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Abstract A Fourier pscudospectral-finite difference scheme is proposed for three-
dimensional vorticity equation with bilaterally periodic boundary conditions. The nu-
merical solution possesses semi-discrete conservation. The generalized stability and con-
vergence are analyzed.
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tion, pseudospectral-finite difference scheme.

I. Introduction

During the past fifteen years, spectral and pseudospectral methods developed rapidly,
e.g., see [1-2]. Since both of them have the accuracies of “infinte” order and could often
be evaluated explicitly, they have been applied successfully to numerical simulations in
fluid dynamics (see [3-6]). For nonlinear problems, the pseudospectral method is easier to
be implemented. But it 1s not as stable as spectral method due to the aliasing interaction.
There have been two main filtering techniques to remedy this deficiency. The first was
proposed by Kuo Penyu, based on Bochner summation (sce [6-8]). The second was given
by Woodward, Collela and Vandeven (see [9-10}).

In studying the boundary-laycer stability, the unsteady separation, the flow past a
suddenly heated vertical plate and related topics, we meet bilaterally periodic problems.
Such problems are usually treated in two efficient ways. One 1s the application of mixed
spectral method, such as Fouricer-Chebyshev approximation (see [11]) or Fourier-Legendre
approximation. The other is to use spectral-difference method or spectral-finite element
method (see {12- 17]). Clearly it is more natural to use the former one provided that
the domain is rectangular. Moreover, for saving computational time and dealing with
nonlinear terms more easily, we prefer to adopt pseudospectral-finite difference method
with filtering technique, e.g., see [18-20].

This paper is devoted to pseudospectral-finite difference scheme for three- dimensional
vorticity equation with bilaterally periodic boundary conditions. Let £ = (z1,z2,23)” and
1 be a rectangular domain, say that

Q:QX], Q: (I;,:E:)i0<131,1,‘2<27!’}, I:{Ig{()<13<l}.
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We denote by £(z,t) and (z,t) the vorticity vector and the stream vector respectively.
Their components are ¢(P)(z,t) and ¥{")(z,t),1 < p < 3. v > 0 is the kinetic viscosity.
Then the three-dimensional vorticity equation is of the form

a

2 (Ox9) VR~ (VW) -v T E=f, x0T

— VY =€+ fa . in Q2 x (0, 7], (1.1)
£(z,0) = &olz), in 1

where f; and £y are given functions with the components f,(p) and 5((,p),1 < p <3 Also
suppose that all functions mentioned above have the period 27 for the variables z; and
z,. Besides

Y=x

5}
a——§+b£:g, for z3 = 0,1,
an

where x and ¢ are given functions, a and b are non-negative constants.

An outline of this paper is as follows. We construct the scheme 1n Section II and
present numerical results in Section III. Since we adopt skew-symmetric decomposton of
the convection term, not only the numerical solution possesses a semi-discrete conservation,
but also the main error terms depend only on the errors on boundary. We list some lemmas
in Section IV and then analyze the generalized stability and convergence in Section V
and Section VI. In particular, all error estimations include the influence of errors on the
boundary. As we know, the errors of boundary values effect the accuracy seriously in
calculation. But most of papers in computational dynamics neglected this important fact.

(1.2)

IT1. The Scheme and the Conservation

We first introduce some notations for Fourier approximation. Let ! = ({1,;),l; being
integer. |I| = (1% + l%)% and set

Vy = Span{e'liz1tt222) | l] < N}.

The subset of real valued functions in Vy is denoted by V. Furthermore let Py be the
orthogonal projection from L?(Q) onto Vy, i.e., for any u € L*(Q),

/ (Pvu — u)vdzidzy =0, Yve V.
Q

Also, we take the set of interpolation nodes as

27N _ 2my,

QN = {(11,12)/11 - 2N+1)I2 - ZJV‘i‘].’

0<j, <2N,¢g=1,2}.
Let P, be the interpolation operator from C(Q) onto Vi such that for any u € C(Q),

Pou(zy,22) = u(z1,12), (z1,22) € QN.
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We next consider the finite difference approximation. Let M be a non- negative integer,
h= g and I = {z3|lz3 = jh,1 < j < M -1}, I = I, U {0} U {1}. For any u € C(I),
taa(55) = 1 (u(7s + h) = u(zs)), usa(25) = uaa(zs — B), us,(25) = pus(zs) + jus,(23).

For the discretization of time t, let 7 be the mesh spacing, and

S, = {tt=kr,k=0,1,2,...}, S =S,u{0},
w(t) = ;(u(t +1) - u(t).
Now we turn to the mixed approximation. Let
U=QxIn, Qp=Q x I, Th={z|z€Qy,z3 =0 or 1}.

Hercafter u(z,t),v(z,t) and w(z,t) are vectors in R3 with the period 2x for the variables
z; and z3. The meanings of uz,(z,t), uz,(z,t),us,(z,t) and u,(z,t) are clear. Also define

3%u 2

du
Au(z,t) = 32 2(1: t) + (:c,t) + uz,z,(z,t).
On the other hand, we still use the notations Py and P, for u(z,t), for instance,
P.u(z,t) = u(z,t), for (z1,72) € Qn,z3 € In,t € S;.

