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Let ¢ be a prime power, F, the finite field with ¢ elements, U (F,) the n-
dimensional vector space, and GL,(F,) thé general group of degree n over F,.
GL,(F,) can be viewed as a transformation vgroup of U(F,) . UJ(F,) -with GL,(F,)
as its transformation group is called the n-dimensional linear space, and denot-
ted by LUF,).

Let 0o v
K= %)
Y 0

be a 2vx2y matrix over F,. The 2vx2v matrices T over F, such that TKT =K
form é group with the matrix multiplication as its composition, where T’ deno-
tes the transpose of T. This group is called the symplectic group of degree 2v
over F, (defined by K), and denoted by Sp,,(F,). Sp,(F,) can also be viewed
as a transformation group of U,(F,). U,(F,) with Sp,(F,) as its transformation
group is called the 2v-dimensional symplectic space or symplectic geometry over
F,, and denoted by SU,(F) .

"Let P be an mx2v matrix with rank m over F,. We also use the same sym-
bol P to denote the n-dimensional subspace of SU,,(F,) which is spanned by the
rows of the matrix P.

It is known that the vectors orthogonal to P form a (2v-m)-dimensional sub-
space, which is called the conjugate subspace of P or the conjugation of P,and
denoted by P*. _

Let Xo‘lbe a given (m; 0) -type subspace of SU,(F,). Taking as treatments
the (m+ 1,1 ‘)—type subspaces which include’ X, Shen''’ has constructed a num-
ber of BIB desig_ns and PBIB designs, Let Y, be a given m-dimensional subspa-
ce of LUJF,). ;I‘aking as treatments the 1-dimensional subspaces of LUF,)
which are not included in Y, Yang and Wei *’ have constructed a number of
BIB designs and PBIB designs. Let X, denote a given (m, s)-type subspace of

SU,( F,). In the present paper, Laking as treatments the 1-dimensional subspaces
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of SU;(F,) which are orthogonal to but not included in X,, we construct a
"number of PBIB designs and evaluate their. parameters based on some properties
of SU,(F,). ' ’

‘ Thr.ouqho_utv this paper, X, denotes a given (m, s)-type subspace of SU,,(F).
Let W, be the set of 1-dimensional subspaces of SU,,(F,) which are orthogonal
" to but not included in X,. Let U, ,UeW,. If dimWU,UU,) X,=1, U; and U, are
said to be the first associates of each other. If dlm(UlUUz)ﬂX(,:O and U, JU,
is a (2,0)-type subspace (i.e.U; LU,), U, and U, are said to be the second as-
sociates of each other. If dim(U,UJU,) N X,=0 and U,UU, is a (2, 1)-type subs-
paces, U, and U, are said to be the third associates of each other. Let

R,= {(U, ,Uz)l'U, yU,eW, U, and U‘2 are the i-th associates of each other, i=1,2,3.

‘The main results are the following.

, Theorem | Let G, be the subgroup of S$p,(F,) consisting of the elements
which fix X,. Then G, acts transitively on ¥, as well as transitively on R, (i=
"1,2;3).

Theorem 2 Let 25s<<m<v+s. Then an (m, s)-type subspace in SU,(F,) in-
" tersects its conjugate subspace in an (m-2s,0)-type subspace. ’

Let 25,<2v- m, and W, be the set of (25 ,s )-type subspaces of Sp,,(F,)
which are orthogonal to X,. For the subgroup G m Theorem 1, we have

Theorem 3 G, acts transitively on the set Wz.

Let X, be a given (2s,s)-type subspace, and G, the subgroﬁp of Sp,(F)
consisting of the elements which fix X;. We have

Theorem 4 Let’Zs’gm’gw 3’/, and sZ>s. Then G, acts transitively on the
set‘S, of (m',s)-type subspaces’ which include X, .

Let 25,<m <v+s ,m<2v-2s ,and S, be the set of (m,,s )-type subspaces
of Sp2{F,) which are orthogonal to X,. For the subgroup G, in Theorem 4, we
have ‘

Theorem 5 G, acts transitively on §,.

