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Global Solution for Degenerate Nonlinear
Reaction-Diffusion System*
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Abstract In this paper, we investigate the global exstence and nonexistence of solution
for degenerate nonlinear parabolic system

Uit = Ani(“i) + fi(zstnuly' ")“N)l (I,t) €EQr =11x (OsT)n

with Dirichlet boundary conditions.

1. Introduction

We consider a system of degenerate nonlinear parabolic equations for t =1,2,..., N,
Ui = Aﬂi(ui) + f.‘(ﬂ!,t, Ug, -, “N)’ (xa t) € QT = nx(oi T)’ (11)
here n;(u;),f = 1,2,..., N are nonnegative smooth functions, the model of this type is

the porous medium equation. Population dynamics also arises this type model in which
mi(ui) = ui|™ sign(u;).

The degenerate nonlinear reaction-diffusion equations have been given extensive at-
tention by many authors in recent year. For a single equation N = 1, Aronson, Crandall
and Peletier discussed the solvability and asymptotic behavior of solution of the inital and
Dirichlet problem for (1.1) with n(u) = |u|™ sign(u) in n = 1. Bortsch [4] discussed the
existence and stabilization of solution for (1.1) in n-dimensional case. Sacks (7], Livin and
Sacks [8] studied the global existence and nonexistence of solution for (1.1). Maddalena
[9] proved the existence of global solution for a reaction- diffusion system

e = Au + fi(u), (1.2)

with Dirichlet boundary conditions, m; > 1. Wang Yuanming [5] studied the global exis-
tence and nonexistence of solution for a more general system (1.1) N > 1. But concerning

_systems require that the nonlinearlies be quasimonotone nondecreasing or nonincreasing in
uy, us,- -, uy. However, there are many examples from applications where this restriction
is not satisfied.
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The outlin of this paper is as follows. In section 2, we state some assumptions and
the fundamental definitions and establish a monotone iteration scheme for the solution of
the Dirichlet problem of (1.1). In section 3, we prove existence comparison theorem. In
section 4, we extend the main results in [5] and revise the proof of theorem 2 in it.

2. Uniqueness and comparison Theorem

We consider the initial boundary value problem

Ut = Aﬂi(“i) + fi(z:t)uhuz)" * ;uN)) (ﬂ:,t) € QT =l x (O:T)) (21)
ui(z,t) = gi(z, 1), (z,t) eT7r =90 x (0,T), (2.2)
u;(z,t}]i=0 = ¥i(z), zee=1,2,...,N, (2.3)

where (1 is a bounded domain in R™ with smooth boundary 900, u = (u;,ug,---,un) :
Qr —» RN z = (z;,23, - ,2,) ER®,n > 1.

We introduce the notation fi(z,t,u;, Vi, W;), where V; = (uy,,ua,, -, ug,),W; = (wlr
w2§""»wk§)(k" + ki = N — 1). We assume that f;(z,t,u;, Vi, W;) = f(z,t,u, us,- uN)
is quasimonotone nondecreasing in u; and V;, and monotone nonincreasing in W;. Suppose
that the functions n(u;), fi(z,t, ui, Vi, W;) and ¢;(z) satisfy the following set of hypothesis:

(Hy) ni € C¥([0,00)) N C3((0,00)),n:(0) = 0,nk(s) > €:i(6) for s > §,7!(s) < pi(M) for
s < M, here § > 0,M > 0 and ¢;(-), ui(-) are positive functions in (0, o).

(H2) filz,t,uw,Vi,W;)(1 =1,2,..., N) satisfy the above monotone properties, f;(z,t,
u;,V;,W;) are Lipschitz continuous on 0 x [0,T] x [-M, M|V, there exists positive
constants C;,C},C! such that

~Ci(w; - &) - C} Z(uJ ;) + C"Z(uj'g — i)
7

< f{(I,t,U,',V,‘,W,‘) - f;(z,t,ﬁ,-,V;,W.-)
< Cilws — &)+ CL Y (wj; — ;) — CF' D (uy — i) (2.4)
5

Ji
for any uj,4; € [-M, M],u; > #4;,7=1,2,...,N.
(H3) 1/),'(22) € Loo(n),' =142,...,N.

