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Interpolating Multivariate Rational Splines
of Speical Forms*
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Abstract. Very few results have been achived on interpolating rational splines since R.
Schaback pioneered the study of the subject in early seventies, to say nothing of interpo-
lating multivariate rational splines. Given in this paper are a few kinds of interpolating
multivariate rational splines in triangulation and quadrilateral partition.

R. Schaback first suggested and studied the interpolating rational splines of special
forms which are complicated to carry out for their solutions are determined by nonlinear
equations. Starting from some practical problems, R.H. Wang and S.T. Wu concretely
studied a few types of interpolating rational splines consisting of both polynomial parts
and rational parts which are convenient for application because their solutions can be
obtained from definite linear equations. It is well known that in univariate case, any
partition is composed of intervals; while the cells of partition in multivariate case may
possess different geometric shapes. Therefore interpolating multivariate rational splines
are strongly related to the geometric structure of the partition concerned. This paper
aims at constructing a few kinds of multivariate rational splines by means of interpolation
in triangulation and quadrilateral partition.

Shown in Fig. 1 is a triangula-
“tion A of a given polygonal domain D.
D, ANy, Dy, Dy, -+ - are the cells contained

in D. Suppose the common edge of A; and
A;j lies on straight line I'y; : lij(z,y) =
Li(z,y) = 0. Let Ty; = A;nAj and .
Lij(z,y) = aijz + bijy + cij.

Denote by R(z,y) the multivariate piece-
wise rational function whose restriction on Da
A; has the following form Fig.1

R(z,y) = Pfz,9)/Qi(z,y)

(ta(z, V(2 Whia(z.0)hs(z 0)) Y. ety
0<s+t<pu—1
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where p is an arbitrary positive integer greater than 1, and c,; ', ¢, ', ¢y 20 5ty »
are coefficients to be determined.

Definition 1 A partition is said to be of the type QUY if any of its grid-segments s not
parallel to the y—azis of given coordinate plane while a partition is said to be of the type
O 1s none of its grid-segments is parallel to the z—axis.

It is always possible for us to choose a proper coordinate system such that the partition
is of type (1* or ¥ since the number of grid- segments of a given partition is finite.

Take u distinct points t('J ) t(’k) and t(") on I_‘;j,f‘;k and T;; which are different from
the three vertices of A, respectively. Suppose ts,';j) = (xgj), ygj)), m=20,1,---, 0 — 1.

For a partition A of type Y, we give the following interpolation conditions on A;

RO = (i), m=0,1,---,p~1-mn=0,1,--+,p - I (1)

R = (8 m=0,1,-c,p—1-nn=0,1,-+,pu ~ 1 (2)

R(n)(t(il))._ (tl)’ m=0,1,---, p~-1-n;n=0,1,--+,p—1; (3)
(7) (s5).

RP(”) = fo; ()

RS“)(t"") fous (5)

RS0y = 18, (6)

where R,Sn) (ts;[’)) = —L——)-ag;;'” |(Z,V)=ts,';j) .

Theorem 1 n a partition of type OV, the bivariate piecewise rational function of the
form (A) satisfying the interpolation conditions (1)-(6) turns out to be a unigquely soluble
bivariate rational spline belonging to C*~1(D).

Proof We first point out that R(z,y) belongs to the space C*¥~1{D). Without loss of
generaity, it suffices to show R(z,y) is in C#71(A; U A;) for any two neighbouring cells
A; and Aj in D. From the constructure (A) we know R(z,y) on A; takes the following
form

R(z’y) = Pj(xay)/Qi(z’y)
= (la(e, k(e Wialz, sz, 9)* Y eyt

A 0<Ls+t<pu—1
+ (U@ 0)ls(2 Wlaw(@ Wi (z9))* S ¥aryt
0<s+t<pu—1
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+ Lz, Wlialz, W)igu(z, Vi (z, v)* D P zoyt
0<s+t<u~1
(7 (z’.y)lja (‘z, y)’jﬁ.(z: y))*
(t(()J) +t(1‘7)x+tg‘7)y)p

where l,(z, y) and lg;(z, y) indicate the outside boundaries of A, and Apg (here by bound-
ary l(z,y) we mean that [(z,y) is the linear form of the boundary). Therefore

H(z)y)/Qi(xay) - Pj(x)y)/Qj(x)y) B
= (la(z Vhie(z, ialz, sl 9)* D0 (8 — ) 2yt + 0 (i(z,9))*(0)