As in [6-8], we adopt the restrain operator R = R(r) for the improvement of stability. It
means that if u(z,t) = El'lSN wy(z3,t)e!(1z1+22) then
r -
Ru(z,t) = Z (1 _ (N ))u¢($3,t)e'(1111+1222)’ r>1.
<N

It is commonly admitted that a reasonable scheme should simulate some properties of
continuous model. Indeed the solution of (1.1) possesses the conservation

€O Eagay + [ 216y + 2AE, 91, o (0,901

(2)
—2v(&(1, y) 9¢ (1 y))Lz(Q) (aali (0,y)
(1) ) (1)
_aad;z (O,y),Ez(O,y))L‘z +( ¢ ? ( 1y) at/) (1 y) f (1 y))L’(Q)

()@ % 5. g
= leolaga) + 2 [ (a(6), €0 oy (2)
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For simulating (2.1), we use the skew-symmetric decomposition as follows

l\.')lv—t

3
a
(v xw)- )= ((vxw Za— (V x w) - eg)v,
where e = (1,0,0)",e2 = (0,1,0)*,e3 = (0,0,1)*. We approach the term ¢ x w by Z(w)

with the components

Jw'? 9wV

aw(s) w3
(2) v L@ 22 — ) Y (3 -
ZV ) (w) 5z, w2\ (w) wy, 92, , 2V (w) 371 92,

and then approximate the term ((V x w) - ¢)v by J(v,w),

J(v,w) = %Jl(v,w)+%J2(v,w),
h(vw) = PU(ZO(w) L + 20w )f” + 29 (w)vs,),
I ]
Iav,w) = %(Pcw“’(w)vm5‘1—2(Pc(z(2>(w)v))+(Pc(z“’(w)v))fa

Besides the term (€ - \7)(V x ¢) is approximated by

H(v,w) = P 5o (2(w)) + 0 2= (2 () + v (2 ().
z2

T

Now let n(¥) and (M) be the approximations to € and . For any z3 € I, and t €
S, M) e V3. Then the pseudospectral-finite difference scheme for (1.1) is

M (z,0) + RI(R(™(z,0) + 670V (2,2)),
RNz, 1)) — RIT(Rn\N)(z,t), RpN) (2,t))
~vAMNM(z,) + 60N (2,8) = P.fi(z,t), (2:2)
~ApW)(z,) = nW)(z,1) + P. fa(z,t),
n™(z,0) = nM)(z) = P.&(=),

where o and § are parameters, 0< 0,6 < 1.
Before we check the conservation, we introduce some semi-discrete inner products and

norms. Let

(u(zs,t),v(zs,t)) = —l—z u(z, t)v(z, t)dz,dz,,
anc Jg
lu(zs, )15, = (u(zs,t), u(“’Bat))Q)
(u(zy, z2,t),v(z1,22,t))1, = h Z Ju(z, t),
z3€ly,
Hu(xl)I?)t)”;h = (u(xl)z'l)t):U(II)IZ)t))I;,)
— 4 —
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(u(t),v(t)) = h Z (uzs,t),v(zs,t))o,

361,

O = (a0, IO = [
WOR = T O + 5 O + 5luas O + Fluss (O,
WO = RO+l
and
WO = 15O + 15O + e OIF
P2 el by Y fumees i,
2h<z3<l-h h<z;,<l 2h

du ) du 9 2 Ju 2
—()): (=— ()2 ——(1)): —(8))as ]I,
I el 1 )l + Ut @)l + 1 ()]
Assume that u,v,w € V3 for any z3 € I, and t € S;. Then (see [7])

(Pe(uv)(8), w(t)) = (u(t), Pe(vw)(2)). (2.3)

It can be verified that
(u(t), vz, (2)) + (uzy(t), (1)) = -[(U(l t),v(1 = h,t))o + (u(l - h,t),v(1,t))g

—(u(h,t),v(O,t))Q _( ( ) )’ h)t Q]' (2-4)

By integrating by parts and (2.3), (2.4), we have
(u(8), I (v(t), w(2))) + (v(e), J (u(t), w(t)))
= 1 (2,1, P2 () ue) + 1 (0(2), (P2 (w(t))u(t)))e,)

+5 s 1), PLZO w©)(0) + 5 (w0 (P2 (w(t)) v(2)))s)
= SAL(0), 0(t), w(0) +  A(v(2), u(t), w(t)), (2.5)
where
AQu(t), o(0), (1)) = 5 [(u(1,8), P29 (w(1 - h,))o(1 - h,1)))g

+ (u(l - h,t), P(Z‘s’( (L)o(1,8))q ~ (u(h,t), P-(25) ((0,1))v(0,2)))q
= (u(0,1), P.(Z) (w(h, 1) v(h,1)))].