Let X, be a (v—1, 0)-type subspece, G, the subgroup of Sp,(F,) consisting
of the elements which fix X,. Then we have

Theorem § G, acts transitively on the set S; of (r,0)-type spbspaces
~which orthogonal to X, but not included in X,, where é_<_tv£v.

- Theorem 7 Let v>2 and 2s<m<v+s. In the symplectic geometry SU,,(F,),
X, denotes a given (m,s)-type subspace. Take as treatments the 1-dimensional
subspaces which are orthogonal but not included in X,, and define two treat-
_ments to be the first associates of each other if their join intersects X, ina 1-
dimensional subspace, to be the second associates of each other if their join
“is a (2, 0)-type subspace which intersects X, in the 0-dimensional subspace,and
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to be the third associates of each other if their- join is a (2,1)-type subspace.
Then we obtain an association scheme with three associate classes and with the

paremeters
. 2v—-m m—2s 2
H‘— q- 1 ’ n = qm : 1’
2v-m-1_ m+1-2s . .
n;= g-1 ) p,=n—1 p2=0, (1)
2v—-m—1 m—-2s+1 m-2s
1 2 -2 +q
Dz = 1y Dyz = 1 1 .

q—1
If m=2s, then any two treatments must not be the first associates of each

other. In this case. Theorem 7 gives an association scheme with two associate
calsses as the following theorem shows.

. Theorem 8§ Let y>2 and 1 <s<v. In the symplectic geometry SUZ.,(F(I), a
(2s5,s)-type subspace X, is given. Take as treatmernts the 1-dimensional subs-
paces which are orthogonal to X,, and define two treatments to be the first
{resp. the second) associates of each other if they are orthogonal (resp. nonor-
thogonal). Then we obtain an association scheme with two associate classes and

-

with the parameters

2v—-2s_ 1 2v—-25-— 1»_—9_ \ q2v—2:42_ 2q+ 1
“F—g“_—_ ’ nI:L—_ s D= — . (2)
| g-1 q-1 n g1

If m=v—1 and s=0 in Theorem 7, then any two treatments must not be the
second associates of each other. In this cese, Theorem 7 also gives an associa—
tion scheme with two associate classes as the following theorem shows.

Theorem § Let v>2. In the symplectic geometry SU,,(F,), a (v=1, 0)-type
subspace X, is given. Take as treatments the 1-dimensional subspaces which
are orthogonal to but included in X,, and define two treatments to be the first
(resp. the second) associates of each other if they are orthogonal (resp.nonortho-
'gonal). Then we obtain an association scheme with two associate classes and with
the parameters

v-1

u=q" Yg+1), n=q¢"'-1, pln‘=qvll—2. (3)

Theorem |0 Adopt the association scheme in Theorem 7. Let 25 <2v-m'
Take as blocks the (25 ,5 )-type subspaces of SU,,(F,) which are orthogonal to
X, , and define a treatment to be arranged in a block if the latter includes the
former both as subspaces. Then we obtain a PBIB design withi three associate
classes and with the parameters given in (1) and in the following

b= N‘;‘(Zs. yS13 2v—m,v-—m+ 5;2v),

2s
'~ 1 bk
kzﬂﬁ’ T 4, =0,



(g- 1)2N(2s, , 5 32v—mav—m+ s;2v)N(2,0;3258 ,5,2V)
27 2n+1-4s 2(v—n+s) 2(v-n+s-1) ’
q (q -1) (q -1)

N(Q2s; ,832v-m,v—-m+ 552V) N(2, 1525 ,5 32V)

A=
’ - N(2,132v-m,v—m+ 532v) )
'In particular, we have two PBIB designs each with two associate classes as
the next two theorems show. .
Theorem || Setting n=2s5 in Théorem 10, we obtain a PBIB design with
two associate classes and with parameters given in (2 ) and in the foliowing
b= N(\2sl 3851 32v—28,v— 552V),

k:.lz_s';l_ bk

-1 * T >
_ (g=1)’N(2s,,532v=25,v=532v) N(2,0325.,5 32V

A

Q(QZ(V_VS)”'].) (q2(v~s—1)_1) 3
1= N(2s 45 32v—25,v- 532VN(2,1;25 ,5 32V)
o N(2,1;2v-’2s, V—S;ZV) .

