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Let a, > 0,k € N(N be the set of all natural numbers) for any f € Lp|0,1],
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Mn (aﬂ)fax) (n+k+a") 'go 0 f(n+k+an

+y1+ -+ ye)dyidys - - dye Prji() (1)
where P, ;(z) = ( ? )zt (1-z)"* 1 =0,1,2,...,n. M,(,k)(a,,, f,z) is called the generalized

Bernstein-Kantorovich polynomials of f. Obviously, when & = 1,a,, = 0, MP (an, f,z) is
Bernstein-Kantorovich polynomials of f. We have investigated the rate of convergence of

| MEN (an, f,z) — f(@)lLplay) O<a<ar<b<b<l

in terms of the modulus of smooth

W2,P(f:h7 [aab]) = Oiljgh Ilf(.’l: + T) + f(:l: - r) - zf(z)HLP[‘H""b_"] (2)

Theorem 1 For M,(,k)(an,f, z) defined by (1), we have
M¥)(an,1,2) =1

1
M,(l")(an,t ~z,z) < + on

n
M (e, (¢~ 2)?,7) = -+ (22)?
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Proof The proof is trivial.

Theorem 2 Let f € Lp[0,1], 1 < P < 00, |a1,bi] C [a,b]. Then for any 1 >0

M @ et - it = OL(22) 71 (2

)1 zelab]
Xabl = 0 z¢ [a,b]

Proof For u ¢ [a,b],z € [a1,b1] we have ju—=z| > § > 0. For P > 1, by Holder inequality,
since M\ (ctn, ) is uniform bounded positive linear operator, then

where

HM’(lk)(a"’XC[a.b]f)“LP[ﬂl by]
< (M (0n, |xcla gl 2)) oo - (M (e, (117, 2)) P11
< Calkm){(222) " E e

Choosing m = 2!, we complete the proof for P > 1. For P =1

HMr(zk) (an, Xcla.p) f)“Lp[ax,bz]

1
< (n+k+an)n_l/u+k+q"“' { max P(n,k,on,y1, -, 4k, )
0 a;<z<h,
n+1 \
Xewn) (1) 3dy2 - dyel| fllL- y1 € [yz + -+ wk, PSS L 1)
n
for y; & [a,b],z € [a,b], we have |y; — z| > 6 >0
alrgffb,P(” ky oyt Yy )X cpuay (1)
1
< o k+ oy — i
< 5m(n kb an)e(m) o max Puiz)
<elk,m)n™ yrelyp oty ——— . Syttt L] B
+k-+— n+k+an

we have
”‘Mr(ik)(anv Xeiub] f)”L[a, bl
- k-1 w4 kl-+-ur,, 1 m
<(n+k+ay) <~ {{max max P, (z) m]yl —z|™(n+ k+ an)}
0

0<i<na,<z<b,

dyy - dyll fllL < e(k,m)n ™ f|lL,

where y; € [y2 + -+ -+ yg + m,ygqt c Yy + ]. Choose m =1+ 1 we obtain

the proof for P = 1.

n+k+a

— 238 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



e,

Theorem 3 For 8> ~ > 0, there exist constant ¢ = c(k, B,7), such that for any | and t
(t>0)

filw) % { lu—t[7 jt—n|> In:i
0 [t —nj <ln"32
M) (n, fe(w),t) < ok, B, nH {14+ n75 (14 an)f) @
Proof Since |u—t| > In"3, we use Lemma 3 of (2] and obtain
MO (e, (0, 1) < UF M i i~ 7 () 1)
< B ok, ()P + )

< e(k, B)"Pn~ 2{1+n“’/2(1 + an)}.

Y +n

Theorem 4 For any f € Lp[0,1],1 < P < oo, there ezists a function gi,g) € Lpla,b],
such that

1f = ghllzsian < gwap(f,h [a,B), (5)

and

lghllzriab) < hwx p(f,h,[a,b]),
thIILP[a.b] <h” wz.P(f: s {a,b]) (6)
Proof By [1], in fact only if let

3

h .
1 2 [2
gn(z) = —2—;‘—2/_2/_1 |f(z+u+v) = f(z - u—v)|dudv.
2 2
Theorem 5 Let f € L2[a b]. Then

8 (an, f,2) = f(2)]

1+a
= ——{1 (1-22) - azf'(z) + ;2(1 - 2)f"(2)} + o(1), ™)
untformly for z.

Theorem 6 Let f € Lp[0,1],9 € ¢?, supp g C [a,b]. Then we have

| < M{P(an, f,2) = f(2),9(z) > [ < c(liglle + ll9"llc + llg" ) f Lo (8)

1+an

Proof Using Taylor’s formula, we have

< M) (an, £,1) - f(1),9(t) >

' 'y "ETan
-, 1@ewa+ (3t ke | N e

n
1+ a,
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+yr+ -+ vl +y1+ e+ ye) Pag(t)dyr - - - dyg - dt}

1
n+ k+ a,

+ {/li( +k+ )"/m%:' /f( : Fyr oo+ )

14 a, 0i=0n On 0 n+k+ o, Y1 Yk

' J 1
I\ T E T o t— —————— —y1 =+~ Yp) Pni(t)dys - - - dyidt
g(n+k+an+y1+ + yi)( ntk+ o V1 Yk) Pni(t)dys yrdt}

n 1z n+kl+an 1.
+———--/ S (n+k+ nk/ e f— oyt
2u+a0{oﬁﬁn+ )" | e Ty e)

» " — —-—————_l — — 88— 2 . LY
g (6)(¢ P Y1 Yi)“Pri(t)dyy - - dydt}

=L+ I;+ Is.

For n sufficiently large, then I} = c]]g||c||f||L,,[0,1], [I] < c(k)||fHL[o,1]Hg'Hc.
In the same way we obtain I3 < c(k)||g"|lc[|f]|z[o,1), complete the proof of Theorem 6.
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