Siinilary, we can prove that

(u(0),vasa ) + 3 (0 (2), () + 5 (12 (0), 02 () = B(u(t), (), (26)
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where

B(u(t), o(t)) = »

S (u(1,8) + (1 = A1), v, (1,6))q - %(u(h,t) + u(0,1), va, (0, ))g.

Furthermore by using Green’s formula and (2.6), we have

(u(0), Av(0) + (0] 5om(0)) + (5 1), 5 0)

(24 (8), 022 (6)) + 5 (124 (2), 22 () = Bu(2), o(t))

u(t)) + |u(t)|? = B(u(t),u(t)). If in addition u(z,t) = 0 on T}, x S,, then
(u(t), Au(t) + [u(t)} + S(u(t) =0, (238)

where S(u(t)) = F;llu(l - h,t)llé + ﬁ”u(h,t)”é.

We now check the conservation. Letting § = 0 = % and taking the inner product with
n™)(z,t) + ™ (z,t + r) in the first formula of (2.2). We have from (2.5) and (2.8) that

(2.7)

DO |

+_

f\

and thus (u(t), A

™ @7 + ™) + M + 1)}
- 2B(n™M(1) + n(N)(t + )M + 1™ (e + 1))

+ A(R( () + 0™ (e + 1)), RN () + oM + 7)), Re™ (1))
(H(Rn (), ReM(t)), R(n™(t) + n™ (¢ + 7))
= (P.A(t),n" )(t)+n( e +1)).
Thus
[t ()] + Z 9™ (y) + 2™ (y + 7))

- B(n(N)(y) + 9™y + 1), 1M () + M (y + 7))
+ EA(R(n(N)(y) + 1M (y + 1)), R™M(y) + 1M (y + 1)), Re!M(y))

— (H(BRn™M(y), Re™M(y)), R(1™ (v) + 0NV (y + 1))
= [[a™MO)2+7 > (Pefi(y), ™M) + o™t + 1)).

yESy
y<t—r

Clearly, this is a reasonable analogy of (2.1). Therefore {2.2) can give better numerical

results.
III. Numerical Results

In this section, we present some numerical results of (2.2) with Dirichlet boundary
condition for zz = 0,1. For convenience, let § = o0 = 0. We take the following test
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function

E(p)(z, t) = Apexp(Bpsin(zy + 232 + Cpz3) + Dpt),
(P (z,t) = Apexp(Dpt)sinz;sinzzsin Cpzs,p = 1,2,3.
For comparison, we also consider a full finite difference scheme. Let A = 213% and

Y}, = @~ X I1. The definition of vz,, vz, and vz, for ¢ = 1,2 are similar to that of v, vz,
and vz,. Also define

Z0(w) = wf) - wf), 20(w) = wf)) - wf), Z26)(w) = éi’—w‘-"

23’ 12)

3
= %Z J(p)(w v~ (Z_(p)(w)v) H (v, w) Z (») Z
p:

3

Z Ipfp z, t

The full difference scheme for (1.1) is as follows (see [21})
(2, ) + T (2,0), M (2,1)) = B (2,0, P2, 0) ~ vAGH,0) = fim0),
~Aph(z,t) = nl(z,t) + f2(z, ).
For measuring the errors, we define the following discrete norms

(22:1 _11—0 Eh 02 55— 1(Z(p)(jxil,]'2’_1,j3h,t) — EP)(Gih, foh, fsh, 1)) 12

E(Z,t) = - T SRy IS
(Zp=1 3o Do LI (€ (G, ok, jsh, 1))?) V2

3

Z = n(N) or 177‘.

Table 1 and Table 2 show the numerical results of scheme (2.2) with different values of
r and v. In both cases, Ay = D; =0.1(1 <! <3),B; =02,B; = B3 =0.1,C; =0.1,C; =
02,03 =03,N =2, M = 8,7 = 0.002. We find that the suitable choice of r improves the
stability. So the restrain operator R(r) plays an important role in practical computation.
In particular for small v, scheme (2.2) with the restrain operator still provides better
numerical result, sce Table 3, where A, = By = C;, =0.1(1 <1< 3),D;, =001,D; =
0.02,D3 = 0.03, N = 2,M = 5,7 = 0.001. Clearly scheme (2.2) gives good numerical
results even for very small N. Table 4 shows the numerical results of scheme (2.2) with
r = 2 and scheme (3.1) for comparison. The calculation is carried out with the parameters
Al = 0.2,A2 - A3 = O.I,B{ = Dl == O.I,Cl - O.I,Cz = 0.2,03 = 0.3,N = 2,M - 8,7‘ =
0.002. It can be seen from Table 4 that pseudospectral-finite difference scheme (2.2)
provides much better numerical results than full finite difference scheme (3.1).

