas de Sao Carlos. Universidede de

Sao Paulo. Brasil, 1988. -
[12] F.G. Tricomi, Atti Accad. Naz. dei Lincei, 14, 1923, 133—247,

from; 494

Proof If RS is a reduced ring then RCRS is a reduced ring.

Clearly if R is a reduced ring and S is an ordered semigroup by lemma
1 RS is a reduced ring.

Here it is interesting to note if we relax the condition that S need not
be ordered then by above example we cannot always assert that RS to be a
reduced ring. '

But we pose the following problem.

Problem Can Theorem 2 be true for semi-groups which cannot be ordered?
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