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{ . Introduction

Let 4 denote the class of functions f(z)=z+ 3 a,z" that are analytic in the
n=2

unit disc D={z:|z|<{1}. Then A4 is a locally convex linear topological space with
respect to the topology given by uniform convergence on compact subsets of D,
Denote by S*, K, S*a) and K (a) (a<1) the subclasses of A of starlike, convex,
starlike of order ¢ and convex of order a, respectively. A4 function f(z)eAd s
said to be in the class of functions prestarlike of order « (¢<{1), denoted by
R(a), if

. z/(1- 22" % f(z2)eS™a), zeD.
Here “»” denotes the Hadamard product, In [ 4], it is shown that R(a) R(f),
for a< <1, It is easily seen that R(1/2)=8%1/2), R()=K. '

Let
Dla,c;2) =3 ((a),/(),)z""" , zeD, cF#0, -1, — 2,0,
n=90
Lia,c)f=P(a,c)*f(z), f(z)A, (1)
Whnawr 71V — Tl IN/Tr 1Y Tt ie bnawn 17 that T(a ~) mane 4 intn iteelf and ic
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ftz), by
Dif(z) = (1/T (1= D)4=[ 1)/ (2= )y ag

Where 0<CA<{1, f(z) is an analytic function in a simply-connected region of the
z-plane containing the origin, and the muitiplicity of (z—{)_l is removed by
requiring log(z—¢) to be real when z— ¢>0.
Definition 2 Under the hypothesis of definition 1, the fractional derivative
of order n+ A is defined by
DIf(z) = ddz"

D r(z)

Where 0<<A<1, and neNU {0}.
Following the lines of Owa and Srivastava [3]. We introduce the linear ope-
rator Q' defined by -
Q' f=T@-DZ'D Hf()=L22-f 0<i<1, f(2)eA. (4)
Further, we define
Qf=Q' f=zf(=L2,1f
and
Qf=QQ T H=L(2,1) f neN,
with, of course, Q°f= f(z). Then it is easily observed that
QT f=QNQ )= L2, 1)L(2,2- D f=QNQ"f) (5)
for 0<<A<1 and neNU {0}.
We denote by A4,(A,a) the class of functions f(z)e A that satisfy the condition
Re{(Q""' "' f/Q""* fi>a, zeD (6)
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Qitey 1+ w(z) 1+w(z) zw;(z)

———2 =g+ (]l —a )—— + - + (1 -

Qritly ¢ wz) 24 @) la+ -w(z) ] (1-w(z))?
zeD. (8)

We claim that |w(z)|<l. For otherwise by lemma 1, there exists a z,, |z
~ <1 such that
2w (zy) = kw(zy) . (9)
where |w(z,)|=1 and k>1. (8) in conjunction with (9), yields
QA2 f(z,) 2k(1-a)a . ka
et A+l =a 2 <a- _
Q fzy) 1+(1-2a)Rew(zy) (1-2a) 2(1-a)
which is a contradiction to our hypothesis. Hence |w(z)|<1 and from (7) we

Re

conclude that f(z)eA,(4,a). This evidently completes the proof theorem 1,
Lemma 2 ([4]) For a<{1, Let @(z)¢R(a), g(z)eS™a). Let p(z) "be analytic
and with positive real part in D. then

DP(z)*g(z)p(z)
D(z)*xg(z)

We extend the results due to Ruscheweyh to the following case.
Lemma 3 For a<<{g<1, Let ®(z)¢R(a), g(2)eS*(B). Let p(z) be analytic
and Re{p(z)}>p in D. then

ecb(z)*g(Z)P(Z> >y 0<p<1, zeD.

Re

>0, Z(Do

D(z)*g(z)
Proof Let G(z)= p(z)-y. then Re{G(z)}>0, We have
D(z)»g(2)G(z)=D(z2)*g(z)p(z) - p[(P(z)*xg(2)]. (10)

Note that g(z)eS*(S)C S%a), divided both sides of (10) by ®(z)»g(z) and the
result follows immediately from lemma 2.