Table 1. The error E’(r](N),t),u =10

r=23 | r=2>5 r=10 r = 00

0.2 | 0.2171F — 2 | 0.2369EF — 2 | 0.2482E — 2 | 0.2490F — 2
1.0 | 0.2357FE — 2 | 0.2589F — 2 | 0.2T18E — 2 | 0.2726F — 2
2.0 | 0.2560F — 2 | 0.2823F — 2 | 0.2967F — 2 | 0.2977F — 2




Table 2. The error E(n™) t), v = 0.1

r=2 r=>5 r =10 r=o00
t
0.2 | 0.1518EK -1 | 0.1724E -1 | 0.1822F — 1 [ 0.1829F - 1
1.0 | 0.1964F — 1 | 0.2270E -1 | 0.2404F — 1 | 0.2412FE -1
20| 02191E -1 |0.2561FE -1 ] 02716E -1 | 0.2725FE - 1

lable 3. The error E(n™) t),v = 1073

r=>5 r=10 r =20 r =00
t
0.1 | 0.6940F — 2 | 0.7203F — 2 | 0.7217TE - 2 | 0.7252E - 2
0.5 0.3409F — 1 | 0.3538F — 1 | 0.3545E ~ 1 | 0.3559F — 1
1.0 | 0.6670F — 1 [ 0.6923FE — 1 | 0.6936FE —1 | 0.6917F ~ 1

Table 4. The error E(n™), ¢t) and E(n*,t),v = 1.0

t | E(WM),e) E(n*,1)
02 | 0207T1E — 2 | 0.1445E — 1
1.0 | 0.2245E — 2 | 0.1448E — 1
20 | 0.2481E — 2 | 0.1452E — 1

IV. Some Lemmas

In order to estimate the errors, we need some lemmas. We denote by C a positive
constant which may be different in different cases. Let H(Q) be the usual Sobolev space
with the norm || - ||,;(g) and

Hf(Q) = {v(z1,z2) € H?(Q)/v has the period 27 for z, and z,}.
Loemma 1 If u(z,t) € [LE3(Q)]?® for all z3 € I} and t € S, then

2("(13’t))ul($31t))Q = (”u(x:i’t)ilz))t - T||ul(z3’t)”5’
2(u(t), wi(t)) (Ju(®)1*)e = rllue())?.
Lemma 2 Ifu(z,t) € VS forallzs€ Iy and t € S, then
2(u(t), Au(t)) + (Ju(t))e - Tl (8] =
2(ue(t), Au(t)) + ([u(®)])e - rlw(®)} =

Lemma 3 Ifu(z,t) € V2 forallzz € I} and t € S,, then

du 5 ]
I5—®1F < Nlu@)l® ¢=1,2,
9
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lusa P < pllue)]? + min(hllus,(0,)1, 3 1u(0,1)13),
losall < gl + min(hllus (1,213, 3 u(1,0]3),
RO < (2N + )OI + 5 min(hllus 0, 1)
+ Rl (LG, 210,013 + a1, )13).
Lemma 4 Let u(z,t) € V3 forallzs € I and t € S;. If u(z,t) =0 on Ty x Sy, then
I < (u)l} + S(u(t))
Lemma 5 Let u(z,t) € V3 forall zs€ I and t € S,. If u(z,t) =0 on Ty x S;, then
T3 < au(]?
Lemma 6 If u(z,t),v(z,t) € V3 for all z3 € I and t € S,, then

lu(zs, tho(zs, )l < (2N + 1) |lu(zs, )1 llv(zs,1)I[3,

HU(II,I'Z, t)v($1,I2) t)“i;,

IA

1 .
~||u(-"~‘1, za,t)|[, llv(z1, 22, 1) |3, ,

lu®v@)|* < (2N+ )H O lv)l*.

Lemma 7 If u(z,t) € V3 for allzs € Iy and t € Sy, then

Ol < SRl 2
Lermna 8 Ifh < 2y and ey > 0, then for all 33 € [, and t € S,,

llu(Zs, )l < elllue, (I + lluy (DI1*) + cle)lu(@)i,

2

where c(€) is a positive constant depending only on £ = 2—‘—‘[5,‘

Lemma 9 Ifue [HF(Q)]® and v € V}§, then

|Pyvu—ulla < eN®Plus, 0<a<p,
|Peu — ul|le < cN"_ﬁ[ulﬂ, 0<a<B,f>1
HRv — v||a < cNa-ﬁ|v|ﬂ, 0<a<fB,r>p-a.

Lemma 10 If u(z,t),v(z,t) € V3 forallzs € I} and t € S,, then

1H (u(t), v(2)]* < ~——Hu( Pe(e)]3-
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Proof By Lemma 6 and Lemma 9,

[H O, o) < C @l (2]
Ty

+ WO (ZEODE + [ O E )]
2
< S Pl

Lemma 11 Assume that the following conditions are fulfilled

(i) E(t) is a non-negative function on S,.
(i1) a,B,p and M; are non-negative constants.
(i11) F(E) is such a function that if E < M3, then F(E) < 0.
(iv) forallt € S,,E(t) < p+71 Y [MiE(y)+ M2aN°R™PE*(y) + F(E(y))].

yESy
y<t—r

(4) B(0) < p and pelMIHMT < min(My, 22
Then for allt € S, and t < T,E(t) < peM+M2)t [y pariicular, if My = O and
F(E) <0 for all E, then for all p and t, E(t) < Mt

Lemma 1-8 and Lemma 11 can be found in [22]. Lemma 9 follows from [23] and [24].