Definition 1 A nonnegative function set u = (u,uy, -, un) 1s satd to be a weak solution
of problem (2.1)-(2.8} in Qr = 2 x (0,T),T > 0, if

(i) w; € C([0,T]; L}(Q2)) N L=(Qr);

(1) u; satisfies the identity

/‘; pi(z, T)ui(z, T)dz = /Q [pifi(z,t, ui, Vi, W) + ni(wi) Api + piru;|dzdt
. T



S RICOTOEEY NENCAE <2 R (2.5)

for every pi(z,t) € CY0(Q7p) N C*Y(Qr) such that p; =0 on T'r = 80 x (0,T);

(15i) w(z,t) = gi(z,t),(z,t) € I'r 1s the sense of the traces, ¢ = 1,2,...,N. Here 2. is
the outward normal derivative on I'p.

Definition 2 Let nonnegative vector function I = (#;,#z,---,ix) and U= (u1,uz,- -,
un) satisfy the assumption (i), (iii) in Definition 1, U > U. U,U are called upper and
lower solutions of problem (2.1)-(2.3), if the following inequalities hold:

/n oi(z, T)is(e, T)dz > /Q (s fi(, &, B, Vi, W) + mi () Ao + i) ddt
T
~0 dp;
+ [ pi(z,0)4; (z)dz—/ n:(9:) =—dsdt; (2.6)
0 T'rp on

/ pi(z, T)ui(z, T)dz < [/ i filz, tui, Vi, Wi) + ni(wi) Ag; + i) drdt
n Qr

0:
+/<p;(:t,0)g?(x)d:z:—/ n:(g:) aso' dsdt (2.7)
Y] T'r n

for every nonnegative function ¢;(z,t) € C1°(Qr) N C*(Qr) such that ¢; = 0 on I'r,
where @;(z,t)|i=0 = @(z) > ¥i(z) > wi(z) = wi(z, t)|t=0,7 = 1,2,...,N.
For the application in tater we need the following basic lemma.

Lemma 1 Let U = (G1, %2, -+, Un) and U= (u1,u2, -, un) be upper and lower solutions
of problem (2.1)—(2.8) with the data 4%(z), §;(z, t) and u?(z), gi(z,t) respectively, iY(z) > u
u)(z), §i(z,t) > gi(z,t), then for 0 <t < T and each A > 0.

[ (wila,t) — ialm, 1) b < [ (ud(a) - B(@) " da
+/ eAT[fi(z’T:%i:Yi,Wi) - fi(z)T) abVi;m)
Q

+A(ui(z, 1) — 4;(z, 7)) dzdr, (2.8)

i=1,2,...,N, where r* = max(r,0),Q; = §1 x (0,t).
This lemma has been proved in the case n = 1, N = 1 in [3]. The proof for the case
n > 1, N > 1 has not essential difficults and we omit it here.

Lemma 2 Let U = (%1, G2, -+, un) and U= (w1,u2, -, un) be upper and lower solutions
of problem (2.1)-(2.3), then

ui(z,t) < 4(z,t) (z,t) €Qr,i =1,2,...,N. (2.9)
Proof By the monotone properties of f;(z,t,u;,V;,W;) there exists A; such that
Ay + fi(z,t,u, Vi, W3)

— 9 —
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is quasimonotone nondecreasing in u; and V; and monotone noncreasing in W;. Suppose
that

Ai(ui(z,t) — 45(z,t)) + fi(z,t,ui, Vi, Wy) - filz, t, i, Vi, W:) > 0,
that is
Xi(wi(z,t) — (e, ) + [fi(z,t, w0, Vo, W) — fil=, 8,8, 5, W5)
+Z[f"(""t"~"'"' u; ) f,-(z,t,ﬁ;,---,ﬁ,-'.,---,Wi)
%

+Z[fl(z t U.,, i) ") ". ) ft(z u’h LE) ")g.j.fa'”,)} > U,

here the quantity in the bracket represent the variation of function f; which follows from
the variation of one component u;; (or u;1 ) only. From above inequality and the momotune
properties of f; it’s easy to see that

ui(z,t) > t(z,t) (z,t) € Qr,i=1,2,...,N. (2.10)
By the condition (2.4) and (2.10) yield

it /n[%'.(z’t) — i;(z,t)] T dz < L[g?(z) — @(z)]*dz+ /Q‘ eX[(Cy 4+ A) (ui — ffe)

