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Abstract

In this paper, we extend Posner’s theorem and the nilpotency of a derivation
to a prime I'-ring. Our main result is the following theorem., Let R be a prime
I-ring with two derivations d, f, char R¥x 2, If df is a derivation too, then
either d=0 or f=0. '

The notion of a prime I-ring was introduced by Luh [1]. In this paper,
we define a derivation in a prime I'-ring and give a generalization of Posner’s
theorem and some nilpotent properties for a prime I'-ring with a derivation.

Let R be a prime I'-ring, A derivation d on R is a mapping d: R—R satis-
fying the condition that,

dix+y)=d(x) +d(y)
d(xay) =d(x)ay+xad(y), for any x,ye¢R, ael .

Lemma | Let R be a prime I-ring with a derivation d. 0=Xxac¢R. If for any
x€R, ael', aad(x)=0, then d(R) =0.

Proof For any x, y¢R, we have

aad(xBy) =aa(d(x)By+ xpfd(y))
=aad(x)fy+aaxpd(y)
=aaxpd(y)=0 .
By the primeness of R and a=-0 we obtain that d(y) =0, for all yeR.

Posner(2] proved the following theorem,: Let R be a prime ring with two
derivations d, f, char R¥2, If df is also a derivation then either d=0, or f=0.
In following theorem Posner’s theorem has been proved in a prime I'-ring.

Theorem 2 ‘Let Rbe a prime I'-ring with two derivations d, f, char R¥x2.
If df is a derivation too, then either 4=0 or f=0.

Proof For any x, yeR,ael’, we have

d f(xey) =d(f(x)ay+ xa f(y))
=df(x)ay+ f(x)ad(y)+d(x)a f(y) + xad f(x)
dfixay) =df(x)ay+xad f(y).
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Then fAx)ad(y)+dx)a f{y)=10 (1)
Let feI' and replace x by yfd(x)in (1), we get
f(yBd(x)ad(y) +d(yBd(x))a f(y)=0
Thas is.
(O BA(x)ad(y)+d(y)Bd(xda f(y)+ yB( fAd(x)ad( »+d (e f(p) =0
Since fd(x)ad(y)+d*(xaf(y)=0, so
Sy Bd(xdad(y) +d(y)pd(x)a f(y) =0 (2)
From (1), we have f(x)ad(y)=-d(x)af(y). Then
. (f(PBA(x)—d()B fixNad(y) =0
By Lemma 1, either f(y)fd(x)-d(»Bf(x)=9 or d(y)=0. If f(»Bd(x)-d(y)f f(x)
=0 from (1) it tollows that 2 f(y)ad(x) =0. Because char R¥2 and R is prime,
f(»ad(x)=0 (3)
Let zeR, feI’ and replace y by-yfz in (3), we have f(yBzad(x) =0, i.e.,
[ Bzad(x)+ yBf(z)ad(x)=0
Hence f(y)Bfzad(x)=0. By the primeness of R we obtain that either f(y)=0 or
d(x)=0,‘ for any x, y¢eR. This compietes the proof.
Next we shall consider some nilpotent properties of derivation in a prime
I'-ring. At frist we can obtain the Leibniz’ rule of a prime [I-ring with a
derivation by induction,

d"(xay) =3 ( ") d"oaed'(y)
ico

Lemma 3 A I-ring R is a prime I-ring if and only if if I,I'I,= {0} then
I,={0} or I,={0}), where I,,I, are two left (right) ideals of R. '
Proof The sufficiency follows from the definition of a prime I'-ring.
Conversely, let R be a prime I'-ring with two left ideals 1,1, gsuch that
1,I' ,={0}. Then
(ZWITRTC(LIR) =L/ )Y (RCID(FRYC (L MYI,CR)={0}rR={0}.
Since I, 'R, I,I'R are two-sided ideals of R, it foliows that either I, R= {0} or
IL,FR={(0},If I,R={0} then I, 'RCI, i.e., I, is a two-sided ideal of R. By yhe
primeness of R we obtain that I,=1{0}. Similarly if LLR={0} then I,={0}.
Lemma 4 Let R be a prime I'ring. If I is a two-sided ideal of R then I is
a prime I'-ring.
Proof Let al'ITb={0}, a,bel. Then
(all YI'(BI’ R)T(BI'R) = al'(RIC'BI'R)T(BI'R)
Cal'lF(brRY=(al'ITB)I'R= {0} R={0} .
From Lemma 3, we obtain that either aI'R={0} or bI'R={0}. Therefore al'Rla
={0} or bBI'RCb=1{0}. However R is a prime I'-ring, then a=0 or b=0.
Theorem 5 Let d be a derivation of a prime I'-ring R. I be a nonzero
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ideai of R, n is a positive integer. If d"(/)=0 then d*'(R)=0.
Proof Let J=I+d(I)+e+d" '(I). Clearly d(J)CJ. We can prove that Jis

