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1. Introductions

For a function f € L,[0, 1], the n-th Bernstein-Durrmeyer operator is given by

n

Dn(f,z) =) (n+1) /01 f () Prk(t)dt Py (),

k=0

where z € [0,1] and P, x(z) = k(1 - )n k.

n
k

In this paper we use the following linear combinations of the operators { D, } to char-
acterize Besov spaces of Ditzian-Totik type.

Definition 1.1 The operator Dy ,(n,r € N) is defined by Dn.(f,z) = Z Ci(n)Dn,(f,x),

where C;(n) and n; satisfy the following conditions:
2r—1

(1) no=n<n;<---<ng-1<Kn; (2) L[C

2r—1 2r 1
(3) Zc (n) =1, (4) ZC(n p=1,2,...,2r—1,
where K and C are constants independent ofn

For 1 < p < oo, weighted Sobolev spaces are given by

W, ={g € L,[0,1] gD ¢ A.Cloc.,|lgllwy , < oo},

where p(z) = /(1 — ), lglws., = llgllp + ll"g(")||,. The Besov spaces of Ditzian-Totik
type discussed in this paper are defined by Lizhong Peng and Ding-Xuan Zhou [6] as
B:"i 1= (Lp, W5 p)e,q, where 0 <s <r, 1< g < oo.

1272 T

The K-functional of Ditzian-Totik type is given by

Korlf,t)p = gt (IS = allo + llallwy, }-
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It was proved in {2], for 1 < ¢ < o0, and n,r € N,r > s > 0, that

feBs'q ‘:"’/ (™ Kpr(f,t)p)? El‘f<°°'

112

We will show, for 1 < p < 00,1 < ¢ < 00, and n,r € N,2r > s > 0, that

N S 1,1
fe B, > {X nFIDns(f) - fl1"-} 3 < co.
n=1
2. Lemmas for Bernstein-Durrmeyer Operators

In this section M is a constant independent of n or f. The following two lemmas were
proved in [3].

Lemma 2.1 For f e W2, and 1 < p < oo, we have H(pz'Ds,zr)(f)Hp < le? £@),.

Lemma 2.2 For f € L,[0,1] and and 1 < p < oo, we have ||¢>2'D,(,2')(f)||p < Mn7||f]l,-

By the above two lemmas and taking infinimum in f € Wsprp’ we can easily prove the

following theorem.

Theorem 2.3 For 1 <p<oo,f € Ly0,1],r € N, we have
||Dn,r(f)||wg(,, SMn Ko or(f,n7")p.
Lemma 2.48% For 1< p < oo, € L,[0,1],r € N, we have
[ Dnr(Hllp £ MKy 20 (f,n77)p.
3. Main Results

In this section we will prove the following results.
Theorem 3.1 For1<p<o0,1<qg<oo, andletr € N,2r > s> 0, we have
s 1.1
feBl, < {ni_j nE 11 Dnr(f) = fllp)? =} 4 < 00 5.1)
A n_;"E[Dn,r f,z) = f(2)] € 1(Ly).

Proof First we prove the direct result of (3.1). Using Lemma 2.4, we have

) 1 oo 2kt1_3 .
L[’””Dnr(f f”p]q; < Z Z {nEMKthr(f:n-r)p]qn_l
n=1 k=0 n=2k
< Z[z(Hl)%MKspﬂr(faZ—kr)p]q ’
k=0
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< Mz /2 (5 Ko (10,1
~ rln2 —(k+1)r AL

<

s (M / [ 5 K501

< ©00.

We now prove the inverse result of (3.1). We take a constant A € N, which will be
determined later. For k € N we take n; € N, which satisfies the following conditions:

(1) A v < ng < A" (2)”an,r(f) - f”P = _,L__lmin x | Dir(f) = fllp-
A7 <I<AT

By Theorem 2.3 we derive by induction

AF Kpar(f,A™)y < AF|f = Dayr(llp + MAE PniK, o (f,n5"),

< AF|S = Dopr(£)llp + AHEF DML = Do (Nl
+ M*n,_ Ky 2. (f,n571)p)
S .
ke L4 =
< A|f = Dupr(Nllp + A3 ML 4]lf = Doy r(Dlls
=1
+Mkn; (p,2r(f7n;r)P]
< At Z(MAZ' l) ["k lf = Dn,_ wr(Dllp)