+CF D (g — #5,)~CF D (- @)t dzdr, i =1,2,...,N.
% FH
Summing above inequalities over 1 from 1 to N we get

/ Ze’\ Hui(z,t) — @(z, )| Tdz < / Z[uo(z) — @(z)]T dzx

=1

/ [max (Ci+ X))+ [Bax (C' C")Ze’\ TZ[u‘ (z,7) — @(z, 7)) T dzdr.
7=1 =1

The Gronwall’s inequality shows that

N . N
fy et = e [ 32 Miitert) it )
Ki u 0 ~0 ‘
< [ Llulle) - e}, (211)

where K = Jax (C’ + A )+ [max (C' +C")Ze)‘ iT. 1t follows that w(z,t) < i(z,t)
7=1

which constradicts (2.10). Hence X;(u; — i) + fi(z,t,u:;, Vi, Wi) — fi(z,t, %, Vi, W;) < 0.

Therefore (2.8) implies that w;(z,t) < @(z,t),i =1,2,...,N.
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From Lemma 2 we immediately obtain the following corollary.
Corollary 1 Let u = (u, uz,---,un) and & = (@3, 4a,- -+, dN) be the solutions of problem
(2.1)-(2.8) with the inital data ;(z) and ;(z) respectively. Then for g;(z,t) = 0, we have

N N
S w8 = @l L)l < D0 I — il
) =1 . =1
where K = N max{max;<i<n C;,maxi<i<n C!,maxi<i<n C!'}.

Corollary 2 Problem (2.1)-(2.8) (9(z,t) = 0) has only one bounded weak solution in
Qr,T > 0.

In order to establish an existence comparison theorem in terms of upper and lower

solutions. We choose upper solution U= (%, %, - - ,in) and lower solution U= (u;,ug,
U N) as two distinct initial iteration to construct two sequences {U( )} = {( k) agk),
ﬁ',")} and {U¥)} = {(u(k) ugk), ( ) ,) which obtain from the identity

/ ei(z, T)u; al* )(a: T)dz —/ [n(u( ))A<p, + @i + @i, U )]dxdt / pi(z,0)¢;(z)dz

- / oifi(z,t, a* D, VED WD) go g (2.12)
and

[ iz, T)e® (2, T)dz - / (1) Ag; + @; + pi,ulP)dzdt - / i, 0)¢i(z)dx
n Qr

- / oifi(z, 6,1V, v &) FE) gy, (2.13)

(k) (k)

k=1,2,.... The existence of &; ' and u; ' can be derived from paper [2].

Lemma 3 Let the hypothesis (Hy)-(Hs) hold and let U= (@1, %z, -, un) and U= (u;,
%2,-+,un) be a pair weak upper and lower solutions of problem (2.1)-(2.8). Then the

mazimal sequence {U( )} {(u(k) ”(k),- .. ,ﬁy,‘)) 1s monotone nonincreasing and the min-

imal sequence {U*)} = {(u(k) ugk), ,y_y,c)) is monotone nondecreasing. Moreover

o<y <ull < <ul culf < calt <™ < <d < g (2.14)
1=1,2,...,N.
Proof from (2.7),(2.13) and inequality (2.8) (A = 0) we obtain

[ stz - @01 de < [ [9i(e) - du(a)] e
1]
/ [ft(x T,U, iaWi) - fi(z: 7 g;,K;,W,‘)]+dZ =0.
This implies y;(z,t) < gf )(z,t). Similarly; we prove ﬁ'(.l)(x,t) < #i(z,t). We show out
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gp)(x,t) < ﬁgl)(z,t). It follows from (2.12), (2.13) (k = 1) and (2.8) (A = 0) that

/[gsl)(a:,t) 1)(:: t ‘+dx</ [f,(:c i, Vi, Wi) ~ file, 7, %, Vi, W, )|dzdr
n

< / [Ci(ui — &)+ C; Z(uJ 4;,) — C:'Z(ﬁjq—gjg)]dxdr =0,
Q 1 L]

