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1. Introduction

Let S,(f;z) denote the Szdsz-Mirakjan operators:
[e ¢}
Sn(f32) = 3 f(k/n) Prk(z), (1)
k=0

where P,(z) = e'"’ﬂ,ﬁﬁ, k>0, n, ke Ng.

Recently, many authors studied the Szdsz-Mirakjan operators and their versions [1-5].
In this paper, we shall deal with the multidimensional case. We give our results only for
two variables, the higher dimensional preblem can be treated similarly. We will use the
decomposition technique introduced by D.X. Zhou [8,9]for multidimensional operators on
simplex as well as on cubes.

Let Sp m(f;z,y) be the two variable Szasz-Mirakjan operators [3]:

Sum(fi2,8) = 33 (k. 1/m) Pus(2) Pualy), )

k=01=0

where n,me N.
In the case where n,m are independent, V.Totik 3] proved that:
For 0 < a < 1, f € C25(T), the following statements are equivalent:

() [ Sam(f) = f lloe = O(n™* + m™?), (3)
(i) w(by,8) = O(67* + 83%),

where C2p(T) denotes the set of continuous and bounded functions defined on the first
quadrant
T = {(z,9)llz 2 0,y > 0},

81, 62) = u A} T, ;
u)( ' 2) 0<h1$§1,(11)<h2552 “ hlﬁ'hzﬁ(f ’ y) ||L°°(T)

A% n(Fi2,9) = f(2,9) + f(2,9+ 2h) + f(z + 2h1,y)
+ f(x;Zhly + 2h2) - 4f(.’l: + hl:y + hZ)
*Received May 22, 1990. Research supported by Zhejiang Provincial Natural Science Foundation.
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In this paper, we shall consider the case when n, m are dependent on each other and
satisfy the following condition

ki € — < ks, (4)

3=

where ky, k; are some positive constants.
Our main result is the following:

Theorem 1.1 Let f € C3p(T),0 < a < 1. Then the following statements are equivalent:

(1) K(f(,t) =0(t*);

(2) N Sam(f) = £ lloo =O(n™?);

(3) (a) || f(z+te(z),y) — 2f(z,y) + f(z — to(2),y) l, = O(*), .
®) || f(z, v+ ko), —2f(z,9) + f(z,y — ho(y)) |l = O(t**).

where k(f,t) is the k— functional

K(£,0)= inf Il £ = ¢ llo +¢N (9)),

(5)

and D 1s the weighted Sobolev spaces:

D= {f|f € Cyp(T), f11, f22 exists and N(f) < oo},

where
N(f) =l sfuls,t) [l + | tf22(5,1) llow
and
2 2
2 T 2 TTOD ) = a e = VA

2. Lemmas

To prove Theorem 1.1, we need some lemmas.

Lemma 2.1 For f € Cyp(T),

| Snm(f32,9) lloo <11 S Nloo-

Proof It is trivial from the defintion (2) and

[5a(f32) lloo <1 f oo

Lemma 2.2 For f€ D,

1 Sum() ~ £ llo < 4 Eyn(p),
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Where M denotes a constant itndependent of n,m and f.
Proof For f(z,y) € Cop(T), let
f2(y) = f(z,y),y € [0,00),z fixed;
f¥(z) = f(z,y),z € [0,00), y fixed.
Then we have

Snm(f) = = Snm(f(s,t) = foly) + [¥(s) — f(z,9);2,9)
Snm(f(8,8) = fs(4); 2, 9) + Sem(f¥(s) — f(=,9);2,9)

I+J.

>

From the results for the univariable operaators in 3, 5] we have

[T] = | Sa(Sm(fs;y) — fo(¥));2) |< sup | Sm(fs;9) — fo(y) |
" M
< —sup |l 9, ll= S-supll t2a(s,1) lljo,c0)
= 2 722058 g opnioeny

[T1 = 1 Sumlf9(6) = £(e)i2,9) 1=] Sal7(s) - [*(2)i2) |
= 15:07%2) - /(@) [ 1) Lo

IN

M
185110, 9) Hljo,00)x(0,00)-
Thus we have

| Snm(f) = fll = sup | Snm(f;2,9) — fz,9) |
M M M

< 4 By U ofuo) o+ 1l t2(0,) 1) = (o + M), o

Lemma 2.3 For f € Cyp(T), then
N(Snm(f)) < Mn|| f|lo-

Where M 1is a constant independent of n,m and f.

