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Introduction

R.Steinberg’ has given a system of génerators and relations of simple con-
nected Chev~alley groups, and constructed the universal' covering of the group.
Using BN-pair technique, C.W.Curtis [5) and J,Grover [6) have also con-
structed the covering groups for moré general .groups‘such as the twisted gr-
oups over a field except the groups bf type 2Az',,. On the other hand, Liu
Chen (9) has generalized the results to the simple groups of Lie type ‘with
rank more than 1 but the group of type F4.
In this note, we generalize the method of Stemberg to the twisted- Cheval-
ley groups of type B2 with rank 1, and give some results on Schur mutiplier.
Notice, We adopt the notations' and the results of (8) without any expo-
sition.

I Preliminaries

A central extension of a group G is a couple (n,a) , where E is‘ a gfoup,
7 is a homorphism of G onto G and kerrCcenter of G. Furthermore,a central
extension (7!,5) is universal if for any central extension (1’ ,E) of G, there
exists a unique homorphism wa-*E such that 7 @=7.i.e.the following diag-
~ ram is commutative,
G———>E

N,/

. We abbreviate’ universal central extension by .u.c.e. .
A group G is perfect if G=DG, where DG is the commtator subgroup of G.
If (n,-5) isa u.c.e of a prefect group. G then we call the keneﬂ of 7

the Schur multiplier of G. ‘ ) '
(1.1) If (m, G) is a central extension of a group G which covers alil -
- others i.e.for any central extensmn (r’ ,E) of G there exists a hormorphnsm
@:G—E such that 7’ =7 and. G=DG then (=, 65 isa u.c.e of G.
* Received Apr .13, 1989.
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We assume that field K is a.perfeét field of characteristic 2 and that K
admits an automorphism t—~t’ such that 26°=1. Let -®={ ta,tb; t(ath),
*(2a+ b))} ,i)e a root system of type B, and S={a,b,a+b,2a+b} be an equi-

" valence class in @, then ZBZ(KQ consists of the following elements:

X0 =x,)x,(Dx, " +wx,,, ()

a+b
X ot ) =x_,(Vx_y(Ox_ @™ +wx_ @)
for any t,lueK. N ,
Xolt; s u) X o(tyyu) = X gt + 1y, uy +uy+13t,) o (1.2)
where t,u,€K{(i=1,2) and R=%S, .
We write ng=n,n,,, where n,=x,(1)x_‘,(-—1)x,( 1) for any re®.
ns€ B, (K) B G}
Since w,w,, ,=w,w,w,w, is an element of length 4 in Weyl group W ,and
then it _maps all the positive roots to negative roots . )
Let H'=(hg(A) |Ae K" (where hg(A) =h () h,(A**));
N'=¢(ng,H'S,; U =X t,0|t,uek>; B'=UH", b
then K',N', U"' B' are subgroups of 2Bz(K) and 2BZ(K) is a group with a
splits BN-pair of rank 1.Thus, N'/h(1 is isomorphic to the cyclic group of
order 2. ‘ ' ‘ :
We suppose that n,(A) =h (A)n, and chbose a 4-dimensional representation
of B,(K). '
x, () =e+tle;,Teq); xXp(1) =etieyy
- Xgp(t)metitleqtey)s Xxai,(t) =e+re;,
here e is the identity matrix and e,; are matrix units.
Since B,(K) has a Bruhat decomposition,a simple calculation shows that
ng(A) = XQ AP+ 12, A0 X ) X gA%u®, 40+ 27 0y (L)

where A7 = f(r,u) ="'+ ’u+u® for any r,ucK and 1#0 or u70.
B, (D)X .5 o hg(A) = Xog(A WD ax250 | (1.6)
Xpt,u) = X u+t”")" (R=1£S) o (1.D
g(A) =ng() | “ : “ (1.8)
S s (DX b udn, ()T =X (AT AF ) | (1.9
ngeA™) = X (AP G 40 2% X () XA A0°) S(1.10)
where A7 = f(t,u).
ng(ng(Mng® P =ngs") | | (1.11)
ng(Whg(Hngo) ' =hy(W®A HRGHT ~ (1.12)

O The Main Theorems

Déflnltion 2.1 Suppose that Gis a group generated by the collection of

— 22—

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



symbols {} (t,u)|t,u) €k,R=+g} subjecte to the following relations , taken
from the correspondmg group B ,(KD .
(A) X bty uy )X slty,u, ) =X sl e u tu, ety (L ueK
(B) gl X gt ,u)igld) ™ = X_gA74"% 272