¥ .7.,

here we made used of the conclusion of Lemma 2; 4; > u;. From this u( )(:z: t) < (1)(:1: t).
Hence

wi(z,t) < 8z, t) < iM(z,1) < Wi(z,1), i =1,2,...,N. (2.15)

We assume, by induction, that u(’c 2 < u(k), a*) <44 '(k 1) (k) <1 "(k) =1,2,...,N,
e

’
k=1,2,..., k. By the same argument as in the proof of the relatlon u( ) < u; ) we get

[kt a,0) — a0t dz
0

S/ [fi(x»raﬂ,(kO))Y-q('ko)’—Wt('kO)) - f (:!: 7 H(k()) Vt('ko)7-v£4(k0)»)]dxdr
Q:

k _(k k _(k _(k ko
<[ leuuf™ = af) + el - o) - ey (e -y dedr <o
I ]"
It follows u{***1) < ™) Similarly u{*) < u{Fo#Y) glko) < glkotV) o= g 2 N This

completes the proof of lemma 3.

3. Existence-Comparison Theorem

We now prove the existence-comparison theorem as the following

Theorem 1 Let U = (iiy, iz, - - -, Uun) end U= (ui,u2,---,un) be a pair upper and lower
solutions of problem (2.1)-(2.8). Suppose that the hypothesis (Hy)-(Hs) hold, v;(z) >
0, Then the mazimal sequence {U )} {(u gk) ﬁgk), ,”sv )} end minimal sequence

{_Q(k)} = {(g(k) ugk), ,gN )} converge monotone from above and below, respectively,
to a unique solution of problem (2.1)-(2.3).

Proof In view of Lemma 3 the pointwise limit

lim @ (z,t) = 5;(2,8), lim 4P (z,t) = w(z,t) ae. (z,t)€Qr,i=1,2---,N (3.1)
k—oo k—oo

exist and ui(z,t) < y(z,t) < u.(:r t) < i(z,t), a.e., on Qr,f = 1,2,..., N. Our main
objective is to prove that (@, 4y, -+, un) = (u3, 4y, -+, uy) and it is an unique solution of
problem (2.1)-(2.3). For this purpose, letting k — oo in the identity (2.12) and (2,13) the
limit function set (@1, us, -, 8x) = (u;, Uy, - -, uy) satisfy the following integral identity

— 12 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



Lwi(m,T)ﬁi(x,T)dx=/QT[995)'&($J,'7£,"—’-',EY.)

+0i(8) Ap; + i, Bi]dzdt + /ﬂ @i(z, 0)¢i(z)dz, (3.2)
and

/@;(x,T)y,'(I,T)dxz/[Soifi(zat’.!bl/_hw)
0 0
i) A + piwi]dzdt + /n i, 0)i(=)d. (3.3)

We consider the initial boundary value problem for 2N equations

wi, = Ani(w;) + fi(z,t,wy,ws, -+, wy), (z,t) €Qr, (3.4)
wi(z,t) =0 (z,t) €Ty, (3.5)
w;i(z,t)|e=0 = ¢! (z, ) zeN, (3.6)
where
FH(z,t, wy, wg, -+, waN) = { ]{‘;i::z"‘;::‘/}”?,?,)w‘) ::‘ ;ﬁu,vN; - (3.7)
ni(wi) = ni(8:),i =1,2,...,N;  nnpi(wnd) = mil(y)),i=1,2,..., N, (3.8)

i (z) = YN = vi(2),i =1,2,...,N; w; = G, wyi = ul,i=1,2,...,N.(3.9)

From (3.2), (3.3) it is clear that (w1, ws,---,wsN) = (81,82, -, 8N, U, Uz, ", Uy) iS &
weak solution of problem (3.4)—(3.6). By special form of f', (uy, 43, -+, uy) and (&, @2, -,

) are weak solutions of problem (3.4)-(3.6). Evidently, Corollary 2 can apply to prob-
lem (3.4)-(3.6). By uniqueness we obtain (%, s, -, %n) = (45,4, -, uy). The proof
of Theorem is completed.

Example (see [3],[6]).

