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On a-Close-to-Convex Functions of Order § *

Zhu Yongsheng
{Jiangxi Poiytechnic University, Nanchang PRC)

Abstract This paper is devoted to the investigation of the class C(a, ) which proves
to be a subclass of C, the class of functions close-to-convex in unit disc.

1. Introduction

Let D be the unit disc in the complex plane, A the class of functions analytic in D
_and S the class of normal univalent analytic functions. Denote

Ma={f:f(z)=z+Za,.z”€A,%f(z)f'(z);é0

n=2

and

2f'(z) | (zf'())
| Re[(1 - a) 7(2) +a 71(2) ] > 0}
where a is a real number. Miller, Mocanu and Reade 3], [5] studied this class. They
proved that all functions in M, are starlike with respect to the origine:. Let S* be the
starlike subclass of S, then M, C S*.
Now we define a larger class

o ,
Cle,B) ={f(z) =2+ E a,z" there exists some g € S* and real § € (-—g, %)
. n=2
1 i !
such that Re[(1 — « e‘aif—(i)— + oze“’M > Bcosb(z€ D
| (1 - @)e 2L L) > peost(z e D)) |

where 0 < a < 1,0 < 8 < 1. In this paper we will prove that if f(z) € C(«, ), then ,{(z)
must be close-to-convex. Obviously, C(0,0) coincides with C, the elass of close-to-convex
functions. We also give a integral representation for this class. Finally, we obtain sharp
estimates for the first three coefficients.

2. Results and their proofs.

Lemma 11 Let w(z) be analytic in D,w™(0) = 0(0 < k < p — 1). Suppose there ezists
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a point zg € D such that |w(z)| = Ime}k lw(z)], then {zow'(20)/w(20)} > p > 1.

2|<|z0]

Lemma 2 Let M(2) € A satisfying M(0) = M'(0) -1 =0,N(2) € S* and 0 < o <
1,0<B<1. If

() Re{e[(1-a) 3 4 o2

( 1} > Bcosby, (zED,0o€(—%,g—),00 fixed ),

then we have

(2) Re{ew“—ANJ((Tz))} > [ cosbg.
Proof Set
i oM(Z) _ 1+ (1 - 2ﬂ)w(z) coS ¢ sin
7 il w7 b0+ 1sinfo,
M(z) = M(2)

Cp(z) = €P{(1-a) N(z) +avN'(z) - B}, w(0)=0.

Then we only have to show |w(z)| < 1. If there are some 25 € D such that |w(z)| = 1,
by Lemma 1, we have 20w'(29) = kw(zo), where k > 1. But

ifo M'(z) _ ) cos w'(z) N(z) cos 1+ (1-28)w(z)  sin o
Ni() ~ A G NG T T T uy
©(z) = cosfy 1+ (ll:j(ﬂz))w(z) + 2a(1 — B) cos 8y a _t_vlsz(’)z))z IIVVI((ZZ)) + isinfy — Be'?.
Notice that
200'(20) _ kw(zo) _ kw(z0)(1 = w(z))? _ 2k(Rew(z) — 1) _ o
(1-w(20))?* 1-w(z) 1 — w(z)[* 1-w(z)l* ~
Hence we have
1+ w(z) zow'(20) R N (z0)

+ 2a(1 — B) cos by 0.

IA

Rep(z0) = (1 — B) cos 00Re1 —

w(z0) (1= w(z0))?  20N'(z0)

This provides the contradiction of condition (1).
Some special cases of this lemma were proved by K.Sakaguchi [6], Milier and Mocanu

[4].

Theorem 1 Let 0 < a2 < o1 € 1,0 < B2 £ B < 1, then C(al,ﬂl) C C(az,,@z). In
particutar, C(a,B) € C(0,0), i.e., every f(2) € C(a, B) is close-to-convez.

proof It is clear that C(oy, 1) C C(a1,B2). Thus we need only to pro;/e Claq, B2) C
C(az,B2). ’ :

Case taz = 0. By the definition of C{;,8;) and Lemma. 2, we obtain our result immedi-
ately. :
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Case 1iay # 0. Suppose f(z) € C(a1,f2), by means of Lemma 2, we have

(1 el | o L)

Re{(1 - az)e ()*() 72 )

= 2po(® o2f'(2 02 f’(z) aa(zf(z))
= o elG, TNy T et e
%{(%ﬁ —1)Bycosd + Pz cos 0} = By cos .