0<s+t<pu—1

It is natural to write

Y (- ) 2ty = @) + P (@il 0) + -+ AL (I 0,

0<s+t<pu~1

where an)(z) is a polynomial of degree uy —n—1,n=0,1,--- ,u— 1.
We get from (1)

a" (Pi(z7y) _ Pj(z)y)
Qi(z,y) Qj(z,y)

) I(zy) t(lJ) Om 0 1 . ,#—“ﬂ—'l;nzo’l,...’“_l. (8)

Let
Likap(z,y) = (la(z, Vlir(z, ¥lja(z, ¥)ljp(z, v))* .
The fact
Likap (25,'3), ys:;j))ng)(xs:;j)) =0,m=0,1,---,u—1
and
leaﬁ(zgi),ygi)) £0,m=0,1,---,p~1
imply

(P.(:c,y) Pj(z,y)
Qi (2) y) Qj(x: y)

Therefore from (8) we have pgij)(x(‘j)) =0,m=0,1,---,u-2, ie., pgij)(z) = 0. Similarly
we can also prove pgij)(z) = 0,-- ,pg’)l(z) = 0. Hence g" s — %:—’)’% = O [l;(z, y)]*
which verifies R(z,y) € CF~1(2; U A;). ’

We next prove (A) satisfying the conditions (1)-(6) is uniquely soluble. Since

R((Z’,Z)) = leaﬁ(xay) Z (U) z° t +0 [liJ(z y)]“

0<Ls+t<pu—1
= Likap(2,9) [p§7) (2) + 557 (@)lij(2,9) + - + BoN I (2,9)] + O [z, w))*

) |(=,V)=t5.‘;")— 'Jplj)(x(‘J))le ﬂ(xs:f), g;j)).
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where pr, ])(m) is a polynomial of degree u — n — 1. From (1) yield
pgj)(xs:;j)) = fr(ri,]g//leaﬂ(xg;j)’ yg.j)): m=0,1,---,p—1,

therefore pOJ )(:c) is uniquely soluble. Assume plj )(x) ‘(ij)(a:) are uniquely soluble,
then it follows from (1)
—('7)( (t]))

Pi+1

f'(':]kﬂ 2 [Liras (2 9) Shoo 87 (@)1 (2,9)] 1, et

(k+ 1)!b£‘J’L1L1kaﬁ(IS:3), o)

where m = 0,1,---,u — k — 2. Which means pk (:1:) is uniquely soluble. By induction,
the conclusion can be drawn that p(")(z) n=0,1,---,p—1, hence cgt ),O <s+t<p—-1,
are uniquely soluble. The unique solubility of c( ) and c( ) 0<s+t< p—1canbe

similarly established by means of (2) and (3). Finally we know from (4)-(6) that t(()) t( )
are uniquely soluble, which completes the proof of Theorem 1.
For a partition A of type 0%, given the following interpolation conditions on A;

R(n(t(11)~g(11)m:():ly"';ll'_n—l;nIO’I)"':/‘_1; (9)
Rgn)(tg:tk)):gs::r)n m:0)17°":#_n_1;"‘:0)1)"')“—-1; (10)
R(n)(t(d))—— (“)1 m:0,1,~--,u—n—l;n:O,l,---,u—-1; (11)
RU(57) =05, (12)
RYE™) = of,), (13)
RE(t§Y) = o), | (14)

where R{V(57) = ZrR(z,v) |, -0

Theorem 2 In a partition of type (1%, the bivariate piecewise rational function of the
form (A) satsifying the interpolation conditions (9)-(14) turns out to be a uniquely soluble
bivariate rational spline belonging to C*~*(D).

The proof of Theorem 2 is completely similar to that of Theorem 1.

Let a polygon D on the plane be partitioned in such a way that each cell of D is
quadrilateral (it is clear to require that the vertices of every quadrilateral lie neither in
the interior nor on the boundary of any other quadrilateral). For the sake of simplicity and
also without loss of generality, we suppose D is a rectangular domain and the partition is
uniform. Shown in Fig.2 is a retangular partition O of D. Suppose the common edge of
(OJ; and O, lies on straight line Ty, : ;;(z,y) = L;i(z,y) = 0. Let ';; = 0; N O;.
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Fig.2 Fig.3

Denote by R(z,y) the multivariate piecewise rational function whose restriction on [J;
has the following form

R(z,y) = Pi(=,)/Qi(z,9). )
= (I.‘ia(z’ y)ljb(% y)IjC(z) y)liu(x7y)liv (x) y)liW(x: y))“ z Cg;J)zsyt

