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Axiomatizing Trigonometry *

Ying Zhiyi
(Dept. of Math., Shanghai Teachers University , China)

Abstract In this paper, two axioms for cosine function are given and the well-known
definitions defined by power series as well as by the arc length on a unit circle have
been obtained. Obviously the latter implies both axioms. Thus the two axioms given do
constitute a characterization for the cosine function.

F € Rp is a cosine function if it satisfies
Axiom I Ja Vz,y,(F(z —y) = F(z)F(y) + F(a+ z)F(a + y));

Axiom II lim E—(fi——i_—z) =

z—0 x
Definition I G(z) = Dy — F(a + z) 1s called a sine function
Axiom I Vz,y(F(z - y) = (F(z)F(y) + G(z)G(v));
Axiom II’ lim G(=)
z—0
Theorem 1 38, (F(B) #0).
Theorem 2 (1)Vz(F?(z) + G%(z) = F(0)); (2)y = F(0) = F*(8) + G?*(B) > 0.
Theorem 3 (1IG(0)] = (1 - +2)% (2)y € (0,1].
Theorem 4 Vz(F(-z) = F(z)).

—-1.

=1.

Proof Vy,z(F(y—2)=F(z-y)).
Theorem 5 (1)G(a) =1;(2)y=1.

Proof (1)Vz(G(z) = —F(a+ z) = —F(a)F(-z) — G(a)G(~1)), Vz(G(~z)= —F(a -
z) = —F(a)F(-2) - G(a)G(z)) = V2(G(z) - G(-z) = G(a)(G(z) — G(-=))),Yz (G(=)
= G%—(x)Jr:; Vz(F(z) = F(3)F(-3) + G(3)G(-3) = F*(3) + G*(3) = v) =

lim —= 1%

z—0

" = 00® = G(a) = 1.
(2) 12 r=F*a)+G?*a)>1.
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Theorem 2’ Vz(F?*(z)+ G*(z) = 1).

Theorem 6 Vz(G(-z) = —-G(z)).

Proof G(-z) = —F(a -z} = —F(a)F(z) - G(a)G(z) = ~G(z).

Theorem 7 Vz,y(F(z + y) = F(z)F(y) — G()G(y))-

Theorem 8 Vz(G(a + z) = F(z)).

Proof G(a+z)=—-G(—a—z)= F(-z) = F(z).

Theorem 9 Vz,y(G(z * y) = G(z)F(y) + F(z)G(y)).

Proof G(z+y) = —F(a+z+y) = — F(a+z)F(y)+G(a+z)G(y) = G(z)F(y)+ F(z)G(y).

Theorem 10 (1)Vz { g (2na+z)= (—1)"{ g (z);

F o nl G
(2) Vz { G 2n+1a—z)=(-1) { P (2)-
Proof (1) F(2(n+1)a+z) = -G(2n+ la+z) = —F(2na + z).
Theorem 10 entails that F,G are periodic functions with periodicity 4a.

Theorem 11 Vz,y, (1)F(z)F(y) = H(F(z - y) + F(z + y)); (2)G(z)G(y) = 3(F(= +
v) = F(z = y)); B)G(z)F(y) = 1(G(z +y) + G(z - y)) .

Theorem 12 Vz,y, (1)F(z)+ F(y) = 2F(ZY)F(5Y); (2) F(z) - F(y) = —2G (=)
G(%53%); (3) G(2) + G(y) = 26 (") F(57).

Theorem 13 (l)lirr‘x) G(z) =0; (2)lim F(z) = F(z0); (3) lim G(z) = G(zo).
- T—Xg T—ZIq

Theorem 14 Vz, (1)F'(z) = -G(z) = F(a + z); (2)G'(z) = F(z) = G(a + z);
(3)F")(z) = F(na + z); (4)G"(z) = G(na + z).

Theorem 15 Vz, (1)F(z) = L& (~1)" Gays; (2)G(2) = T (- 1)" vy
(3)e'* = F(z) + iG(z).
Theorem 16 316 >0, (F(8) =0AVz e (0,5),(F(z) > 0)).
Proof Let S = F~1(0)n[0,|a|] which is a non-empty closed bounded set
= 3N§=ASe€S= F(§)=0A6>0, Ine(0,6),(F(n) <0)
= Je € (0,n] € (0,8),(F(e) =0) ®.
Theorem 17 46 is the least positive period of F and G.

Proof (1)F(25) =2F%*(§) - 1= -1,G(26) = 0= F(46) = 2F%*(26) - 1=1,G(48) =0
=>Vz, (F(46 + z) = F(46)F(z) — G(46)G(z) = F(z)) => 44 is a positive period of F.
(2) Vz € 2(0,6) G'(z) = F(z) > 0 = G(z) /= G(z) >0, F'(z) = -G(z) <
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0 = F(z) \\=> F(z) € (0,1),3¢ € (0,46)Vz € R(F(e + z) = F(z)) = § € (0,8) A
2(2F%(5)-1)*-1=F(e)=F(0) =1
= F*(5)(F*(§) 1) =0=> F(§) =0or 0 or £1Q.

Theorem 18 (1)C : :_:_ ggg } — t = the directed arc length joining Tp = (1,0) and
T: = (F(t),G(t)) on the curve C;

(2) 6§ =x/2.

Proof (1)ig,1, = /: (%)2 + (:ii—!t/)zdt = /Ot VG2(t) + F2(t)dt = t.

(2) 46 =17, = 2.
It means that the functions F,G coincide with the functions cos and sin respectively,
i.e.. The function cos is uniquely determined by the axioms I and II.

BERNREL
B R

(s k28K 200041)

m £

g G R /N B
NE1 3a Vr,y (F(z-y)= F(z)F(y) + Fla+ z)F(a+y));
Fla+z) _

A2 lim 1.
z-+0 T

MRRBoa=x/2, WARIZBR=MPPHEEHE FIGELIEN

2 2n+1

E®R15 Vo (1) F(z) = Z&(-1)"Gmn () Fla+2) = T8 (=1 gy (X A me
ENE-Fla+z) 5HG(2),(2) BMG(z) WEHz H X )

%16 31 §>0 (F(§)=0AVze(0,8)(F(z)> 0)).

z=F(t)
EE18 (1) C{ v =G(t)
K;

(2) 6=73.
BIALXBI2ENFROVBAORZ B E XHEFLHE L. (W Dr.Konrad Knopp)
heory and application of Inpinitc sehies (Frist English Edition 1928; Second English Edi-
tion 1951)).

} —t=C LW To=(1,0) 5T, = (F(t),G(t)) 4 1 %
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