- where nglA) has the same expression as n g (4) in (1.5).

i=1,2)

s

If G also satisfies the following relation
“(C) h(ADh, (i) =helhdy), A,k EK®,
Where. h (1) =7 (A ngll) then we use G instead of G.
“Let ng=n (1) then the properties (1.2), (1.6)~ (1.12) also hold with X
(lies in G) in plaée of x (lies in sz(K)) '
- In order to prove the ‘main theorem ,we introduce the following lemma.
- " Lemma 2.2 let K be a field and |K|>2 then G=DG.
Proof  (h(4) X, w )= XG4 ey G+ Dut G774+ DY,
for any ,u€K,there exists a XEK such that 4%~ 2+17‘:0,1“+1¢0 since |K]|
>2. Hence, G=DG. .
- Theorem 2.3 (i) (n,&) is a central extension of group 2B2(1<) where 7
is the natural homorphism ; v '
(ii) G is isomorphic to ’B,(K), denoted by G = 2BZ(K) .
Proof (i) (a) There is a homorphism 7,G—>"B,(K) such that
(X (1 ,u)) = Xglt yu), '
for any r,u, K and R= *S. .
Let C(G) be the center of G we shall show that ke'r?rCC(G) .
As usual ,let U'= (xsér ,u)|t,ucK) then 7:U'—>U" is obviously an isomorp-
hism .
‘ (b) Let
H'= (M) |Ae K™y, N' = Gigd)|ie K*y, B =U'H',
then H' is in the normalizer of- U',also a normal subgroup of ﬁ‘ and

N'/H'=N'Y/H'. . ,
(¢c) We now show that E‘UE'FSE', is a subgroup of G. It is sufficent to
show that ,
‘ SR B U .
. Since |

~

nB'ng= nU' nsnsH Hge
It follows from relatlon (B) that
- ' : _t,ueB nsB ,
then A

a"U'n CB'nB .
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Hence, B UB' nsB is a subgroup of G. B
(d) It is evident that G= B UB n,B since G is generated by B' and N'
which are contained in B'UB'# 8.

(e ) We show that each element of G has a unique expression of the

form
g=u hngi or Z=a K
with %,% €U and he H'.
Suppose that .

~ o~

U R hgi, =TUyhfidi, OF Uy h =Ty h,.
Applying 7 on both sides of the equations, then, by (a) and the umqu~
.enesssof expression in BZ(K) we have

U, =W,, u,=u, and h,=h,.
(f) We consider flnally the kernel of 7.
Let & Az be in ker 7, then 7 (& )z (A7 (Agx (@) = 1.
It follows a contradiction that '

2l =ng=1.

Now, suppose that i,he kerz, then 2@ (k) =1,
By (a),u=1,hence, kertCH' .

~ "o } K R
t h=I1 h (i) ckerr,where A, K*(i=1,2,+-,n), then
i=1 ,

hX et b —Xs(<Hz)‘“ ([T 2% .

i=1 i=1
Applying 7, we have

Kot ) = Xse(TT 20 “ %, qTa)*w,
i=1 i=
hence

v I—Ii=1

i=1 /
and so & commutes w1th Xglt,u). ' -

Similarly, we' obtain that h commutes with X,s(t u), therefore, % must be
contained in C(G)_Smce_X,(t,u) (R= +§) generate the group G. Thus , the
kernel ofr belongs to C(G). '

ii)“It follows immediately from the relation (C) that

hekert@r=h(1) =1,
then G is isomorphic to sz(k),.

From now on,we can identify the abstract group G with group 2B2(k),
and we have ) .