IV. The Error Estimation for the Problem with Dirichlet Boundary
Condition

The Dirichlet boundary condition corresponds to a = 0,6 = 1 in (1.2). Suppose that
h=0(%),7= O(I—Vl—g—) and
W(N):: Py = Pz,
n™) = P.¢ = Pg, onThxS,.

Let f~1, fg, & and g be the errors of f1, f2, £ and g respectively, which induce the errors
of (V) and (M), denoted by 7(™) and 3M). For simplicity, assume () = 0on ', x S,.
Then the errors satisfy the following equation
i (1) + RI(R(G™ (=,1) + 67" (1)), R(p ™) (2,) + 3 (2, 1))
+RI(R(™(z,1) + 6rn™)(,1)), RN (z, 1))
= RH(R7iM)(z,1), R(pM(z,1) + 6(V)(z,1)))
- RH(Rq®™)(z,t), RgW)(z,1)) — vAGM(z,t) + o7t (2,1)) (5-1)

= Pcfl,

— 10 —
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Besides (™) = Pyg§ on I, x S;.
Denote

| gnitrzy
||u(t)||q’°° - l;rel‘a)if az'l‘lazgz f ceeTaas T ’
ri+rat+ratra<q 3 3\Ll_ﬁ
3 ry
el = max u(t)lgoo
t<T

By taking the inner product with 27(¥} in the first formula of (5.1), we obtain from
(2.5), (2.7), Lemma 1 and Lemma 2 that

M@ - 1FN @1 + 207V + ver (T (0)),
—vort|il ™ (¢)[} - 26 (R (1), I (RiM(e), REN (1))
+2(RAM (), J(REM () + 677 (2)), R\M) (1))

+2(RAM (1), J (BN () + 670 (1)), REWN (1))
—2(Ri™M (¢), H(RGFM(t R(so 1) + &M ())

),
H(Rn™M(2), RgW)(2))) + Z Da(t) + Bi(t) + Ba(t)

g
(

a=1l

— 2(7Me), P.i(0), 63)
where

Dit) = A(RFM(t), Ri™(2), ReM (1)),

Dy(t) = srA(RiIN (@), RA™(t), REW) (1)

Ds(t) = sra(RiM (), RNV (1), ReM) (1)),

Bi{t) = —20B(HM(2),7™M (1)),

Baoft) = —20orBHEMI(), 7™ (1))

(N)(t)

Let m be an undetermined positive constant. By taking the inner product with mr7,
in the first formula of (5.1), we have from (2.5), (2.7) and Lemma 2 that

mrllil™ @ + rr (AR + mert(o - DI )
+mr(R7M (1), J(RTM(2), ReW(1)))
+mr (R (2), J(REM(E) + 677 V(2)), Re™ (1))
+I(R(™(2) + 874 (1)), RN (1))

~mr(Ri{™ (), H(RZM(1), ReM(t) + M) (2)))
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+H(RnM (1), R6W)(t))) + Da(t) + Bs(t) + Ba(2)

= mr(i" (1), Pfa(1), (5:3)
where
Dt) = merAREM(0), R (1), REM (),
By(t) = —mwB(n‘ V), 7™M (1)),

—mV(rTzB(n(N)(t) U(N)(t))

=z
I

Let € > 0 be a small constant. Putting (5.2) and (5.3) together, we have from Lemma 9
that

~ P ~(! | m - D
M@+ 7(m = 1= AT O + 25N @F + vr(o + 2N OF).

5 4 4
twrt(mo — o = DNV OR + 30 Calt) + 1 Dalt) + 3 Balt

< IO + 0+ ZOAIR (5.4
where
Gi(t) = (R(27 ‘”’()+mm$”’( 1), J(R(M(2) + 570 (), 6™ (1)),
Go(t) = (RE2AM (@) + mriM (@), JREM (1) + 87707 (0)), Ro\M (1)),
Gs(t) = 7(m—26)(Ri{ (1), J(RGM (1), Rp™(1)),
Gy(t) = ~(RE@IM() +mri™ (1)), H(RZM (1), RGN (1)),
Gs(t) = —(RE@AM (@) + mrilM (1), H(RFTM (1), Re™(1)) + H(RFT™M(1)R, oM (2))).

