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The L,-saturation of Mixed Exponential Type Integral
Operators*

Chen Wenzhong Cut Zhenlu
(Dept. of Math., Xiamen University)

Abstract. We study the properties of the mixed exponential type integral operators
in Ly—space and established their L,—saturation theorems.

1. Introduction

Let I =[0,1] or [0,+00) and n* denote n or +oo. The sequence {Anx(z)}}7, is called
an exponential type kernel on I and denoted by {Ank}'k‘:o € E,, if it satisfies the following
conditions:

i) For z € I°,A\x(z) >0 (0 < k < n't) and E::O Ani(z) = 1, where I° is the interior
of I.

i) Apx € C®(I) (0 < k < n') and satisfies

2(1+ az)A, (z) = (k - nz) (), 7 (1.1)
where a = —1 or a > 0 such that z(1 + az) > 0 (z € I°).
By computation, we obtain
1) If a = —1, then I = [0,1],nt = n and Ank(z) = par(z) = (:)z"(l - )"k
ii) If a > 0, then I = [0,+00),n* = +00 and

k
a=20,

e "t "3' ,
Ank = n n
nk I( fl+_l=)0t1=:,'.k(1 +oz) a7k a>0.

Hence, if {Ank}{_o € Eq, then
i) Thoo Bds(a) = 2 4 |
i) Thito(2) Aui(z) = 22 + Hites), (1.2)

i) (n - o) fy2m(t)dt = EITGEED = 0,1,
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Let {Ank}g,:o € Eq, for f € Ly(I),1 < p £ +o00, setting
ons(f) = (n = @) [ FOMelt)
nt
Tn(f) x) = Z Ank.(:’:)‘l’ﬂk(f)-
k=0

We call T, the mixed exponential type integral operators. In [1] we studied the approxi-
mation theorem of Ty, in C(I). In this paper we will establish L,—saturation theorem for
Tn.

2. Some lemmas

Let m€ N and {A,,,,};‘_i_o € E,. Setting

Rum(z) = ki::oz\,,k(z)(n - a) /I(t — z)™Ank(t) dt,

we have

Lemma 11! For m € N and z € I there holds

(n — (m+ 2)a)Rp m+1(z)
=z(l1+ ax)RL'm(z) +2mz(1 + az) Ry my1(z) + (m + 1)(1 + 20z) Ry m(z).

We can easily verify

14+ 2azx
RnO(z) - 1’ Rnl(x) - n — 2a )
2z(1 + azx) 1
Bral2) = = ol 03)-

Generally, by Lemma 1 we have

Corollary 1 Letme N andz € 1. Then
1 ,
Ron(s) =0 o)
nl"2

and n[lzﬂan,m(a:) 1s uniformly bounded on any compact subset of I.
Using Corollary 1 and Lemma 5.2 in (8] we can prove the following Voronovskaja
formula for the operator T,.

Lemma 2 Let f € L,(I)nC*(I). Then
lim a(Ta(/,2) - /() = (=1 + a2) (=),

and the limit holds uniformly on any compact subset of I.
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Lemma 3 Let {L,}nen be a positive linear operator sequence from C(I) to C(I), ex(x) =
25,k =0,1,2 and p2 = maxy—012|| Ln(ex) — €k ||oo- For any g € C*(I), we have

I Za(9) = 9 lloo < Enk(ll 9 lloo + 1l 8" lloo)- (2.1)

Proof By Taylor’s formula

o) = 9(=) +9E)e ) + [ (- ") d,
we have
En(0,2) = 8@)| < 19(@)] 1En(1,2) = 1+ D) | Bt~ 2,2)
£ 116" looq Lnlt = =), 2).
Using Stein inequality, we establish (2.1).

Let C(I) = {¢ | ¥ € C*(1) supp® C I, Anlf,¥) = n [;(Tu(f,2) - f(2))¥(z) da.

Then we have

Lemma 4 For ¢ € CE(I), f € Ly(I) there exists My, > 0 satisfying

|An(f, )| < My|| £ l,-

Proof Let ¢ € CE(I), using Lemma 3, we have

1 Ta) = lloo < =19 lloo 11 9" ),

where K > 0 is a constant.
~ By computation it is easy to verify

[ Talr, 2@ d = [ Tal, )1 (2) e

hence we have
An(f )l = nl [ Tlfi) - f(@)(a) o

nl [ Talh,2) - vl (=) da |
Al Tol®) = Il 71,
KOl + 19" o) £ e

Setting p(z) = z(1+ az), U, = {g | 9 € Ly(I),pg" € Ly(I)}, we have the following
lemma (cf. [7]):

IA A
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Lemma 5 Let g€ U, (1 < p < +oo). Then
i) 19"l <K(ll 09" [, + [ 9 1l,);

i) || (<Pg ) I, < K(I g I, +1 gl
where K > 0 s an absolute constant

Setting V,.(f,z) = E;‘:O f(f;)A,,k(:c). We have
Lemma 6 Let g€ Up,1 <p < +oo. Then

| Valo:) = 90) Tl < -l og” lp + 119 1,)

Proof By Taylor’s formula

o) =3(@) + 9@ ) + [ (¢- n)g"()dr

and V,(t — z,z) = 0, we obtain

Valo,2) - 9(a)] < Va3l [ o) e 1.