Theorem 2.4 If K is an extension of finite field GF(2°) then (m, G) is a

u.c.e of G.
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Proof We need only to‘ show that for any central extension (#,E) of G

there exists 2 homorphism ¢p=6—'E such that =1
Xglt,u) for any r,ue K and R= %S, so that

Define ¢Xg(r,u) e '(
(1) (@hg(D), pX (1, )= X (A 2+ D, A+ Du+ AP+,
Note that this choice is not circular since the commutator [x,y) with x,

v & E depends only on the classes mod C(E) to which x and y belong, where

C(E) is the center of E.’ ‘
(2) QhoX (t,woh ' =p(hX tt,wh D),

- for any j = ]—[h(/l)lnl-l where 4,6 K (i=

i=1

y *oe, n)

Conjugating (1) by wh we obtain
(ohgA), wXS(H114” 2 H/l”u)

i=1
= Qhp X (A%~ 2+1_)r, Q¥+ Du+ A7+ D YHon !
=X (A2 ) ﬁ/{?a-zt’ AP+ 1) H/l” A 29+1)H/1w oo,
: i=1

i=

* such that

, there exists 1€ K
and  A¥+150

Since |K|>2
' A4 10

so we can easily obtain (2) .
Similarly we have )
(3) Php X ((r o = o(FX et )7
for any ne N , hence ¢ preserves the relation (B)

(4) Let
[wis(tlaul)v X (ty,uy) 3= [ty ty,u, 9u2>¢i5('0’tft2+tlt;) (*)

.
.

then [f(r,,t,,u,,u,) =1,
It follows exactly as in° Theorem 10 of [2 ] that

(a) fQ0,0,u,,u,)=1 and
‘ ‘ tpi's(o,ul)w,'Xvs(-O,_uz) :(Pfs((),ul*'uz).
vConjugating (*) by @hstd) (A K*), we have
Cb) Sty ty,uyuy) = A0 22, 4%, 3% .
ConSidering (Xt ,u, )/?S(t-'z,u;),fs('tz,uz)], we have
(C) flty+t, 0y, uy+u+1f tl yliy)
~f(t,,t2,u1,u )f(tl,tz, l,u ) f(2,,0, u,,t; ‘4 t, )

Similarly,
- ’ 7" 8¢

f(tl,t +t2’u19u2+u2+t2t2)

—f(tl,tzul, 2)f(tl, z,ul,u ). f(tZ,O, u2,t1t2+tt).

(d ) f(tl,O,ul,u )f(t,,O,u,,u )= flr, +t1,0,u1+u1+t1t1,u ).
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S, 0,0y ,u, )f(tl,O,ul,u,_)—f(tl,O,ul,u2+u ).
(e) fley,0,u,,uy)= o
By the assumption of fleld K, there exists a pe K" such that
(L= (1= 0
(10T (1 -0 M0
o(1— ) #0
1+o(1-F0 .
This is possible since o
»*"! +<1—p>”*‘+<v<1-u>>"*'—<<1—y>n S (1= )
u’ + (1= T+ U= = -0 A -0

and at most 17 elements values of v are to be avoided.

*

Similarly, we can show
(f) fl,t,u,,uy)=1
(5) @Xslt,,u)0X 0, u) =0X (1 u, +u,) .
Suppose that _
‘ x= X (t,,u)0X (0, u)0X gt uy+u,)
then x is in the center of E since #¥(x) =1.
Hence
x=@h (l)sz (l)
=X (A 1y, Ay + A 9 X (0, Azuz)prs(llt,,/l (uy +u)+ A]H e
where A,=4*"2+1 and 4,=1%+1.

Thus, ' ' A

XAty Ay, + AT D OX (0, A yuy) = 0 X 6ty Ay(uy+uy + A58 .

By (4) and (5),we have '

(87 @Xg0t ,u)0Xgltyu) = 0X bt + 15,1, vuy+ 15ty
then®¢ preserves the relation (A) , thus we complete the proof .

Lemma 2.5, We assume that K is an algebraic extension of prime field
GF(2),let h(t,u)=hy()hgu)hs(t,u)”" then h(¢t,u) =4, In another words, (A)
and (B) suffice to define G abstractly.

Proof ., Arguing as in Lemma 39 of (2 ), we then have

(i) If r,u generated a cyclic subgroup of K* then h(tu)y= h(ﬁ,t) .
(it) If hCt,u) =h(u,t) then h(t,u®)=1, !

Since K is a perfect field of characteristic 2, then the elements in K*
are square.

Fof any t,ueK", we denote the smallest subfield containing r,u of K as
F,then F" is a cyclic subgroup of K™ generated by ¢ and u.Thereforé,

Corollary 2.6. If the field K is an algebraic extension of field GF(2% .
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_then the Schur multiplier of ’B,(K) is trivial.
Remark If the field is finite then the group 2BZ(K) is Suzuki group and
the consequence which we just procured coincides with the corresponding

result in (7 ).
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