_Theorem I2 Setting m=v-1, s=0 and 5,=1 in Theorem 10, we obtaina PB--:
IB design with two associate clasées and wifh the parameters given in (3 ) and
in the: following '
u=gq" Mg+, m=¢"'-1, pi=q¢"""-2,
b=q*"™V | k=g+1, r=q"', 4=0, 4=1.
Theorem |3 Adopt the asscciation scheme in Thecrem 7. Take the trent-
ments as blocks, and define a treatment tc be arranged in a block if they as
subspaces are crthogenal. Then we cbtain a PBIB design with three asscciate clas-

ses and with the parameters given in (1) and in the fellowing
2(v-m+s§) _ 1

b=u5= q—l mozs ’
2(v-m+s5)-1
'_1 m-2s
r=k= 4= 4 7-1 qg" =,
2(v-m+ s-1)
_, .9 ‘ -1 -2
A= A= 71 PLEEL

In particular, we have twe PBIB designs each with twe asseciate classes as
the next twe thecrems shew. . ' .

Theorem |4 Setting m=2s5 in Thecrem 13; we cbtain a PBIB design with
two asscciate classes and with the parameters given in (2 ) and in the feolle-

Wing 2(v—3) 2(v—s5)-1
-9 -1 -9 " -1
b= : . r=k=
. q_l (I‘l ’
2(v=s5-1)
-1
,{l: }_2: q—]_ K

- Theorem |5 Setting m=v—]1 and s=0 in Thecrem 13, we cbtain a PBIB

—13 0"'__
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-design with two asscciate classes and with the parameters given in (3 ) and in
the following '

' b=¢"Ng+1), r=k=Ak=q¢"", A,=0.

Theorem |6 Adept the asscciation scheme in Thecrem 8. Let 2s"‘£m"gv+ s’
and §>s. Take as blocks the (m', s")-type subsbaées which include' X, , and de-
fine a treatment tc be arranged in a bleck if the latter includes the former beth
as subspaces. Then we obtain a PBIB design with twe associate classes and with
the parameters given in (2) and in the fellowing

b= N'(2s,s3m,ss2v), r=N'2s+1, symis's2v), k=L,
A=NT(2s+2, ssmys'52v), A= N (25+2, s+13m',s'52V).

Theorem |7 Ad\opt the asscciation scheme in Thecrem 8. Let 25, <m<v+s,,
and m, <2v-2s. Take as bloeks the (m,,s )-type subspaces whlch are orthogonal
tc X,, and define a treatment to be arranged in a bleck if the latter include the
former both as subspaces. Then we cobtain a PBIB de51gn with twe éssccnate clas-
ses and with the parameters gives in (2 ) and in the fellowing

biN(m,,s,";2(v—s),v—s;2v), k= 11 , r=~%‘—,

N(my, s 32(v—s5) v~ s;Zv)N(Z,O;m,,sl 32v)
N(2,0;2(v—5),v—5;2V)

1= N(my,532(v=9),v= 532V N2, Lymy, 532v)

: L N@,1;2(v=15),v~ 532V

Theorem |8 Adept the asscciation scheme in Thecrem 9. Let 2<{r<v.Take

as blecks the (¢,0)-type subspaces which are crthegenal to and net included in

A=

X,. and define a treatment tc be arranged in a bleck if the latter ihcludeS' the
former both as subspaces. Then we cbtain a PBIB design with twe asscciate
classes and with the parameters given in (3) and in the following '

@+ TI @-D

i=y-r+] vt

b= -D q 5 k= ’
[T -1
i=1
v—1 ; y-2 i .
. (g -1 IT (q —1) _
r=—12 ; R N S (=1 s 4,= 0.
(g -1 H (¢'- 1)
i=1 :
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