Theorem 2 Let ®(z)eR(a), 0<a< <1, 0 A<l and re NUJ {0}, if f(z)¢
A1, B), then ®(z)*f(z)eA, (A, B).

Proof Let f(z)eA,(A,p), then Q""" feS*(8). Note that

Qn+}.+1(¢*f) (D#Q"*}‘”f
- =R .
Qn#'i(q,*f) € ¢*Q”Y/Lf (11)
since ®(z)€cR(a), p(2)=Q" """ £/Q""* f be analytic in D and Re{p(z)} >8,lemma
. 3 in conjunction with (11), yields @(z)*f(z)eA,(i, ), The proof of Theorem 2

is, therefore, complete.

Corollary | For 0<B<1, if ®(2)eK, f(z)eS*(B), then d(z)*f(2)eS*B) .
This is duo to Wu Zhuoren [6].

Corollary 2 For 0<8<1, if ®(z)eK, f(z)eK (), then @(z)*f(z)eK(f). In
particular, taking =0, thisis well-known Polya-Schoenberg conjucture which

has been proved.
Corollary 3 Let ®(z)¢S™(1/2), f(z)eS%(1/2), then ®(2)*f(z)eS*(1/2). This
is duo to S. Ruscheweyh and T.S.Small [7].
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Corollary 4 For 0<a<l, let f(z)eA,(4,a),then
F(z>=[<c+1>/zfjjozz"‘“ f)dred,(, a),

where ¢ is a complex number and Rec>0.

Theorem 3 A,(4,a)C A,(u,a) holds for all 0<Cu<<A<l, u/2<a<1 and neN
JA{o}. ¥

Proof Let f(z)eA, (A,a).Note that

Q" f=LN2,1)L(2,2-wf=L(2,1)L(2—4,2- w)L(2,2- A1) f=L(2- 4,2~ WRf
since 0<<u<iA<1, u/2<a<l1., we observe that
L2-4,2- ) (2/(1- 22 3= 2/(1 - 20 *e85"3/2)C 8"w/2) .

It follows from (1) that ®(2-1,2- u)€¢R(u/2)C R(a). By using Theorem 2, we
have (2 - 4,2 -u )*f(z)€A,(1,a). This implies Q"™ f=Q" *[(Dd(2-1,2-w)»f(2))
€S™a), Hence, we have f(z)eA,(u,a). That is A,(1,a)C A,(u,a).

Corollary 5 If 0<<A<l, 0<<a<{1 andneNJ{0}, then A,(4,a) is a subclass
of starlike functions of order a. Hence a function f(z) belonging to A,(1,a) is

univalent.
Since f(z)eA,(4,a) if and only if Q"* feS™a). From this we can gatablish. E
Theorem 4 If 0<<A<1, 0<<a<1 and neN{J{0}, then f(z)eA,(1,a) if and only :

i

S =1L, 2)L2=2,2) (z-expl2 (1~ @) [ log (1= ¢ +2) " du(1))
where 4 (1) is a probability measure on [0,27].
Theorem § For 0<A<1, 0<a<1 and neNU{0}, let f(z)=z+ 3 a2*,if f(2)
€4,(1,a), then -
|ak|g[r<k+1—A)/r(k+1)2k""‘r<2—A)in(m—za), k=2,3,
The result is sharp and the extreme function is f‘(z;n= L'(,2)L(2-4,2)(z/Q -
Z)zufa)].
It is well known that if f(z)eS%a) (0<a<1), then
| f(z )|< (r/(1-n*")=L2, DA -a),15r)/r r=|z|, (12)

|f<z>1gr/<1-r>“1 T=@2(1-a),1;r) r=lz|, (3
with the aid of this fact, we can prove the following result,
Theorem ¢ Let 0<<A<1, 0<a<{1 and neNU {0}, If f(z)eA,(A,a), then

| f()| <L, 2)L2-1,2)P(2(1-a), 157, (14)
| f()|< L1, 2)L2- 4, D)®02(1 - a),157) /7. (15)

