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Abstract

A kind of extremal problems is discussed and characterizations of its solutions
are given, The extremal problem is: Given d,(x,, *», x,) for i=0,+-,n, to find
Yo *»<y, so that

SHys oy yu) = sup flxg, 0 x, ),

xp <K o<l X,
where u
f(xq’---’xn)::ogii%"‘{’(xo’ [T x"‘)/jgodj(xo’".’x")'

| . Introduction

Let d,;: =d,(xy,°,x,) With xp<e<x,, i=0,°,n, be given. Denote
d: = ;)d, H
f;: :d,'/d9 i=0, e, n;

f(xo, e, x"): =0r£,-ig,,f;(x° %% x,,).

I Our extremal problem is to find y,<{+<y, so that
f()'o9"'sy,,)= sup f(xoy'"’xn)- (1)
X< o< x,

The main result of this paper is the following
Theorem Assume that for i,j=0,*+,n and s=1 or -1, fixed,

d, >0, (2)
id, id, L
STx >0, s 7% <0, jFi, (3)
s ' | 9d, \ n | dd,
e 21}20 i (4)
JFi

Then (1) is valid if and only if
/;(yo,""’ yn):f()’o, ey yn>=1/(”+1)9 i=0,n, (5)
The proof of the Theorem is more complicated and is given in Section 3,
It needs several lemmas which we put in Section 2. Finaily, in Section 4, we
. deduce some interesting corollaries,

* Received Oct, 16, 1989.

— 447—

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



2. Lemmas
Lemma | If 4; =det(q,;)], , has the form
2= {l—a,-’ Jv=z¢k' . i i=l, e, (6)
-a,, otherwise
then A= -a,. :
Proof If a,=0, then A=( and the conclusion is true. Assume a,70. For
each i*k add -a,/a, times the k-th row to the i-th row to derive the newde-

terminant det(b,;);,, , , where

L, Jj=1i s .
b= {0, jEi i=1,e k-1, kt+1, e, n, ./.:1"""1 (7)
bkj= Qg J=1, e n,
It is easy to see that A=det(b,)]; = —a,.
Lemma 2 If A4: =det(q,); ., has the form

l-a,, Jj=1i

= [y j= 1000 0,y (8)
aU { _a'- , jii l’j ’ ’n

then A=1- Z] a, .
Proof By Lemma 1

—a —-a, s —q 1 0 XY 0
l_az s —a,
—a; 1- Ay s —a + - a2 1- a2 see = a2

= - al + | esscecssesscesncsecnn

080000000000 000000000000000 080000000000 00400000004000 _ a" e l _ a"
-a, —a, ° l—an -a, -a, -nl——a“
n
=—-g -—a,,+(l-a,) =1-2 a.
i=1
Lemma 3 If A4: =det(aq,);, , satisfies that

|a1i|>2|aijl9 i=1,n, (10)
JFEi
n
then sgnA=sgnl]a,.
i=1

Proof Add -a,,/a, times the first column to the j-th column for j=2,+,n

to derive the new determinant B: =det(b,)]; , here
ana R R
bx‘l =a; bij: aij_'_lcﬁj_' s izl n, = 2_: e, n.
But it from (10) follows that for i>2
a
|bnl> |anl - -il“lll;l = 'aul - Ianl + lan/au }(Iau I - ]aul)
>Zla”|+laﬂ/a“l2(a,, >2 M Z‘bu‘
jii Htl jil

which shows that the determinant det(s,;)] of order n—1 satisfies (10), too.

fyj =2
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On the other hand, since for i=>2, |ay;|>|a,|and hence |a,|>|a,|>|a,a4/01 ],

a;idy

sgnb,=sgn(a,- an

)=sgnay.
By induction .

N n n
sgnA4=sgnB=sgn(a, det(d,)] )= (sgna,;)sgn] [ b,=sgn][a, .
i=2 i=1

* . ﬁ(ﬁ)""a f;—l ’ l+l’"’"f;n) _ i-j ..
Lemma 4 Syt = Sgn d(do,“', dj—l ’dj+19"" d,,) =(-D » 15 =000 me ()

Proof It is easy to see that

i ((-fo/d, r=k
dd, { -f/d,  rFk

- Let j=i. In this case the determinant 4"

ky,r=0,4, n. (12)

9 Soy***s firs Jiv1s oy J)
d(d09 b dl-—l ’ d1+l y **% d,,)

form (8) and by Lemma 2 is equal to 1- Y fi= f{ . Whence s, =1.
kEi ,

has the

Let j#i and assume for definiteness that i> j, Note that

0 Sos 2oy fits Jiars **%5 Jo)
d(dy, *++, dj-—l 9dj+.l sy d,)

d(fé’..-oo--oo----u.'o-ooon-oo-’ f;—l s Jia1» ooo’f;.)

d(dO’”‘y d}-l ’di 9dj+1 9 *°%y dl—l 9dl+1 ’ -",d,,) y

We may use Lemma 1 to compute the term on the right side of the above equa-

tion, which is equal to (-1)""/"1(- f/d")=(~-1)"/f/d" . Whence 5= (-1,
Lemma 5 .

= (-1

- 0(d0! **% j-l’dj+l’"" dn) _ ) i-j ;.
= sgn l’(xo"",XjA’X1+1""9X,,) = (=D, l,j—O,f",n. (13)

AYTH

Proof Let i= j, In this case the determinant
d(dos *+sdj_15dji1s 005 dy)
ETTRRS Xj_1sXje19 %% Xn)

satisfies (10) because of (3) and (4 ), and is of the sign s" by Lemma 3.