On the other hand, by taking the inner product with R23(™) in the second formula of
(5.1), we have from Lemma 9 and (2.8) that

RO +S(REME) < oI REMEIE + STV @I + 1 A@IP),
So by Lemma 4,
[REM O + S(RFM()) < c(lFM O + 1 F2()I1): (5.5)
Moreover by Lemma 5, the second expression of (5.1) reads
B < 2O + 170)17). (5.6)

Now, we are going to estimate |G4(t)|,|Da(t)| and |Ba(t)|. For sunplicity, let g = g
for z3 = 0 and g = g; for z3 = 1. Define

1§15 = 1Go®NIE + 13 OF, 13(0Lg) = lFo(lieq) + 1L ()
135 = NGoe(@IIF + Hlau ()il

—_ 12 —
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Obviously (5.5) implies

G20 < erlil™ I + e(1 + (1 + T RA MO )OI + PRI 6.7

By a computation as in |22}, we obtain

crl| R v -
Ga) < rle+ TR Moy om0

el ReM™||% . .
o B

@)i?

RoMN)|12
RN
[

We have from Lemma 6 and (5.5) that

YGHFOIE + 7hlla(0)15).

~(N TN? z -
Ga()] < erlli™ @12 + == UFOIF + 1 2@IPDIFNM OF-
Also, Lemma 7, Lemma 10 and (5.6) lead to

TN

2
~ 4
Ga)] < erllig @1 + 20+

~ C . -
AN @I + 2™ @I @)

rN? . -
+e(t+ o lR@PIEM @I + el 0],
Clearly

~ T ;
1G] < el OIF + et + (UB MG oo + 11BN o)

(FEM @I + 112007
Next, for any a™ > 0,
[(u(0,2), v(h, 1)) + (v(1 = h,t),u(1,t))ql
< h
- 2a*

Thus by Lemma 6, Lemma 8, Lemma 9 and (5.6),

hN?

£

D1(8)] < evS(EM (1) + 301150129 (RE™ (h,1)) 13

< ewsEMO) + A 0112 W + 1RV O))

AV SOOI + 1RO

< ewS(HM(L) +

— 13 —
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(lle(0, 8)lIg + llo(1,8) 1) + %(Ilu(h,t)llzq + flu(1 = h,2)]lg).

(5.8)

(5.10)

(5.11)

(5.12)



Similarly,
1Dy(t)} + | Ds(t)] < evSHEBM(0) + evrS(HN(2))

ANV ——(a@IG + g IR U™ @) + 1£2(8)1%),

chriN?

+

| Da(t)f < esz(ﬁﬁN)(t)) 131G AN @I + 11 £@)1)-

Finally (see [22]),

[

Bift) 2 208G (1) - SN,
Ba(t) + Bs(t) 2 wr(o + ISENM (@) - vr(o + 2)SEN(0)

~eus(iM (@) - evrs(@V(B) - S FONS + rhIEO1),

Bu(t) > muor (M () - O

We substitute {5.7)-(5.17) into (5.4) and then obtain
. } Ler
NI + r(m = 1 - 6e — RGN @IF + vd ™ o)

m - B m. (N .
wwr(o + ) (AN W)+ vrtime — o - Tl W)

+0(2 = 36)S(EM(1) + vr(o + PUSE @)

+vri(mo — o - ? - 3€)S(ﬁz(N)(t))

T

< Fo@)IF™M @I + R@IFN @I + R@IRM @)1} + R(),

where
Fot) = ¢+ =(r+e)(IBn™ o + I ROM I3 00)
RO + 2250 + i ol).
Fi(t) = eh(1+€)
Bl = —v-evr S04 ali®™ @ + SRR,
B = S+ lAOI+ S+ 6+ RN o 5 1B 0)
+‘N2(||g( DI + Pl IB) 01

EE(IIIRSD Moo + 1+ )UFNIE + 72 13(0)15)-

— 14 —
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(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)



Now, let € be suitably small and 7 < ke (N T . Then we choose the value of m as

follows:
Case I, o > % We take

20 + 6¢

m > m; = max( 1+ Py + 7€), Pp>0.

Then (5.18) becomes
UFM @I + PorllF™ @)1 + v(15™ ()2 + S (8)))
+vrle+ PIFM I+ 5GV0))

< Fo(t)Hﬁ‘N)(t)ll2 + RN O + R@)1F™N @)1} + R(e). (5.19)

Case I, o > % By Lemma 3,

AR < @V IRV + 2N,
S((E) < %g|wkmﬁ
Thus
r(m = 1= )i @I - 7 + 3 (5 W + SEV )
> rlm =1 =T — (1 +6) (N + A - TR
We choose

m>my =1+ Py+vr(l+6e)(N* + —) + 7e.

Then (5.19) still ho]ds

Case III, o < 3 dnd T < o 20)4(3;41\, 7y We take

: : 9 -
m>mz = |1+ P+ 2vr(o + 3¢)(N? + 4_h—2) + Te]|l — vr(1 - 20)(N? + 4—}13)] !
Then (5.19) still holds.
Now set
BM() ZIWWNMF+UNMNNN¥+SFNH)D
+1 3 (Porla™ W) + vl () + w8 (7™ (9)))
yset\r-r
AV = 1EME)E Y R
o<t s
— 15 —
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By summing up (5.19) for t € S;, we obtain

B <AV 41 3 (BB W)+ F@)E W)+ R W),

Finally by using Lemma 11, wz get the following theorem.