In addition, we have
|f(D|=-LCA2)LR2-4,2)P2(1~a),15-r), n>1. (16)
|f()|>-L'A,2) L2~ 2, DPL2(1-a),1; —r)/r n>2. (17)

where r=|z |, All results are sharp.
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Proof It is clear from (12) and (13) that (14) and (15) are true for A=0
and n=0. Suppose now f(z)eAy(i,a) and Fx 0<A1<1l. Then g(z)=L(2,2-1) f¢
S*a), or Write . ‘ :

f(z)=L(2-42)¢g.
Further, we obtain zf(z2)=L(2-4,2) (zg'(2) ).
- Note that 2>2-1>0(0<A<1). By using (2) and (12), yields

| 2| = | [ Coug Gz Y du(2 = 2, 1) )|

< W L2, DO - @), ur Y du(2 - 4, 1) (w)

=L(2-2,1)0[2(1-a),1;5r). r=|z

This is
If (D<K L= 400021 -a),15r)/r, r=|z]. (18)
Since f(z)=L(1,2)zf(z). the same method lead to the upper bound of | f(2)]
from (18). We note that f(z)€A,,,(1,a)if andonly if zf'(z) €A4,(A,a). From this
it follows that (14) and (15) hold. .
Next, let f(z)eA,(A,a), then Q" feK (a). We can write
I f(2)=L(2~2,2Yh(z), h(z)K(a). . (19)
It is shown [11] that if A(z)eK (a) (0<{a<{1), then
Re{i(z)/z}> - L(1,2)®(2(1-a),15-r]/r, r=|z|. (20)
This implies that (16) holds for n=1 and 1=0. Let 0<A<{1l,and making use of
(2), 19) and (20), we have ' ‘
|f(z)|=>rRe{ f(2)/z}

> folu_'{—L(1,2)¢[2(1—a),1;—ur]}d/t(Z—/l,/l)(u)
=~-L(1,2)L(2-4,2)02(1 -a),15-r]). r=|z|. (21)
Since f(z)¢€A,,,(1,a)if and only if zf(z)€A,(A,a)., The common techniques lead

to (16) and (17). By considering the function f(z)= L'(1,2)L(2,—4,2)®(2(1-a),
1;zJ, one can show that all results are sharp. Thus we complete the proof of

Theorem 6.

The problem of studying the convex hulls and the extreme points of various
families of univalent functions was initiated by three of the authors in [ 9 ].We
shall use the same. notation with the exception that HF shall now denotes the
closed-convex hulls of a family of functions F. EHF shal denotes the set of
extreme points of HF.

A point feP is called a support point of P if there exists a continuous li-
near functional J on A4 such that

Re{J(f)}=max{ReJ(g): for all geP}
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and Re{J} is non-constant on P. The set of support points of P will be deno-
ted by SUPP{P}. '

Lemma 4 [8] Let 0<a<{l, & the set of probability measure on |x|=1, then
HS*(a)z{jM:l[z/(l—xz)z”‘“jdu(x):u(x)eg:},
EHS™a)={z/(1-x2)*""®:|x|=1}.

Lemma 5 Let X, Y be linear topological space. J is a linear topological

mapping from X toY., IfBC X, then
(i) HJ(B) =J(HB). (ii) EHJ(B) = J(EHB).
With the aid of lemma 4 and lemma 5, we can prove
Theorem 7 Let 0<<1<1, 0<<a<1l and ne NJ{0}, « the set of probability
measure on |x|=1. then »
HA,,(A,a)={L

L, 2)L2-2,2) (z/(1 - x2) 2 du (x) ue )
EHA (A, a)={L(1,2)L(2— 1,2) (z/(1 - x2)* "3 |x|=1}.