=0
+ AMAZFTHE 1],

We now choose A € N such that a := MAz ! < % For 1 < g < co, we have |

A7t dt o o~ ke —k
/0 [tF Kpar (£, < AFIAY [AF K, a0 (f,A74), )"

k=0

29 A% (In A) A+ 3 Z{[Z atn?_,

<
k=1 1=0
- an (DT + A"(a"llfllp)"}
S MATlfllg + 20 ‘AIZ Z a*
1=1 k=Il+1
[0 f = Dy (£l
(s o] [0 o] v
< 24 A fIR+ 29714 ) ) DY o IS — D (N
=1 k=l+1
< 24,4758 + 2941 D [nZ )| f = Dryr(H)IIp)°
=1
< 24,4%|f|2
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+ 2qA1A2' Z Z [m%”f - Dm,r(f)”x’]q

< ©o0.
The proof for p = 1 is easy and we shall omit it.
4. Characterization of the Classical Besov Spaces By,

In this section we use the linear combinations of the Gauss-Weierstrass operators to
characterize the classical Besov spaces.
For f € Ly(—o0,+00), the Gauss-Weierstrass operator is given by

+o0 4-1:.(!——1)2
:,/zf—/ e 2z f(t)dt.
T J—o00
2r—1

The linear combinations of operators {W,} are defined by W, ,(f, z) Z Ci(n)W, (f,z),

where C;(n) and n; satisfy the same conditions as in Definition 1.1.
For the operators {W,,}, it is easy to prove the following lemmas, where M denotes
a constant independent of n or f.

Lemma 4.1 For 1 < p < oo, f € L, we have ||[Wyp,(f) - fll, < Mn"l]fHL’z),, where

Lzr = {9 € Ly(—00,+00) : 9(2r Ve A-C'l"c-)g(zr € Ly}; ||g||L2' = llgllp + [g(zr)ilp'
Lemma 4.2 For f € Ly(—o00,+00), we have ||W, .(f )”L2r < Mn" ||f||p

Lemma 4.3 For f € L , we have ||Wn,,(f)||L3r < M”fller
From the above lemmas we can get the following theorem.

Theorem 4.4 For1 <p<oo0,1<qg<o0,andletre N,2r > s> 0, we have

fEB;,q = p)Lzr)z,,q

1,1
War(£) = flp)"~}¥ < o0

<~ n—EnE[Wn,,(f, z) — f(z)] € U(Lp).
The proof is similar to that of Theorem 3.1 and we omit it here.
5. On Baskakov-Durrmeyer Operators

In this section we use the linear combinations of Baskakov-Durrmeyer operators to
characterize Besov Spaces of Ditzian-Totik type on [0, 00).
For f € Ly[0,00) the Baskakov-Durrmeyer operator is given by

nk n_l/Pnk

— 502 —

(o ¢]

k=0

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



zk

“ where z € [0,00), Pp(z) = (-l)kﬁpw(z),pn(m) =(1+z)™"
‘ The linear combinations of the operators {V,,} are defined by

2r—1

Vn,r(f) z) = Z Ci(n)vm(f, 2:),
1=0

where C;(n) and n; satisfy the same conditions as in the Definition 1.1.
The following Lemmas were proved in [9].

Lemma 5.1 For1<p<oo,f€ W2 0,00),n,r € N,n > 2r, we have

™ VEV NN < Ml 18,
where W2.[0,00) = {g € L,[0,00) : g0 € A.Cloc. 2,07¢*) € L,}; plz) =

\/:z:il —!4:1:5.

Lemma 5.2 For 1< p< oo, f € Ly[0,00),n,r € N,n > 2r, we have

le*VEN )y < M7l

By the above lemmas it is easy to prove the following results.

Lemma 5.3 For 1 <p< oo, f € Ly[0,00),n,r € N,n > 2r, we have
”Vn,r(f)”W,gjp < Mn"Ky o (f,n™ ")y,

where Ko r(f,87)p = dpf {IIf = gllp + "llgllwg 35 llgllwg, = llglls + lle g lp-
vp

Lemma 5.40° For 1 < p < 00, f € Ly[0,00),n,7 € N,n > 2r, we have

[Var(F) = fIl € MEp2,(f,07")p.

Thus we can now obtain the following theorem.
Theorem 5.5 For 1 <p<oo,1<g<oo,n,r&€ N,n>2r>s>0, we have

f & B;'q [0,00) = (Lp[o’ OO),W;' [O)w))%'q

302 »
— {Z[ngllvn,r(‘f) - f”p]q;lz}% < 00
n=1

= nini Ve, (f,z) - f(z)] € 9(L,).

The proof is similar to that of Theorem 3.1 and we omit it again.
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D) = N+ D [ fOPLwRLW,
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