Theorem 1 If the following conditions are fulfilled

. 1 1
(i) h = O(ﬁ) and 7 = O(m),
(ii)a>lor7'< 4h?
-2 v(1 - 20)(9+4N2h?)’
(i) for all ¢ < T, fa0)l? < 215013 < 215N @ < 2
= ) = N) Q= N’ 1 — N)

then for allt < T, EﬁN)(t) < b4eb”p(lN)(t), where b, are suitably small positive constants
depending only on {|RaM [ o, (RN, and v.

Remark 1 Because we adopt the skew symmetric decomposition, so the main errors

(RZWM) (1), J(RZM(2), REM (), Z = 7™ or 7i™)

depend only on the boundary crrors and thus Theorem 1 follows. Otherwise we require
that p{™(2) < 24
We now turn to the convergence. For simplicity of expressions, for non- negative
integers m and n, let
ortiy

H™H™Q),I) = {u|————— € L*0), 0<r<p,0< p<n,0< ¢qg<m}.
82}81:5 azg

For any real numbers a and 8, H*([1?(Q), I) is defined by the interpolation of spaces with

the norm || - ||y (y(0),1)- Similarly we can define the space C™(H*(Q), I). Furthermore
m a u o : : .
c™0,T; H*(Q)) = {ulm € H*(0) is continuous in t € (0,T],0 < p < m}

equipped with the norm [||-]||s7+(n). Similarly, we can define the space C™(0,T; H*(H?(Q, I))
with the norm [[| - [l ~(mrn(q).1)-
Let ¢V = Py ¢ and %V} = Pyy. By (1.1),

eM) 4 RI(R(EW) + 67eM)y, ngN’) ~ RH(REW), Ry(M)
—vA(EM +ore™M) = Pyfi+ 3 Ma, (5.20)

o=1

~AYWN) = W) 4 Py fo + My,
E(N)(O) - PNf(h

— 16 —
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where

(N)
My(t) = ¢V - 25 Ma(t) = RI(REM, Ryt™) — Py[(v x ¥) - V6,

MwﬁﬁﬂURgMRwN)AMﬂZHMﬂVMVXMPRng) Ry,

re™) (N) 2N
]V!s(t) =v a.’té - TaZz? 81:3 "pzszg

Ms(t) = UUTAE,(N), M;(t) =

Let 7 = £V + € and p = ¢™) 4+ 4. Then we have from (2.2) and (5.20) that
EM + RI(R(EM + 67EMN), R(pW) + §(Ny)

+RJI(R(EM) + 676M), RGN — LA (EW) + 07EM))

—RH(RE(N),RW(N) + J,(N))) - RH(pg(N), RJ,(N))

6
=Pfi— Pnfi— ) Mal(t)
a=1

—ApWMN = EN L P fy — Py fy - My(t),
EM(0) = P& - Prnéo.

Besides, E(N) P,g — Pygon I'y, x S,.
Let 3> 1 and p > 0. We have from Lemma 9 and embedding theory that

(5.21)

M@ < erll Gty bom gy
1Ml < (N7 + B g gy HEN 3 om gy yy + MEN 30 gm0y 1y
€N 300 g2y, )+ MM gy UL v s .1y
Iy gy + luvIIIW»(m(Q),))]
IMs(2)l] < CTHW”'nw(m(”'ifl”nm(m( )1)+|” ”Iw*'( (@)
IMAO < (N2 RN 3m ) U 4 rmeaioy 1y + I 3o a0y 1
TN ey, + I 2w gy MV 300 1200y, 0))
SR O " RSN
IMsf] < ch"IIIfHI,,%WmQ,,,),
Mol < er(f s “'w“(m(o).z)+|||(83—fmu%*”(f12(0)'1))’
M7l < ch2HI¢IHH§+”(L-;(Q),,)’
and

|1P-Z - PnZ| < CN_ﬁ”Z”H%ﬂ.(H,,(Q) py WPeZ — PnZl, < NP Zl|ynq

Finally, by an argument as in the proof of Theorem 1, we have the following conclusion.

Theorem 2 Assume that

— 17 —
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(i) The conditions (i) and (1) of Theorem 1 hold,

(1) For > 1 and n > 0,

£ € C(0,T; H2+#(Q)(HE(HPH(Q), N E3H*(HA(Q), ) N H3T(L*(Q), 1)),

% € C(0,T; HE#(L¥(Q), N HI *(HX(Q), 1)),
T8 cclo, 1 HI(LA(Q), ),
Y € CO,T; Hit#(Q) () H3H#(HPH2(Q ﬂH%ﬂ‘ HP*YQ), 1)

N EE(HA(Q), )ﬂH2+"(H D HEH(LHQ), 1)),

(iti) f1,f2 € CO,T; HI*(HP(Q), 1)), g€ C(0,T; HP*3(Q)).