Proof We frist prove Theorem 7 is true for n=0, Define linear operator
L(2-2,2):Ar» A. From introduction, we know that L(2-4,2) is a linear ho-
meomorphism from 4 to 4. Note that

L(2-4,2)8™a)= A4, a),
L(2—A,2)f| l_ltz/(l—xz)”l""))cm(x):fI HL(z—/I,Z)[z/<1~xz>2‘1‘">jdﬂ<x>.
T he results follows immediately from lemma 4 and lemma 5.

For n>1, Note that L(1,2)A4,(1,a)= 4,,,(4, a).  Making use of above result,
the conclusion of Theorem 7 follows at once.

Lemma § ([9]) Let {b,} be a sequence of complex numbers such that lim

n>o0

sup |b,|'"<<1 and set J(f)=3_a,b, where f(z)=3 a,z" and feA4. Then Jis a
n=0 n=0

continuous linear functional on 4. Conversely, any continuous linear functional
on A is given by such a sequence {b,}.
Lemma 7 ({100) If 0<<ae<l, then
SUPPS™a)=EHS a)={z/(1-x2)*" 7 |x|=1}.
Theorem 8 If 0<<A1<{1, 0<<a<1 and neN{0}, then
SUPPAA, @) =EHA,(L, &) ={["(1,2)L(2 - 2,2) (z/(1 - x2)*" "3, lx|=1).

Proof From Theorem 6, we know that A4,(1,a) is locally uniformly bounded
(in fact, it is compact), We first prove that Theorem 8 is true for the case
n= 0.

Take any f(z)=L(2-1,2) (2/(1 - x42)* " J=2+ (2~ 4)(1—a)x,z" ++ belong-
ing to EHA,(JA,a). Let J(g)=(1/2)x,8"(0), ge A, then functional J be continuous
and linear on A. By Theorem 5, we have

ReJ(fy)=(2-A)(1-a) =max{ReJ(g);ge EHAy1,a)}
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=max{ReJ(g);geAy(A,a)}

Hence f(z)¢eSUPPAi,a), this implies that EHAWA, a)SUPPA(L,a).
Conversely, Let the functional J be continuous and linear on A4 and not
constant on Ay(4,a), and let J be given be the sequence {b,} described by Le-
mma 6. Define the sequence {b,}by by=b, and b,=b,[(n+2-2)/I(2- )T (n+2)

‘l/n

for n=1,2,«-,and thus limsup|b, :l»imsup]b,,]”"<l. Therefore, the functional

J', defined by J(f) =3 bla, when f(z)eAd and J(f)= Y. a,z", is continuous and
n=90

n=0 R
linear on A. Also, J’ is not constant on S*a).
The mapping from Ay(1,a) to S*a) defined by g(z)=L(2,2-4)f(z) is a li-
near homeomorphism and for this mapping J/(g) =J(f). Therefore, take any fje
. SUPP A,(4, @), then go(z)=L(2,2-1) f(z)eS™a), and
ReJ'(g,) = Re J( f;)
=max{ReJ(f): fe A, (1, a)}
=max{ReJ(g); geS™(a))}
which implies that g,(z)¢SUPPS™a), by lemma 7, we obtain
Jo(2) = L(2-4,2)g,(2) = L(2-2,2) (2/(1 = xp2)*' ' " Je EHA,(A, a)
that is, SUPPAA,a) " EHAL(4,a).
For n>1, note that L(2,1)A4,.,(A,a)=A,(1,a). Applying the above results,
we can lead to the assertion of Theorem 8.
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XF o BEEHEH—INF &
% % FER
(BARRTREHER)

Bf(2)=z+ - EHME | 2| <1 ABH. BEAIO0<I<D), RIATEXRBEFQ
Qf=re-1nDlfi2);
1
QA f=QQ ), neNU{0}.
Hip DLf(DFR fCOMPBHIERAQ f()=z2f (2. A0, ) FRHER
Qn+1+1f
Qn+/1f
BT AR f(2) 28, AL, F0<i<1l, 0<a<l FMneNU{0). RIVEWT 4,04, @)
Raf ERBEBBH—AFH. AN, RITBBET AL, OWERFRER., REEHE, &

ER A .

Re >a, 0<a<l
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