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Let My,(f, z) be the well known Szdsz operators, i.e.

Mo(f,0) = Yo om0

k=0

We propose modified Szisz operators as follows
oo
n(f,2) = Z Snke1(@)n [ £(05,4(0)dt + 10)Snol), &

where
Sp.x(z) = e "% (nz)k /k!.

The object of this paper is to study global approximation for operator_(l)/ for continuous
functions on [0,00) with oexponential growth.
Using some simple calculations one may verify the following

L.(1,z) =1,
L.((t - z),z) =0,
La((t - 2)%,2) = 2.

Let us introduce the usual notations. Supose
Ca = {f € C(0,00), f(z) = O(e**) z — oo}.
If f € C4 we define that [|f{|4 = sup e %|f(z)|. The corresponding Lipschitz classes are
given for 0 < a < 2 by (h > 0) =0

ALf(2) = fz +2h) - 2f(z + h) + f(z),
wh(f,8) = Sup lakflla,

Liphe = {f € CA,wA(f,5) = 0(8%) §—0+}.
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In this paper we will give a necessary and sufficient condition on the rate of convergence
of L.(f,z) to f(z) far f(z) € Lip4,0 < a < 2. The main result is given by the following
theorem.

Theorem If f € C4 then for 0 < a < 2 the following are equivalent

(D) e 42| L, (f, z) - f(z) < M(%)"‘/2 for n>2A+;

() : f € Lipia. ,

As well as in [1] [3] the method of the proof is the elementry one that was introduced
by Berens and Lorentz [2]. Throughout, M is used to denote a positive constant that
depends on A, but independently of n and z, and it may represent different values at
different occurrences.

Lemma 1 Forz >0,n>2A+ z, we have

Ln(e““,:c) < Mé"“,
La(e%(t — 2)%,2) < MeA‘%.

Lemma 2 If f € C%L = {f € Ca,f', f' € Cp} then for n > 2A + z we have
4| Ln(f,2)] < M| ]l

Lemma 3 If f € C4 for x> 0,n > 2A+ = we have
e~ 4%|Ln(f, z)| < Mn?|f|a.

Lemma 4 If f €C4 for 2> 0 and n > 24 + = we have
AL f(z)] < Ml

Lemma 5 If f € C% for n > 2A + z we have

e 4| La(f, 2)| < M| f"||.

Theorem 1 If f € C4,z > O then there holds for n > 2A + =z

e~ 42| La(f,z) — f(z)] < MWL(f,\/z/n). (2)
In particular, if f € Lipia for some o € (0,2] then

e\ La(f,2) — £(2)] < M(2)*2. (3)
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Proof To prove Theorem 1 we introduce the (modified) Steklow means (cf [1]) for h > 0

by
@ = [* [ Rr@+s+1) - 1o+ 2o+ )dsdt
One has
1 - 1) = O [ [ s @yasa
fal(z) = 2[8A2%f($) hf(“’),
and hence

If = falla < wh(£,h), |Ifklla < Oh™*wi(f,h). (4)

Note that for z = 0 the assertion is trivial. For f € C4, h > 0 one has by Lemma 1, 2 and
(4) for n > 2A + z that

e Y
e *|Ln(f,2) = f(=)] < Mwi(f,B)[1+h7"=].
So that (2) thereby (3) follows upon setting h = y/z/n.
Theorem 2 If f € Cy4 satisfies for some a € (0,2) and 2>0,n > 2A+z
- T, ‘
42| Lo £,2) - ()] < MDY, (5

then
f € Lipka. . (6)
Proof First we have from (5) for h <1,z >0,n>2A+ =z

e 4| f(z) — 2f(z + h) + f(z + 2h)|

h h
< MLyl g ooae [° M0 ~ foyz b+ 0)dsdt
o Jo
A h rh
+e” “/0 /'IL:.’,(fs,z—{-s—}—t)Idsdt:J1+J2+J3. )
0

We write oh , oh

= ML)/ < Mimax( 7, )7 ®
Using Lemma 5 and (4) for = 2 0,n >'2A + z one has
2 2

Js < MﬁwA(f’ 6).- (9)

Note that ( see [1] Lemma 10 )
h rh 2
/ / 1 e MR
o Jo z+s+t z+ 2h

=T —
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and using Lemma 4 and (4) we have for £ > 0,n > 24+

Jy < Me —Az Az+2h”f fsllan / / ———dsdtSM$+2 22 (f, 8). (10)

r+s+t

For the case z = O since the existence of the integrals for z = 0 and the continuity of the
expressins involved the estimate (10) holds true. Using Lemma 3 for z > O,n > 24 + =,
we have

Jy < Mn?R*W(f,6).

Therefore n
J2 S Mhzwft(f, 6) min(nz, m’;) (11)
Let 6%, = max{1/n?, (z + 2h)/n}. Then 6pi1, > 36n,z for n > 4 and for every
§ < mm{— 11 and every z,n can be chosen such that (see [3] p.260)
3
ZE"” <8 < bpyg, (12)

and son > 2A + z.
" Hence from (7)-(12) we get

e 47| f(z) — 2f(z + k) + f(z + 2R)| M[63 . + wh(f,6) (6,;2 N Z—)]

h
< Mps + () (1,) (13
For the proof of Theorem 2, (13) is sufficient (cf. 1] [3]).
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