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Solution to the Modified Anisotropic
Heisenberg Spin Chain’®

Tan Shaobin
(Inst. of Appl. Physics and Computational Mathematics, Beijing,)

Abstract In this paper, we deal with the global existence and uniqueness of smooth
solution to the modified anisotropic Heisenberg spin chain.

§1. Introduction

In the recent years, there has been a tremendous amount of papers coincerning the
solvability to the system of Heisenberg spin chain [1-3] and the system with Gilbert damp-
ing [4-6], which are important equations occurring in the domain of solid state physics.
From the physical view, an interesting problem for certain integrable equations is that
some of them do possess a similar but slightly different integrable form known as the
modified form. In [7], Archan, K.De, et. al., proposed a modified equation for the system
of Heisenberg spin chain, i.e.

1
Zi= ~Z % Zyz ~ 5{2(Z,BZ)}z + (e + B)Zs, (1.1)

where Z is a three-vector {Z;(z,t), Z2(z,t), Z3(z,t)} coupled by the constraint on initial
data (magnetically saturated condition):

Z%(z,0) + Z%(z,0) + Z2(z,0) = 1, for z € R?, (1.2)

a is an arbitrary constant, B = diag(by, by, bs) and b;(r = 1,2,3) is constant, (a,b) denotes
the scalar product and (a x b) denotes the cross product in R®. One can easily see that
the modified system (1.1) becomes usual Heisenberg spin chain if « = 0, B = 0.

In this paper, we study the existence and uniqueness of smooth solution for the system
(1.1) with the following initial-boundary conditions:

Z(z — D,t) = Z(z + D,t), fort >0,z € R".

(1.3)
Z(z,0) = Zy(z), for z € R,
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where D > 0 is a constant, the initial data Zo(z) satisfies the magnetically saturated
condition (1.2). For the usual system of Heisenberg spin chain, one can establish maximum
bound and gradient estimate in L? without any difficulty [3,4]. However, we shall find in
the sequel, that it is much more diffecult to establish the correspondent estimates for the
modified case (1.1).

For simplicity here e.g., we shall omit some well-known procedures , the local existence
of smooth solution for the initial problem (1.1) (1.3), and some similar and standard
calculations and deductions, there are refered to [3] [4].

By I?’"(Q), we denote a Sobolev space with norm:

7 OFu ~
0y = oo + 3 192l < 00, for w e A™(2),
k=1

where 1 = (=D, D),m > 1 is an integer, || - ||,(1 < p < o0) denotes the usual norm

- ey
Now, we state the result of this paper

Theorem 1.1 Let o, bi(i = 1,2,3) be given constants, and let Zo(z) € H™(R) satisfy the
condition (1.2), (m > 3). If D > 0,T > 0 and j,s denote nonnegative integers, then for
the problem (1.1) (1.8) there exists a smooth solution Z(z,t), such that

(a) |Z(z,t)] = 1, for z € Q,t > 0, and ||DiDSZ(-,t)||z < const, for t € [0, T with
1 <25+ s <m, and the constant depends only on D,m,T,« and B;

(b) +f Z(z,t) and W(z,t) are smooth solutions of (1.1) (1.8) with the same initial data,
then Z = W.

§2. A Priori Estimates

Throughout this section, we assume that the initial data Zo(z) satisfies the hypotheses
of Theorem 1.1. D and T denotes arbitrary positive numbers.

lemma 2.1 Let Q= (-D,D), and Z(z,t) € Lw(O,T;ﬁm(ﬂ)). Then we have

|Z(z,t)l =1, forzeQ,t>0. (2.1)
Proof We multiply (1.1) by Z(z,t) and integrate over {2, we get
1, ., 1, . 1, o, o 1
Set V = |Z|? - 1. The above identity may be rewritten as

1
Vi= - 3Va(2,BZ) - V(2,BZ), + Vs, (2.2)
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From (1.3) and condition (1.2), we see that
V(z - D,t)=V(z+ D,t),V(z,0) =0, forzeQ,t>0.