Proof By [3,5], we have

ot , ko1 .
S Sam(fi 50l = 23 S, =) Pra(y) Prtl2)ll
kl

=5

IN

123 TPt (@)l < Mn | £l
k=0
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Similarly, we can estimate

62
” y%isn,m(j‘;x) y)”oo S Mn” f ”oo

The result follows from this and ( 4 ).

Lemma 2.4 For f € D,
N(Snm(f)) < MN(f),

where M is independent of n,m and f.
Proof We have

| 2(Smm(Hua(z,9) | = tZszmz o piim( )P,;k(x')l

k=

(

! Zsz (W{2Sa (/™ ()i2)} 1< Misz(y)H ) Moo

IA

MZsz(y sup | sfu(s, —*) <M sup {sup|sfu(st) [}
1=0

= MH sfi Hoo,

Similarly, we can obtain || y(Sp,m(f)22(z,y) [|< M|| tf22 ||, this completesthe proof. O

o0?

3. Proof of Theorem 1.1

By a result of [6] and from Lemmas 2.1-2.4, we have the equivalence of (i) and (ii).
Next, we prove (i)=> (iii). a) For g(z,y) € D, we have

[ f(z = he(z),y) ~ 2f(z,y) + f(z + hop(z),y) |
< Al f-glleot | 9(z — ho(z),y) ~ 29(z,y) + 9(z + he(z), ) |

;e(z) r3e(z) g2 :
4“f 9” +/2 w()/h‘p()azzg z+s+t)dsdt

N7 -0l @) o [ [

4“ f—9 “oo + 8h2” ¥ (x)gll(z)y) “oo

dsdt
bozy z+s+t

AN

IA

Taking the infimum of the right-hand side over all ¢ € D ,we have

| f(z ~ ho(2),y) — 2f(z,y) + f(z + ho(2),9) o < BK(f,h?) < ch?®.

Similarly, we can obtain iii b) of (3). Therefore (i)==>(iii) follows.
For (iif)==(ii), using the decomposition technique, we write

Sum(f) = f = Sum(f(5,) = fo(8);7,9) + Sam(f¥(s) - f(z,y);z,9) = [+ J.
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Then, by the results of [3,7], we have

I T lleo

Il

” Sn(sm(fs;y) - fa(y), x) ”oo < OSUP sup l Sm(faa y) - fa(y) l

<3<oo 0<y<co

1
< Msupwi(f,; —).
S Sp p(f \/ﬁ)

Where, M is independent of n, s and f.

w?(fo; %) = sup | fi(z+te(2) — 2fs(2) + fs(2 — tp(z) | .

A
0<t< e

Therefore,

I1lle < M sup sup |f(s,z—to(2)) —2f(s,2) + f(s,2 + tp(2)) |

0<s<o0 e
38 o<t< e

< M sup sup t*<Cn7C°
0<s<o0 gt 4
=
By the same method, we can obtain
| J oo < Cn™°.

Therefore we have
| Snm(f) = f llo = O(n™%).
This completes the proof of Theorem 1.1. O
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% 5T Szész—Mirkjan EFH—BHER

REF  EFL KER
LR RER)
B O E
A CBFIT T 250 Seasa—Mirakjan $LTF4E Cpp (1) FHGE VLR, R K— 15 5, B3 T 4
e B FEERMT

EE B FECury 0<a<<l, MU FApELEH
@ K(f0=00%;
) N Soa)—Fll a=0@);
i) ) | fG+wp@) 9 —2f(, 1)+ f@—wp@),3) || o=00);

®) | f@y+hp))—2f(z,3) +f(x,y—hp() || o=0(h2).
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