a nonzero ideal of R. For any xe¢R, ael’, y=y,+ d(y,)+~--+d"”l(y,_l)el, yel,
i=0,1,+,n—1. We have ‘

yvaxelICJ, i=0,1,,n-1,

diypax=d(yax) - yad(x) e,

d¥( y)ax=d (yax) - d(y,)ad(x) - d( y,ad(x))

=d*(y,ax) - (d(yad(x)) - y,ad*(x) - d(y,ad(x))eJ,
By induction we can obtain that d" '(y,_ ,)axeJ. So
yax=(yo+d(y) +ee+d" " (y,  Nax
=yax+d(yaxtet+d" " (y, Daxed.

Similarly xayeJ. Hence J is a nonzero ideal of R, and d"(J)=0. Let yeJ,ac
', reR. By Leibniz’ rule

0=d%d" " (yar) =32 ( ") @A ONad'(n) =" (ad (D)
i=0
Similarly, we have

0=d"(d" 2(ad(r)) =Y. (") 7@ (ad'(dr) =d" A pad" ()
=0 I :
2n—1

Continuing this argument we finally reach the identity 0= yad (r) for all yeJ
and ael'. Set y=xfy, xeR BeI, then 0=xfyad™ ™

ness of J we obtain that d” '(r) =0 for all reR. This completes the proof.

(r) for all re R. By the prime-

Lemma § Let R be a prime I'-ring with a derivationd, I be a nonzero
ideal of R. If there exists a positive integer n, and a¢R such that for any xel,
ael', aad"(x)=0. Then a=0 or &’ '(R)=0.

Proof Let the set J=I+d(I)+e+d"(I)+<+ consist of all elements of R
that .can be written as a finite sum y= y,+ di‘(yi‘) T ;) » where n depends
on y; i;€N, y,iljel, j=1,2,+,n. We can prove that J is a nonzero ideal of R,and
d(NHCJ, aad(J)=0.For any xeJ, yeR, a, peI’, we have

n -
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Continuing this argument we finally reach the identity
afxad® '(y) =0, for any xeJ, yeR
By the primeness of J, either a=0 or d&* " !(R)=0.

Theorem 7 Let R be a prime I'-ring with two derivations d, f, I be a
nonzero ideal of R. For a positive integer n>1, if for any xelI, d,dj(x) =0
then d,(R) =0 or d¥"'(R)=0.

Proof Similar to Lemma 6. Let J=I+d(I)+d*(I)+--then J is a nonzero
ideal of R, and d,d5(J)=0.Let xeJ, yeR, ael, then

d,d}(xa y)zdl(i(;’) dioad)(y) =0 (1)
i=0 —
Replacing x, y by dj '(x), d3(y) in (1) we have
d, ( 20(:') a0 edy iy =d, (43 (x)ad¥ (1)) = 0

Replacing x, y by d'é-z(x), d;“(y) in (1) and using above result we get
d,(d; *(x)ad?"™(y)) =0. Continuing this- argument we finally reach the identity
d,(x)ad}" "(») =0 for any xeJ, yeR, ael’
By Lemma 6, either d,(J)=0 or d;""(R)=0.From d;(J)=0 it follows that for
any xe¢J, yeR,eel’ di(xey)=0 i.e.d;(xay)=d,(x)ay+ xad,(y)=xad,(y)=0. Since
R is a prime I-ring, hence d,(y)=0, for all yeR. This completes the proof.
This theorem give a generalization of Posner’s theorem.
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