Using the maximal function M(-) and Hardy inequality, we obtain

— )2
1 Valg:) —9C) Ml < IIVn((t (,)) M(sog"w),-)) llp

1
< — |l Mleg",) Ilp_ = 1l eg” lls

< Zllled" s +1lg 0

Lemma 7 Let f € L,(I), 1 <p< +oo. Then

I Taf llp <11 fllps > e (2.2)

Proof By the Riesz-Thorin theorem, we need only to show the cases (2.2) p = 1 and
p = +oo.
Forp=1,

ITuf Il = /lzm(x (v~ ) [ Aus()(0) | dz

S (n - a) / i (z) dz / |7 ()i (8) di

kO

= | flh

IA
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For p = +o0,

1Tt o = 1 (e} @) [ @) |

IN

15 o 0= DA =) f dns()
1 e

the lemma is proved.

Lemma 8 Letge Uy, 1<p< +oo. Then

1 7a(0) = Valo) ly < (g ll, +11 9 1)
Proof V,(g,z) - Ta(g, )
- ,,Z Ant()(n = ) [ 9(5) = o(0) has(t) d
= é)nk(x)(n - a) /I(g’(t)(g —t) - /tﬁ(s —7)g" () dr) X (t) dt
SRR OO

+ ’;/\nk(z)(ﬂ - a)/;/t;(;’z_ — 7)g"(r)dr A (2) dt

g

L + 1.

Using Lemma 5 we obtain

10l = 21 Mmble)(n -~ @) [0 O Anet) e [
k=0
< Sled) < (oo lp+ 1l 1),

Il = I @)= [ [ = s drne(dr I

1, =
< I E Amila)(n— @) [ o0 @) Am(t) dt 1
k=0
1 K
< sl < — (Ul es" Il + 1 9 1lp)-
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Hence we have

A

| Valg, ) =Tnle, ) M, < DA+ 21,

ed lp+1g1,).

IN

By Lemma 6 and Lemma 8 we obtain

Lemma 9 Let g€ Uy, 1 <p<+oo. Then

K
1 7alg) = g ll, < — (Il wg" Il + 11 9 1I,)-

3 Theorems and their proofs.

Setting S, = {f | f € Lyp(I), and for n > 1,p(z)f"(z) € Lp(I), for p = 1,(z)f'(z) €
BV (I)}.

Theorem 1 Let f € Ly(I),1 < p < +oo. Then
1
1 Tnf = £l = o(2)

iff f = constant(a.e.).

Proof It is enough to prove the necessity part.
Let | T.f - f |l, = o(1). Then

Al 9)] < n /, ITa(f,2) - £(2)] |¥(2)| da
19 loonll Taf = £ 11,

hence limy,_, o An(f, %) = 0, which implies the following homogeneous integral equation

/I(w(x)nb’(z))' f(z)dz = 0.

IA

For y € I, let
(z-y)’, 0<z<y.

¢V(z) = { 0’ T Z Y,

then v, (z) € CZ(I).
Hence for y € I°,

[ @ @)@ da =0,
and therefore f(z) = constant (a.e.).
Theorem 2 Let f € Ly(1),p > 1. Then || Tof — f ||, = O(3) implies f € S,.
Proof Let f € C*(I),y € CZ(I). We have
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lim 4.(5,9) = [(o@)1'@)v(e) ds
[ ) 1(2) .

As C*(I) is dense in Ly(I) and An(f,+) is uniformly bounded in Ly(I), by Banach-
Steinhaus theorem, (3.1) holds in L,(I).
Observing the functional sequence {An(f, )}, setting

hn(z) = n(Tu(f, z) - f(2))

for p > 1 as h, = O(I), for every ¢ € C3(I) by weakly sequentially compat principle,
there exists {n;} and h € Ly(I) satisfying

(3.1)

Jim Any(f,4) = [ ¥(z) dh(o)

Hence for ¢ € C3(I), we get the following integral equation

h(z)y¥(z)dz, p>1
! Id _ fI ’ ’ 3.9
[ 1@(ear vy da { ot pot (3.2)
We can easily verify the following function is a special solution of (3.2).
z —{71 Jo h(u)dudt, p>1
f )= { :z w(t) 10 ! ’
o) ¢ i) (:dh(u)dt) r=1

where ¢ € I°.
On the other hand by the proof of Theorem 1, we know f = constant (a.e.) is the
general solution of the following homogeneous integral equation

[ 1@ (=) d= =0,
therefore f(z) = fo(z) + constant is the general solution of (3.2).

Hence, we have to prove only fo(z) € Sp. In fact for p > 1,

14+ 2azx
o(z)

(@) f!(z) = - 0’ h(u)du + h(z)

using Hardy inequality, we obtain

Il () f5 () Il, < Apll B ll, + 1| B |l, < +oo.

For p=1, .
p@)fy(e) = [ dh(z)

which implies || ©(z) f§(z) ||y < || b ||gy < +oo. Therefore the theorem is proved.
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By Lemma 9 and Theorem 2, we obtain the following L,—saturation theorem

Theorem 3 Let f € L,(I),p > 1. Then

| Tf = £ I, = ()

iff f €S,
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