After integration by parts, (2.2) (2.3) gives

d 3 3
— V(03 = —S0aV*(Z, BZ)adz < SI|(Z, BZ):lleollV (-, t)I3-
dt 2 2

(2.3)

Thus, by using Gronwall inequality, (2.1) follows immediately from the above inequality.

Lemma 2.2 Let Z(z,t) € L®(0,T; H™(Q)), then we have
i{/ |z,|2dx+/ Z,-(Z x BZ)dz}
dt “Jn n
- / ((Z x BZ,) +2(2, x BZ) + B(Z x Z,)} - f.(2),
Y]

where f(Z) = —1Z(Z,BZ) + (o + B)Z.

Proof If we multiply (1.1) by Z,, and integrate over {1, we have

1d , 1
1d - e - 7 Vd
2dt/n|Z=| dz /nZ” (512(2,B2)], - (a+ B)Z,)da
- _3/ |Z.|*(Z, BZ).dz,
4/n

where we have used the integration by parts and the identities:
Z-2,=0, Z-Zp = —\|Z|.

On the other hand, we have
d
~-/ Zz-(ZxBZ)dx:—/(Zsz)-BZt—Z/(szBZ)-Zt
dt Ja n 0

—/(ZXBZI)'Zt:II+Iz+I3,
0
where

11:/ﬂ(Z><zz)-B(zxz,,.),—/n(zXzz)-sz(Z)

:—AwaLthL
and

12:2/0(4 x BZ) - (Z X Zu) — z/ﬂ(zx x BZ) - f+(2)

- 2/0{(z - 2,)(Zss - BZ) — (Zs - Z22)(Z - BZ)} - 2/0(2, x BZ)- f+(2)
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- / \Z,[2(Z, BZ).dx - 2/ (Z, x BZ) - f.(2)dz, (2.9)
Y] Q
and the third term

j /n(z X BZ,) - (Z % Zu3) — /n(Z x BZ,) - f.(Z)

= / {]Z‘2Zzz N BZz - (Z . sz) : (Z ) BZ:)} - [ (Z X BZI) '.fz(Z)
14} Q .

“

> 122, 82).dz - [ (2x BZ2)- 1.(2)da. (2.10)

il

In the above identities, we have used the facts:

A; x (A x A3) = (A1 Asz)Az — (A1 - Az)As,
(A]_ X Az) . (A3 X A4) = (A] . A3)(A2 . A4) - (A1 . A4)(A2 . As),

and .
(A1z, BA;) = ‘2‘(A1; BA1)z,

for A; € R®,i =1,2,3,4. Hence, (2.7) gives
i/ Z.-(Z x BZ)dz = §/ \Z,*(Z, BZ),dz — / (B(Z x 2:) +2(2, x BZ)
dt Ja 2Jn n
+(Z x BZ;)} - f:(Z)dx. (2.11)

Combining (2.11) with (2.5), we obtain the desired identity (2.4).

Corollary 2.1 We have
WZz(-,t)|l2 < const, (2.12)

where the constant depends only on D,T,a, B and the norm || Zp;||2.

Proof By virtue of Lemma 2.1, the estimate (2.12) can be easily deduced from the identity
(2.4).

Lemma 2.3 Let Z(z,t) € L™(0,T; H™(Q)), then we have

d 5 5
—{/ | Zzz|?dz — —/ | Z|*dz + —/ Zew - (Z; x BZ)dzx
dt "Jq 4 J/q 3Ja

*? [ 2o (2x BZ)da - g/n(z, BZ)(Z X Z.2) - Zodz}
_ R, (213)
where R(t) is such that
|R(&)] < const{||Zz2(,t)I[Z + 1Z:(-, )G + 1},

for t > 0, and the constant depends only on Q, a, and B.
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Proof Notice that the result of Lemma 2.1, we see that
Z-2:=0,2 24y = ~|2:|*, 2« Zozz = —3Z¢ + Zss. (2.14)

If (z,t) € S = {x € Q,t € [0,T];|Z:(z,t)] # 0}, then by use of the orthogonality of the
three vectors Z,Z, and Z X Z,, we have

Zoz =aZ + B2+ 2 X Z, (2.15)

where

o = _IZ::IZ,,B =2 Zzz/|Zz|2;'7 = (Z X Za:) . Zzz/lzzlz-

In what follows, our intention is to proceed by checking the terms in the left hand side
of (2.13) in several steps.

