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An Answer to the Question by K.L. Chung”®

Qian Jin
(Dept. of Math.,Nankai University, Tianjin, 300071)

Let P = (p;;) be the transition probability matrix of a Markov chain. A probability
distribution v° is called to have a history of length of n w.r.t P, where n € N, if there
exists a probability distribution v™" such that v™"P" = v°. If for any n € N,v° has a
history of length of n, then we say that v has a history of infinite length w. r. t the
transition probability matrix P.

Can a probability distribution have a history of infinite length? This question was
raised by L.K. Hua. The following result was proved by Chung|1}:

For a finite MC with transition probability matrix P = (p;;),the probability distribu-
tion v° has a history of infinite length if and only if v° is periodic, namely, 3d € N, such
that vP4 = v°. Chung asked if the above result is still true for an infinite MC?

Unfortunately, we have the following counterexample:

Let the state space be the set of all integers, and the transition probability be as
follows:

1 1<0,and y=1+1
P = 1/2 ¢+>0, and j = —+
1 i>0,andj=i+1

The following graph shows the transition:

e o< S

It is quite obvious that any two states communicate. Let v = {v,,,m € Z}, where
v = 1/3 X 2™ we can verify that vP = v. Hence the state space forms a positive
recurrent class by Theorem in [2]. Now let v = {6}, m € Z} where
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[ 1 ifn=m
1 0O ifnétm
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Then it is easy to see that v™"P = v for all n > 1. Thus v? has infinite history but it is
not periodic.
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