We consider the following reaction-diffusion problem: ‘

up = (™) + U, (z,t) € (-L,L) x (0,7, (3.10)
u(xL,t) =0, (3.11)
u(z,t)|t=0 = uo(z), z € (-L,L), (3.12)

where ug(z) > 0,up # 0,up(z) € L®((-L,L)),m > A > 1.
The usual integration method shows that any nontrivial steady solution of problem

0= (u") +u*, ze(-L,L) (3.13)
u(+L) =0 (3.14)

— 13 —
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is given by the formula

\Jm(m + A= / ’ \/_____E_ﬁdr—\/— Iz, (3.15)

mm—lw\
L=L{) =y ( )/\/l_—rm

Suppose 0 < ug(z) < u(z), where u(z) is a nontrivial solution of problem (3.13)-(3.14).
We choose i(z) as a solution of problem (3.13)—(3.14) in (— Ly, L1) x (0, T}, where L; > L.
Then it’s easy to check #(z) is an upper solution of problem (3.10)-(3.12), and u(z) =0
is a lower solution. Therem 1 asserts that problem (3.10)~(3.12) has an unique solution.

where u(0) = p and

4. Global Existence and Nonexistence

In this section, we extend some results in [5)].
Theorem 2 Let the hypothesis (Hy) — —(H3) hold. If Yi(z) > 0 and fi(z,t,u;, Vi, W) >
fi(z,t,0,0,W;) > O for any (z,t) € Q =0 x (0,00),0 < W; < M{e.i,, 0 < up < M, 3] =
, k) and

N

[f;(x,t,ul,uz,- e ’uN)‘ < C,-(.’l:,t) + Zcij(x) t)[ﬂ.’i(“j)]a"j7 (4‘1)

where 0 < o j < 1,Ci(z,t) and C;i;(z,t) are continuous functions on Q@ = (1x[0,00). Then
problem (2.1)- (2.8) (9i(z,t) = O) has an unigue weak-solution on Q1 for any positive T.

’

Proof The proof of this Theorem is similar to that of Theorem 2 in [5]. Let (Rp)pen

be an increasing sequence of positive real numbers such that lim R, = co and f;, be
p—o0

nondecreasing in u; and V; and nonincreasing W; smooth functions that linearized of
function f; for |u| = (Zuz)z >R,and 0L fi, < fiforu; >20,i=1,2,...,N.

To approximate the mltlal function ¥;(z), pick (¥ip(z))pen such that ¢;,(z) € C§(2),
Yip(z) > 0,|l¢ipliLo(n) < ||¢,||Lw(n) and t;p(z) — ti(z) in L2(f)). We consider the
following regularizing problem for p = 1,2,...,

(wip)e = Ami(wip) + fip(z,t,up — ) (z,t) € Qr, (4.2)
wip(z,t) = 1/p, (z,t) €elr (4.3)
tip(z,t)|t=0 = Yip(z) + 1/p. z€N (4.4)
t = 1,2,..., N and give a priori estimate for the solutions, where u, — 1/p = (u1p —

1/p7“2p— l/p)""uNp_ l/p)



To prove Theorem we need the following Lemmas.

Lemnma 4 For every p > 1 problem ({.2)-(4.4) has an unique classical solution u, =
(ulp,uzp,--- ,uNp) and

uip(z,t) 2 1/p (z,t)€QrT,i=12,...,N. (4.5)

Lemma 5 The following estimate hold for the solutions of problem (4.2)-(4.4)
luipllzo(@r) <C, i=12,...,N,p=1,2,3,..., (4.6)
where C is a constant depending on a;j,n, N, |Q|, T, ||CillL~(qgr) and ||CijllL=(@s)-
" Lemma 6 Under the assumptions of Lemma 5 and Yi(z) € L=(Q) n HL(Q),
s (uip)llL2(@ s | ¥ 1ilutip)llLeo(f0,1),L2(0)) £ € (4.7)
where C 13 a constant which depends on oyj,n, N, ||, T, ||CillL2(gy), and ||CijllL=(qr)-
The proof of Lemma 4 and 6 are same as in the proof of Lemma 1 and 3 in [5]. We

omit it here.
We now prove Lemma 5. Let

1 1, . 1 -1
vip = ni(uip) + p 'h‘(;), ie., Bi(vip — ’ + fh'(;)) = ujp,

where B; = n;!. Then the equation (4.2) can be rewritten as

oo — L 4o (1 = Ao (gt Blo. — Loty = L ‘
ﬂi(‘”tp p + ﬂ:(p)) = A( :p) + ftp( >_t,ﬂ( p p + ﬂ(p)) p): (4-8)
where
1 1 1 1 1 1 1 1 1
Blvp — » + '7(;)) ~ = (B1(vip “‘ » + ’71(;)) - ;),"' (B (vy, — » + 'IN(;)) - ;)-