0<s+t<u—1
+ (Iub (33, y)’ud(’-’: y)lue(z) y)liu (xa y)liw (:c, y)lij (z, y))“ Z cg’tu)zfyt
0<s+t<pu~1 .
+ (lve(z) y)ll)p_(xa y)luq (x) y)Ii‘w (1:, y)’l] (I) y)liu (z) y))“ Z .(:tv)zsyt
0<a+t<p~1
+ (g (2, W)lor (2, Yoo (2, Wi (2, Dhia(z, M (1) 3 eyt
0<3+t<p 1

+ (s 9)laulz, 9o (2, i (2 91/ [ (100102 90w (23 9) + 12 i (2, i (22 9)
+ tg)l,'uw(ﬂi,y)liwj(xy y) + t: Iiwj(x’y)l"j“(x’y)) ] !

(i5)  (iu) (iv) (iw) t(') (¥) t(')

where N is an arbitrary positive mteger greater than 1, c,;/’, ¢, ', ¢4 5 Cot s,
and tg) are coefficients to be determined, and l;;,(z,¥), liuo (2, ¥), livw (2, y) and l;y;(z, y)

denote the linear forms of the straight lines passing pairs of points t; ) and t( “) t(()m) and

t(()w), (()w) nd t('w), and t('w) and t(] ) respectively. Here t('J ) t("‘) t(w) nd tg v are the
four points given on four edges Tyj, P.u, T;, and Ty of rectangular cell (J; respectively as
shown in Fig. 3.

Take pu distinct points t(” ) S:Lu), ts,';") and tsﬁw), m=20,1,---, 4 — 1 not coincident with
the four vertices of cell [i; on F,-j, Ty, Ty and f;w respectively.

For a partition O of type (1Y, we give the following interpolation conditions on [;

RME) = f3) m=0,1,--,u-1-nn=0,1,---,p— 1 (15)
R,(,")(ts,';“)) ::f,(,';f:,), m=0,1,---,u—1-n;n=0,1,---,p—1; (16)
R‘(,")(tg:’))—-:f,(,’;',’,l,,m:O,l,---,p— 1-n;n=0,1,---,u—1; an
Rl(,")(ts,’;"’)) :..f,‘,i:‘,’), m=0,1,---,p—1-n;n=0,1,---,p—1; (18)



RW(e§M) = g8 RW Sy = {4, (19)
RW(e) = £, RS = 18, (20)
where B() = TReR |y

For a partition O of type 1%, we give the following interpolation conditions on 0O;

Rg")(tsg)) :g,(:;{,),, m=0,1,---,p—1—-n;n=0,1,---,u—1; (21)
Rg")(tg:‘)) =g$,’;',‘,l, m=0,1,---,u—1-n;n=0,1,--- ,u—1; (22)
RL")(tS:;")) :gs,';',’,),, m=0,1,---,p—1—-n;n=0,1,---,p—1; (23)
RM(EW) = glv), m=0,1,---,p—1—njn=0,1,---,p - 1; (24)
R ™) = ofl), RO = o5, (25)
RS = off), RO = of})), (26)

where R{ (7)) = 2560 )= -
Theorem 3 In a partition of type 2V (or type (1% ), the bivariate piecewise rational func-
tion of form (B) satisfying the interpolation conditions (15)-(20) (or correspondingly (21)-
(26) ) turns out to be a uniguely soluble bivariate rational spline belonging to C*~1(D).
We omit the proof of Theorem 3 for its similarity to that of Theorem 1.
The author is indebted to Prof. R.H. Wang for his guidance.

References

[1] Wang Renhong & Wu Shuntang, Jilin Daxue Ziran Kexue Xuebao, 1(1978), 58-70.(in Chi-
nese).

[2] Wang Renhong, Scientia Sinica, Math., 1(1979), 215- 226.
[3] R. Schaback, J. Approx. Theory, 7(1973), 281-292.

A

REEAHDSTRFEEREHE

IS
(BRI k2, 230009)

wm E

A ERLHE S {8 (7] B B - R f1 R. Schaback 32 tH 9, iff F R. Schaback % 5 s (7] 551 i} 35 1% %))
TR BRARN KRR, B0EREK LRI X, ELESHRTILRERB RN EE
AERRRBGEBTF T RBEXKE T BROEE. BEELTHE FRIBBMRER? A

TR T 5 28 B FERE TR 0 = A B 4 FI 0 0T 3 4 B oL T LRSS R £ 0
HER WEEIED T Rt v — .



