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Abstract

We establish two theorems on the commutativity of rings with identity. While
our first result is based on an iteration methoed, the second deals with central

conditions .

{ . Introduction

Many sufficient conditions are wellknown under which a given ring becomes
commutative. Recently, Psomopoulos [3] and Harmanci [ 2] proved some inte-
resting theorems on the commutativity of rings. Our objective in this note is to
present two results concerning ring commutativity which are related to the work
of earlier authors.

Throughout the rest of the paper, R stands for a ring and‘Z(R) denotes its
centre, As usual, [x, yJ=xy—- yx. Following results will be frequently ﬁsed in
the sequel.

Lemma |.[| (Tong [5]) Let R be a ring with unity 1. Let Ig(x)=x".If k>
L let I(x)=I; ,(1+x)—I;_,(x). Then I,'_l(x)=—%—(r—1)r1+r!x; I(o=rt, I[(x
=0, for j>r.

Theorem |.2 (Harmanci [ 21), p. 28) 1If for every x and y in R (not neces-
sarily with a unity) we can find a polynomial p, (r) with integer coeffi-
cients which depend on x and y such that ]xzp,,,,(x)-x,y|=0, then R is commu-
tative.

Lemma |.3 (Quadri et al.[41). Let R be a prime ring and x be a non-
zero central element such that x, y is central for some y in R, Then y must
also be central.

2 . Results

A generalization of a famous result due to Bell [ 1] was obtained by Pso-
mopoulos [ 3] through a tedious and lengthy proof. Here we present an entirely
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different but easier and shorer proof of a speeial case of the main theorem of
Psomopoulos [ 37]. Following the lines of proof of Harmanci (2], a new but
similar result will be obtained.

Theorem 2.|] Let R be a ring with unity 1. Let n(>1) and m be two
fixed positive integers, and r be any non-negative integer. Suppose that the
polynomial identity

(+) XX, yI=0x, Yy
holds for all x, y in R. Then R must be commutative provided that every
commutator in it is m(m!)-torsion free.

Proof As in Lemma 1.1, let Ij(y)=1j"'(y), for j=0,1,2,¢, Then the poly-
nomial identily (*) of the theorem can be re-writen as

(1) xTx", yJ=0x, I,(»)) y, for all x, y in R.

Replace y by y+1 in (1) to obtain

x[x", »)=0x, I(y+1))(y+1), for all x, y in R.
By Lemma 1.1, the above relation for all x, y in R gives
xx", y)=(x, Iy +0x, Ly y+Ux, Ig(y)) +(x, [;(y)].

Combining the above expression with (1), we obtain ‘

(2) Cx, L) Iy+Tx, If(»)+(x, L(»])=0,
ror all x, y in R.

Now, let y=y+]1in (2) we have for all x,y

Cx, Ly+DI(y+D+({x, I{y+ DI+ (x, [{y+1)]=0.

Then again by Lemma 1.1 and (2), we get

(3) Cx, Ly 1+20x, I,(y))+2(x, L,(y)]=0,
for all x, y in R.

Once again replace y by yp+1 in the above expression and then applying
the previous arguments, we have

(4) [x, Ly y+3(x, L{y])+3(x, L(y»]=0,
for all x, y in R, ]

Finally, after replacing y by y+! in (4) and then iterating m times,we
obtain for all x, y in R, the relation

(5) Cx, 1A Iy+ mlx, 1,(»I+mix, I, ,(»]3=0.

But I,,,_,(y)=—%~(m~l)m!+m1y and I,(y)=m}, by Lemma 1.1. So the equa-
tion ( 5) is reduced to mm! {x, yJ=0, for all x, y in R. Clearly, R is commu-
tative as every commutator in it is mm!-torsion free. This completes the proof.

We omit the proof of the following theorem since it is similarto Theorem
2.1,

Theorem 2.2 Let R be a ring with unity. Let #(>1) and m be two fixed
positive integers, and s be any non-negative integer. Suppose that the poly-
nomial identity
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(% ») x(x", p)=0x, yM)y
holds for all x, y in R. Then R must be commutative provided that every com-
mutator in it is #nn!-torsion free.

Remark ]t will be of interest to develope an iteration technique so as to
deal with conditions such as

(» ) xTx" y)=0x, ")y,
which was considered by Psomopoulos [3]. Here m, n, t and s are as in Theorem
2.1 and Thecrem 2.2.

In order to obtain Harmanci type commutativity theorem, we first establish
the following.

Lemma 2.3 Let R be a prime ring with unity 1 satisfying

(i) 7 y)-0x, "M Jez(R), (i) X", yI-(x, " Jez(R),
for all x, y in R and a fixed integer n>1. Then R is commutative.

Proof Replace x by (1+x) in (i) we get ((1+x)", yJ-(x, y"+1]ez(R). But
we can write

CL+2)", »3=nCx, y2+ 5 (1) (x5, 9= (4", 3.
Combining the above two expressions we obtain
=t on K
(a) n[x,y]+1§2(k)[x,y]ez(R).
Similarly, from (ii) we can obtain
(b) (n+1)Cx, y]+§(”;1)ﬁx’,y3sz<m
I
Now, substracting (b) from (a), we have
[g(z) xk—i (";1) x’, ¥} - (x, ylez(R).
k=2 j=2
whence we get
(¢) (x*p(x)-x, yJez(R) for all x, y in R.
Here p(x) is a polynomial with integer coefficients and may depend on x and
: y. Now replacing y by yx in (c¢), we see that
(d) (x*p(x)—x, yIxez(R), for all x, y in R.
As R is prime, using (¢), (d) and Lemma 1.3, we find that xe¢z(R) wunless
[xzp(x)—x, y)}=0 for all x, y in R. Then by Theorem 1.2, R must be com-
mutative .
Theorem Let R be a semi prime ring with unity 1 satisfying all the con-
ditions of Lemma 2.3. Then R is commutative.

Proof Being semiprime, R is isomorphic to a subdireot sum of prime rings

R . each of which as homomorhic image of R satisfies the hypothesis placed

a’
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on R. By Lemma 2.3, each of R, is commutative. Hence R is commutative .

This ends the proof.
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