Multipling (4.8) by (v;p — % " and integrating it over 2,
d 1 1 4r 1,041
= o — = + 12z + [ |V(vip - =) Fd
5 L Bl =2t mOdzt s [ 19(s — ) H e
: [ Filst, Bl = = +0C) = 2oy — 5 ) do
z = . z, , —_— - —y) — - e —
)) a’’? Pop et P p
here

Be) = [, 00~ nC)ya@.

iy
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Condition (4.2) shows that the right side is less than
[ i@ l(up = 5y de
+E Gt 850 = 5 + i e
< [ 16z 1o - ;)’dwg . 165G tosp = - + 1)y = ) s
Y 1 227 R 1 r
< [ie@al+ 2 [0 (@0l = e

N
1 1
+/ /C--z,t v, — — )% (v, — — ) dz.
2 160l = D)%ty = )
Therefore, applying Young’s inequality we obtain the estimate

d 1 4r 1. r41,,
; ()dz+ —— | |V(vip — = d
% | Bl - +n(p))x+(1+r)2/n| (vip = )% "z

N Ligoy O
<[ [ICf(x,t)|+Z:lC«j(z,t)l(nj(;)) i)

rij
rta

+f {ZIC.J(z Oll (i - ;) +

1 agi+r
Vi +
L = )]

+{ICi(z,1)[ + E Cis (=, ns ))%

(v,p - —)“'1+']}da:

x ' | N
<G+ 5y [ (o~ Lyr+ova, «9)

where C{,C}; are constants depending on ||C;||Le(Q.), lICijllLe(@r)> @ij» T-

Now set r;; = 2%’- € (1, FH_V—Z), N > 3 and apply the embedding theorem, we get

Lo, g, .
[ = 2y oide = [ [ - ) s
<Cm ) [ V(o - ) H daf ¥ (4.10)
0
Substituting (4.10) into the right side of (4.9) we have

d 1 .
G J Bl = (e + s [ (s, = ) e
<cr+ ZC(n,n)c,.;{/ V(vsp — 1) 5 Pda] 7.

n p

i=1

— 16 —
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Integrating with respect to t and using Holder’s inequality and Young’s inequality we
obtain

N T d 1 1 4r N 1 11
2 — .- (= - . 2
/ dt/ B(v;p +q,(p))d:z:dt+ L ._E— /;T [V (vip p) 7 |*dzdt

< Tzc*+ }: Cln, n)C-*J-Tl‘%'i([/Q IV (v — -) 2 dzar) ¥

‘IJ =1 )
* * Y] 1 &7
i,i=1
"tJ Lirti g
+ re | |V(vjp — =) 7 |*dzdt}.
Qr p

Choose € such that ¢ Z,I-szl C(n, Q)CY; T~ —'Lrl’- < (1_4'_7’ then

Z/ By ==+l ))dzdt+z )2/ [V (osp = )7 ot
< C(aij; e N,n, |ﬂ|’T1 ”Ci'”L‘”(QT)’ ”C"J'”L“’(QT))'

Since B'(s) > 0 for s > 0, it follows:

N

1, r41
Z/; Iv(vip - ;) 2 Izdxdt < C(aij)r’n’N’ lQ',T, ”Ct'”L‘”(QT)’ ]lCiJIIL”(QT))-
i=1 T

By Poincare’s inequality we obtain the estimate

Z lvip — —HLr+1(QT) <C. (4.11)
=1

In order to obtain the estimate of u;p, multiply (4.2) by (uip — ki) (ki > ||[¥iflzeo(n))
and integrate it over Q, = 1 x (0,7) for 7 € (0, T},