Step 1 Applying the identities in (2.14), and integration by parts, we have

d 1
—/ |2, Pdz = 2/ Zaw (=2 X Zuw — ~{2(Z,BZ)}s + (¢ + B)Ze)as
dt Ja aQ 2

=2 [ Zowa+ (2 X Ze)dz — [ Zoe {2(2,BD)}uruds, (2.16)
Q Q
where, by use of (2.15) and (2.14)

2 /n Zzzs (25 X Zyp)dz
= 2/an AZy x (aZ + BZ, +4Z x Z,)}dz
= 2/n (Z (2 X Z;) - Zyzodz + 2/{1(2 X Z3) + Zya(Z + Zzzz)dz
— 2 [ 12 (2 % Zua)adz - 2 [ (212 x Zua)(~ 5| Zuf")uds
= —5/n \Z2)2 22 - (Z X Zyz)zdz
=5 [ 1212, (2~ £.(2)ude

5 d
== | 1z 1%dx — 127 .
4dt/n'Z’| de 5/012,, Z, - fon(Z)dz,

and

- / Zun- {2(2, BZ)}seadz
0
- —/ Zon - {ZosalZ, BZ) + 3Z20(Z, BZ)s + 3Z2(Z, BZ)sn + Z(Z, BZ)s2s)
N

5 5
= —212l}(2, B2)odz + - [ \Z:[H(2, BZ)ead
Q
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Therefore, (2.16) gives

d 2 5d 4 5/ 2
<o _24 dz = —= | |Z:2|*(Z, BZ),dx
G [ 1Zalds = 35 [ 1200 = =3 [ 1202(2, B2)ede
5
+3 / |Z:|*(Z, BZ)z22dz — 5 / |22 Z2 - f22(Z)dz, (2.17)
N 0

where f(Z) = —%Z(Z, BZ)+ (a+ B)Z.
Step 2

4 [ Zae (2 x BE)IE = =2 [ Zut- (2, x BZ)iz
dt Jg n

- / Zut - (Ze x BZ,)dz + / (Zes X Z.) - BZ:dz, (2.18)
Q Y]
where

2 /n Zat - (Zss x BZ)do
- —2/0{—z X Zaz + fo(2)}s - (Zos X BZ)dx
- 2/ (Z X Zezs) - (Zun x BZ) + 2/ (Zs X Z2z) - (Zse X BZ)
0 . 9]
2 /ﬂ foe(Z) - (Zon x BZ)
= 2/{;(Zzz; BZ)(Zz - Zz:n) + 2/{;(Zzzz7 BZ)(Z : Zzz)
-2 /n foe(2) - (Zes x BZ)
3
= —5/; |Z:|*(Z, BZ) yzpdx — s/ﬂ(z,,Bz,)(zz-z,,)dz

o / foo - (Zon x BZ)dz, (2.19)
0
the second term in the right hand side of (2.18)

—/ Zut - (Zo x BZ,)dz = —/{—z X Zs + f(2)}a - (2 x BZ:)de
N N
- / (Z X Zazs) - (%o X BZs)dz + / (Ze X Zoa) - (Ze x BZ;)dx
9] 0l

- /ﬂ fonlZ) - (2. x BZ,)dz
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1 1 .
=3 /n |Zeal(2, BZ)udz - | /n |Z[(Z, BZ)s2ad