Let i#j and assume for definiteness that i>j. In this case
9 do’ °*ty dj—l ’dj+1 y **% dn)

J( xOy”', Xi_1 ’xi+l s "%y xa )

d(do"", dj—l 7dj+l g P90 0000en00scssscs sttt dn)

= (-1 .
@ 7RILH X 19 X501 9% Xi19 X5 Xip19°%y X,)
s In the last determinant add each column except the i-th column (dxo y te,
: J
dd;_, dd; dd, 1

to it to derive a new determinant,

Ix, ’ dx » "% 0x,-)
The elements of its i-th row are

dd, dd; .

Ly, and s rF

in ‘'which the first one lies on the diagonal. Thus by (3) and (4)
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ad, dd, \
,;:,- _dx, rEi, j (3x
Also, the elements of the row corresponding to the index k+i,j are
dd, dd, " dd, L
Tx 0 = ow, o Gy Tk

in which the first one lies on 'the diagonal. Thus by (3) and (4)

dd, dd, ad, dd,
dx, |~ " dx, > 0, s dx;
ddk id,
= - + Ky =
rqt;i. k( ) Z xr r?t;i,k axr r¥i dxr

Therefore the new determinant satlsfles (10) and by Lemma 3 is of the sign
s"'(-s5)=-3s". Hence S;;=(-1)"’".
., Lemma 6
d(ﬁ,, oy fias f;+l y vy Ju)
0(Xgy **%y Xi_t 4 X, s ooy X,)
Proof We see by Lemmas 4 and 5 that
sgn d(f;)""’f;l’f+l’ s f;:
d( X5 °0%y X 15 Xipl s **%s Xp) ] . , .
20 oyt fias i1 f) d(dys s d;, ,"'d)
_sgnz T0(dgy ey d)yy dy s e dy) d(xz,m xj ::xjﬂl, ., x,) =5",
3 Proof of the Theorem :
Necessity Assume that (1) is true. Suppose on the contrary that there exists
an index i,0<<i<n, such that

Si(Yos s ) > f(Vos**s Yn) (15)
0 LX X} . . .ee
(fi)y ’ﬁ—lyf;+l’~ ,f;.) iO, fOI' t, O<I_<_(.f;(.)’o"“’yn)—

I(Xgy**%y X;_1 5 Xj 41 [ ad] x,)
S(¥yseesy ¥, ))/(n+1), small enough, there exist xg,*, x,, Xo<*+<x, and x,=y,
such that !

sgn =s", i=0, ¢, n. (14)

Since by Lemma 6

f}(«xoy’"9 X, )= f;'(yof"’ )+ it, J=0y 00, i—1,i+ 1, v, n,
Then

f;(xo""9xn)=1_2 f,-(xo,m,x,,) =1- Z fj(yo,-",y,,)—nt
FES JFi

= fil¥oy e Ya) 1= (nt D2 filygy ooy Yo )+ 1+ f(Vos 0005 pa)
= filyos e )= S yos ey yu) + 2

This means that f(xq,<, x,)> f(yy,** ¥»), a contradiction,

Sufficiency This is trivial, because one always has fgl/(n+1) and (5)
implies (1).

4 . Corollaries

By a similar argument we -may obtain the following,

Corollary | Under the assumptions of the Theorem
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max f( Y= inf max fi(xgs***y X,)
I f Yos s < x, 0<l<”f 05 % Xy

if and only if (5 ) is valid,
Now we give a modified result which is as follows.
. Corollary 2 Let x, be fixed, Then under the assumptions of the Theorem
for .Vo<"'<)"n with Y= Xk
S(¥os=s )= sup  f(xg,*y'x,)
;. T Tired”
if and only if (5) is valid. ’ ‘

Proof The sufficiency is trivial, In order to establish the necessity suppose
on the contrary that there exists an index i, 0<<i<n, such that (15) occurs, If
i=k then the same argument as above is still suitable. If i#*k, then for ¢ as
above there exist xg,°*, x,, xo<< =< x, and x; fixed, such that

Sy Rayormy gy = { B0 I T L kb1, e,
 USilyes ey ya) -ty j=i
Thus - fi(xg,***yx,) =1~ 2 fj(xo,---,x )= filYos**sy,)+t and one may again use

the same argument as above.
The existence of the functions d& can be seen from the followmg.
Proposition Let a,,>b,,>0 for i, j=0, *,n and let g(x), i=0, *, n, satisfy
that
>0, sg>0, i=0, »», n and s=1 or -1 fixed.
Then '
d= ji:ogj(aljxl_ bijx;), i=0,%,n
- , i
satisfy (2)—(4).
Proof Clearly
d>0, i= O, see, n,

dd,
S——-in =S§: aijgj(aljxi b,,x,)>0 i= 0’ e,
ES
d’ / * . . .
. s axj = "Sbi]g](aijxl_blj«xj)<0, j:,tl, iy j=0,°,n,
and
ad, d
dxl’ Zau]gj(a,jx, bi;xj)l>2b,/'g,(a”x, bljxj)|>2 0:’]
j .
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AR T —RREFDY T CHMOSE. FREDVEHR: BEd (xo,05%0),
i=0,e,n, BERE yo<y, H8 :

f(yo,'"’yn: sup f(xo”",x,,)
xp < o< x,

i

f(xo,oo.’x"): =02}2nd1(x0’ aoo, xn )/ j_;od](xo’...’xﬂ ) .
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