Thus we have f(z) € C(az, 82).
Theorem 2 f(z) € C(a,B) if and only if there are 0,g(2) € S* and Schwarz function
w(z)(w(2) analytic in D, w(0) = 0 and |w(z)] < 1) such that

B flz)= ! AZI+[(1_ﬂ)e—2io_ﬂ]w(z)g( )_‘1 '(2)dz, if 0 < a < 1,

azg’(z)ﬁ"1 1-w(z)

or

) ) L4 [ B — plu(:)
(1) o) = SATLE AT P,

Proof If f(2) € C(e,B)(a # 0), then there is a Schwarz function w(z) satisfies

(), GLE) 0 1= 28)u(s)
=y T T T T w()

where g(z) and @ are the same as described in the definition. Hence

zf! (2) | (=) _1+]0- Ble ! — Blw(z)
9("’) g'(2) 1- w(z)

Multiply %g(z)%_lg'(z) on both sides, we have

if a=0.

cosf® +tsinf,

(5) (1-0)

(— ~ 1)zf'(2)9(2) =% (2) + (2f'(2))'9(2) =

1 + [(1 "'lﬂze;}z(‘:)“ ﬂ]w(z) lg(z)——-—lyl(z)

Note that the left of above formula is exactly d—dé[z I (z)g(z)&l'_l]. Thus we obtain .

- Ble ¥ — Blw(z
o (e)ole)it = & [P SO, iy,

which is equivalent to (3).

If f(z) € C(0,B), then (4) is the 1mmed1atelly consequence of (5). Conversely, if f(2)
satisfies (3) or (4) we can easily prove f (z) € C(a, B).

Let 8 = 0,w(z) = z and g(2) = (l_z—” the corresponding function fp(z) will be the
extremal function in the following theorem
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’ 00
Theorem 3 If f(z) =z + Z apz" € C(a, B), then we have sharp estimates

n=2
2 —
©) o < 21222,
6a? + 23a+9 — 28(Ta + 3)
) | sl < v

(1+0)(1+ 2a)(1 + 3a) + (1 - B)(230* + 16 + 3)
1+ a)(l +20)(1 + 3a)

(8) lag] <
fo(z) is the extremal function.

Lemmma 3 Let g(z)-—z+2bnz"€5’* and u < 1 , then

n=2

(9) lbs — ub3| < 3~ 4p.

Koebe function K(z) = =ayr 18 the estremal function (see [2]).

1+w(Z) __1+an, ,g(z)_z+zbnz € S* in (5), we have

" Proof Let p(2) =
w( ) n=2

1- a)(z + 28227 + 3a32® + dagzt + - - J(1 + 2b2z + 3byz® + 4by2% + - )
+ a(l + 482z + 9ag2? + 16a42® + -+ ) (2 + bgz? + bg2® + bezt + - )

= (14 phz + phz? + phz® + - ) (2 + by2® + bs2®
+bezt + ) (14 2byz + 3bg2? + 4bg2> + -+ ),

where p}, = (1 — B)e™* cosOp,,. Compare the coefficients of z?, 2% and z*, we obtain

(10) 2(1+ a)ag = (1 + a)by + ¢!,
(11) 3(1+ 2a)as = —4dasby + (1 + 2a)bs + 2b3 + 3bap + ph,
(12) 4(1 + 3a)a4 = ‘(6 + 3a)a3b2 -~ (6 - 2a)b3a2 + 5bgbs

+(1+ 3a)by + (4bs + 2b%)p} + 3baph + ph.

Since |py,| < 2(1 — B),|bn| < n, we obtain (6) from (10) at once. Substitute a; in (11), we
obtain (7)
6a’® +23a +9 — 28(7a + 3)

3(1+ a)(1+ 2a)

las| <
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Substitute az, a3 in (12),we have

4(1 + @)(1 + 20)(1 + 3a)ag = (1 + @)(1 + 20)(1 + 3a)by + oo — 1)b3p}
+ (14 2a)(1 + 5a)bsp} + (1 + a)(1 + 5a)bph + (1 + a)(1 + 2a)ph
ol - a)
(T 2a)0 150"

= (14 a)(1 + 2)(1 + 3a)by + (1 + 2a)(1 + 5a)p} [bs —
+ (1 + a)(1 + 5a)baph + (1 + o) (1 + 2a)ps
Let u= (ﬁ_i;':}fﬁ)m, then u < % when a > 0. By means of Lemma 3, we have

340 + 17Ta + 3
(1+ 22)(1 +5a)°

ol - a)

ba —
[bs (1+ 2a)(1 + 5a

)b§| <
Hence

4(1 + a)(1 + 20)(1 + 3a)|as] < 4(1 + a)(1 + 202)(1 + 3a)
4+ 2(1 - B)(340? + 1Ta + 3) + 4(1 - B)(L + 5a)(1 + ) +
2(1 - 8)(1 + a)(1 + 2a)

(1+ a)(1+ 2a)(1 + 3a) + (1 ~ B)(23a? + 16a + 3)

1+ a)(1 +2a)(1+ 3a) )

lag] <

From the proof we can see fo(z) is the extremal function.
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