+ / |Z,[*(Zs, BZ2)odx — / f2e(Z) - (Z2 X BZy)ds, (2.20)
o , !
and the last term in the right hand side of (2.18)

/n (Zew X Z.) - BZidz
- /n (Zox X Z2) - B(—Z X Zoz + fo(2))dz
- /n{zz x (@Z + B2 +2Z X Z)} - B(Z X Zsy)dz
+ /n (Ze x Z2) - Bfo(2)d
- f (Z X Z2) - Zea{Z - B(Z X Zuz)}ds +/ 1Z21(Z X Z2) - B(Z x Zsy)dz
n 0

+ / (Z2x X 2Z;) - Bfz(Z)dz. , (2.21)
Y] -

Combining (2.19)-(2.21) with (2.18), we obtain

d
_ Z::z .
. /ﬂ (Z. x BZ)dz
1 2 7 2
_1 / |Zoal?(Z, BZ)odz — / |2, |*(Z, BZ)snadz
2Ja 4 Jn
+/ (Z x 2,) - Z22{Z - B(Z X Z;;)}dz + 5/ |Z.|*(2;, BZ;).dz
¥ 0
+/ |Z.P(Z % Z2) - B(Z X Z22)dz — 2/ fon - (Zew X BZ)dz
[§] 9]

_/ fzz : (Zz X BZz)dIC + / (Zzz X Zz) . szd.’l,'. (2.22)
Q0 n ‘

Step 3 Repeating some similar calculations as for (2.16) (2.17) in Step 1 and Step 2, we
can check that

d
- /n Zun- (2 x BZ,)do
_ _/ 2,22, BZ),,des/ |2, 2 Z,, - BZ,dz
N n
+ /n Zaz - {fo(2) x BZ,}dz /n foe(Z) - (Z X BZe)udz
- /n foa(Z) - B(Z X Z42)dz, (2.23)
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and

%/Q(Z,BZ){(Z X Zop) - Zs}dz
- 2/Q|zm|2(z,33),dx- %/ﬂ |2, ]2(Z, BZ)ssadz
+2/ (Z X Z2) - Zs2{Z - B(Z X Zyy)}dzx
0
+§/ﬂ VANVA BZ)zdx+2/nfx(Z) “BZ{(Z X Zyz) - Z;}dz
+/Q(Z,BZ)(Z X Zan) - fun(Z)dz + /n(Z’ BZ){fo(Z) X Zus}dz

- /ﬂ f22(Z2)-{(Z2,BZ)Z;}dx. | (2.24)

Finally, combining with the four identities (2.17) (2.22) (2.23) and (2.24), eliminating
the terms: [ |Z::\*(Z, BZ).dz, [|Z221*(Z,BZ)szzdz and [o(Z X Zg) - Zp0{Z - B(Z x
Z.z)}dz in their right hand side, we then obtain the desired identity (2.13).

Corollary 2.2 We have
1Z2z(-,8)|l2 < const, forte[0,T], (2.25)
where the constant depends only on o, B, D, T and the norm || Zozzl2-

Proof From the identity (2.13), by Holder inequality and the following interpolation
inequalities

1 Zelle < Cl1Zuala + 1Ze1) 1260 1 Zells < C1Zeella + 12:112) 12213,
we can easily obtain the estimate (2.25).
Lemma 2.4 Let Z(z,t) € L°(0,T; H™(Q1)). Then we have
DT Z(-,t)|l2 < const, forte|0,T], (2.27)
where the constant depends only on o, B, D, T and the norm || DI Zs||5.
Proof We shall verify the estimate (2.27) by induction. Assume that

IDLZ(:,t)]

2 < const, fort € 0,7 (2.28)

with 2 < j < k, where the conatant is allowed to depend on the norm 'lDiZo”Q. We shall
then prove that (2.28) holds for y = k + 1.