/;? (uip — ki) (uip)edzdt + -/Q V(uip — k.-)+r):'(u,-p)fVu,'pdxdt

/ fiplzt, )(u,,,—k) dzdt. (4,12)

Hypothesis (H;) implies

3 (s = 0¥zt (k) [ (9o — k)P
/ Ci(z, t)(uip — ks )+da:dt+/ ZC,,(::: t)[nj(ujp — -)] i (ugp — )+da:dt

— 17 —
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N .
< [ {1Ci(a 01+ 3 (Ciste, Dling(u5p) 9} iy — be)* dde
Qr j=1

N 1\a..
< [, f6m a1+ et 0l )

N
+ Z Cij (2, )| (vjp — ‘“)a T Huip — ki )+d-"’dt (4.18)
If we set
9ip(z,t) = |Ci(z,t)| + Z ICi; (=, t)l('h( ))a" + Z ICij (=, )|(vsp — ’)a"

7=1
Then by the above argument we have

l|gip||L“IQT) < é(q’ data)

for any ¢ < co. Fix some ¢ € (¥}2,00) and observe the norm in space Vs (@r) [10]. It
follows
(i — k;)+|lf, @ = C/Q |gip|(ip ~ ki)* dzdt < CligipllLe (@)l (wip — k) xll Lo (@)
T
< Clloipllzs@nll(uip = k)™Ml 200m o lIxller(@r)

where x be the characteristic function for set {(z,t)|u;, > k;, (z,t) € Qr}, ql + Elr =11=
_2
Usmg embedding theorem (see [10] Chap.II)
(N+2

v2(Qr) ¢ L*% (Qr),
we get
] ”(uip - kt')+HV2(Q1') < VM(p, ki)l/r:
where v is a constant independent on p and M(p, k;) denotes the measure of set {(z, t)|u;p >

ki, (z,t) € @r}.
It follows directly from Theorem 6.1 in [10] Chap.II, there exist a constant C such that

tip(z,t) < Cin Q, (4.14)

for all p. This completes the proof.
The remainder of the proof is the same as in [5], that completes the proof of theorem
2. ‘

Remark Under some assumptions for unbounded domain {1} ¢ R”™ the conclusion of
Theorem 2 hold.

We investigate global nonexistence of solution. We show out if there is f; such that its
growth is too rapid than some ;, then the solution of problem (2.1)-(2.3) will be blow-up
in finite time. We need the following hypothesis:
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(Hy) fi(ur,u2,...,un) = fi(w,V;,W;) € C'(RY)(i = 1,2,..., N) is quasimonotone non-
decreasing in component u; and V;, and nonincreasing in component W;. There is
at least one of k € {1,2,..., N} such that

Ok = fe(ur, -+, e—1, e, Y1, - -5 uN ) /e () (4.15)
is nondecreasing in u; on R* = [0, 00).

(Hy) There exist x € (0, 1) such that ®* is a convex frnction on R*, here
L
®4(s) = /O ne(0)ds. (4.16)
Theorem 3 Let (H), (H}), (Hs), (Ha) lold, ny(vs) € HL(Q) and

AH(%)‘“ > ';'/nlvﬂk('/’k)lzdx i 4'3271,/ Pr(r)dz (4.17)

Then problem (2.1)-(2.8) with f;(u) has not any bounded solutions. Moreover, if there
exist ) € (0,T] and u = (uy,uz,...,un) is @ solution in Q¢, =2 X (0,t1), then

Jim flu(, t)l|zo(n) = oo, (4.18)
where
N
lluC )llzeoq@) = Y wil,t)l|Lee(a)
=1
and ue .
Pk(u'k) = L f)k(s)fk(‘ul,"‘,uk_l,s,Uk+1,"',UN)dS. (4]9)

. The proof of this theorem is same as in the proof of corresponding theorem in [5], [8].
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EEHBRERET B AEANBERE
v G 2R3
(ERKERER, KA 130029)
w =
ATt dE R T EA

Uy = An(w) + fi(z,tuy, - uy), (2,0) € @p = O X 0,T)
B Dirichlet 1} &AM BT BEFEMEREATE.
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