If we differentiate equation (1.1) (k + 1)-times with respect to z, and multiply the
result equation by D t1Z(z,t), then

d
SIDEZ(, 013 = 2/ D27 . DK(Z x Zzz)dx+2/ DYz . DEYR[(Z)dz.  (2.29)
9} 9]
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The second term on the right of (2.29) may be bounded as follows:

2/ Dtz . D¥?f(Z)de
Q

= 2/ Dz D’;”{—%Z(Z, BZ) + (a+ B)Z}dz
0

k+2
= — Z/ D1z . DIz Dkt 1(Z BZ)dz
‘0 0

= —/(D';“Z-Z)D;‘“(z, BZ)dz
0
-(k+2)/(Df+lz.zz)D';+1(z, BZ)dz
2
—~ / (D¥*'z . D¥*2Z)(2,BZ)d=
0

—(k+2) / (D¥1Zz . D¥12)(2,BZ).dz
0

k

- Ci+2/ (D¥*%z. DiZ)DE?9(Z,BZ)dz
- o
=2

k+1 . .

== jc,i+1/ (DiZ - DE** 1 Z)DE*Y (2, BZ)dx
: 0
7=1

~(k + 1)/(D:“Z-Zz)D’;“(Z, BZ)
0

3
—(k+ 5)[ |\D¥*1Z2|%(Z,BZ),dz
N
k . ' '
- ZCIZ-H/ (D:HZ : D';Z)D:+2_](Z, BZ)dz
- 0
=2

< C{1+ D32 (-, 1)1z}, (230)

where we have used Corollary 2.2, the interpolation inequality:
1
| IDEZll0 < C(I DEY 21 + 1| DEZ]2) 2 | DE 2] 2,
and the following identity:
k+1 ) i
Z-Di?z=-%"Cl, Diz-Di?* iz, (since Z-Z,=0).
i=1

We now consider the first term on the right hand side of (2.29)
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2 / D¥?Z . DX¥(Z x Z,,)dz
0
7 k - . .
=23°¢f [ DEVz.4(Diz) x (D5 2))ds
. Q
=0

=2 / D2z . {Z, x D¥"1Z}de
0

N ,
L +2) - Cy /n D2z . {((DiZ) x (D¥**7 Z}dz, (2.31)
=2 -

where the second term on the right hand side can be bounded as in (2.30), namely, we
have

k .
22(’:’:/ D¥?7 . {(DiZ) x (DE?71Z)}dz < C{1+ |DEV Z(,1)|13}. (2.32)
j=2 0

In order to bound the first term on the right hand side of (2.31), we note that

D17 =o'Z+ 3'Z, +~'Z x Zy, for (z,t) € S,

where . .
o =Z-Df'Z=-3% CiDiz D'z, = (2. DEV' 2)/|Z. [,
. i=1 )
and ' = (Z x Z,)- D¥*1z/|Z,|*. . .
We have

2 f D¥27 . (7 x D¥1Z}dx
0 .
= z/ DM2Z (2, x (' Z + ' Z x Z.)}dz
1]

= 2/ D1z . {d'Z x Z,},dx + 2/ '1Z:|*(Z - D¥*?Z)dx
Q 0

k
= —220,"/0 DIz . ((Diz - D¥YIZ)Z x Z,}.dx
=1

kvl . .
~2)Clyy [[(DiZ- DX I2){(2 % 2.) - DE 2Yda
: Q
1=1
< C(1+|DF*Z|[3). (2.33)
Consequently, we combine (2.30)-(2.33) with (2.29), and obtain

d. . -
FIDsTZijE < const (1+|D;712),
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for t € [0,T], and Gronwall inequality gives the desired result.
Corollary 2.3 We have

”D{D;Z(-,t)”z < const forte [0,T]

with 1 < 27 + s < m, here the constant depends only on o, B, D, T,m and the norm
1Dz Zoll2-

The uniqueness of smooth solutlon for the problem (1.1) (1 3) can be proved by stan-
dard L?()-energy estimate, which is omitted.
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