Then for allt < T, l|€(t) — nW)(&)]|* < b}(r® + h* + N~28), where b} is a positive constant
depending only on v and the norms of £,¢, f1, f2 and g in the spaces mentioned in the
above.

Remark 2 If we take n(¥)(z,t) = Pyg(z,t) for z3 = 0,1, then we do not require that
g € C(0,T; I1°*3(Q)).

V1. The Error Estimations for other Problems

In this section, we discuss the case where a > 0. The corresponding boundary approx-
imation is the following

an{M(z,t) + b7V (z,1) = P.g(z,t), (z,t) €T\ x S, (6.1)
where
Gz ) = 4 100 @t hes,t) + 0PV (z,1)), for s = 0,
’ L™z — hey,t) + nW)(z,t)), for z3 = 1
and

(M), N
—1z,  (z,t), forzs =0,

2 (2, 1) = { e (2,t) for 4
N, (2,t),  forzz =1.

For simplicity, let § = 0 and M =0 on 'y x S,. By an argument as in Section V,
we obtain

IEM @ +7(m = 1= )™ @) + 207N @)} + vr(o + )(I M ()

7 4
+uvri(mo — o — —2—)|17(N)( |1+ Di(t Z Z B (t)
a=4 a=1
2 -~
< AN + e+ ZNAGI (6.2)
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where D;(t),G4(t),Gs(t) and B,(t) are the same as in Section V,

Go(t) = (2AMN(2) + mra™(e), RI(Rn®™)(e), RN (2)) + RI(RFM(2), Re™)(1))),
Gi(t) = mr(H™M(@), RI(RTM (1), REWN(1)).

We first consider the error estimation for b = 0. By Lemma 7, Lemma 8, and Lemma
9, we obtain

IDA(®)] < = (T, )lEq) + 15N (B, )Eeq) + 15 (1 = 2 Dl uiq)
M (L, D)) + (12O EM (1 - k)]G + 120 (h,0)]3)
< s AN @ + 06 @ + 16 ) + ceh* 1504
< IO OPEO @I+ <A O + 12017

+eeh* [ () e(o). (6.3)

Also, we have

G < erllil™ @I +eli™ @ + ZUIRn M oo + 1R 00)
AN @I + L0112 + rrlF©l3),

G < erli®™p + T T AN OFUFN @I + 1 01),

Bi(t)] < evli™(e) + g(un NI+ 13)I3),

B2(t)] < enlf™ ()]} + g(n*”)(t)n? + 115 + 13©)13),

Bs(t)] < ewr|M ()2 + - Iln(N)(t)llz “(I3@)13 + 715 (0)1I3),

By(t)] < errtli™ @) + um‘”’mnu||g,(t)uz).

By an argument as in the proof of Theorem 1, we obtain the following result.
Theorem 3 Assume that

(i) a=1,=0,6 =0,h = O(),7 = O(5=),

(i) o > ! rr < h
— 0
=2 v(1 - 20)(2+ N2RZ)’
- b b
(i) Jor all t < T |If(0)I < 05" () < 5.

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



Then for allt < T,
B (1) < bsetot oM (1),

where
EM@) = 1Mo +urld™@E +7 3 morlld™ ()I? + vli™ ()2,
oM@ = 1FMOIE+ 3 (AW + 1)1
yESy
yeEt—71

+ 13ty + 711G eNG + AIFOILeq))-

As to the case with a =1 and b > 0, let
.= e ~ ~ .
s*({HM () = §(||'7(N)(0,t) + 7Nk, )G + 15N (1 - h,t) + 7N (1,2)113).

) . b, _
—77(?,)(11, I'Z)O,t) - cho(t) - E(n(N)(Il)I'Z'IO)t) + f’(N)(Il,xz,h,t)),

z

b (ﬁ(N)(Ilvz2) lxt) + ﬁ(N)(Il: z2, 1- h)t))

ity (@1, 22,1,) = P (1) - o

Thus (6.3) is valid also. Moreover
1A ©, 01 + 175 (1,113 < 5™ (M) + <13
Therefore
GoI+1G2()] < erllil™ I + evlF@™ @)
+ =UR M o + 11 RN o)
N @I + 1 F2If + rhs (@) + rhla(0)13)

TN _ ~ 7 :
AN ORIFN O + 17017).

On the other hand (see {22]),

bu(1 - &)™V (1) - SIaOlE,

Thur(20 +m); (M (0)) - burt(20 +m+ )5 (V)
= ebus™(7M(0) = Z(FONG + lla(0)l13),

1. 3 TP
By(t) > iburz(ma—e)S'(n(N)(t))—ﬂ;—”!}t(t)“é-

B (t)

v

Ba(t) + Bs(t)

v

By an argument as in the proof of Theorem 1, we get the following result.

Theorem 4 Assume that
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1 1

(i) a ::l,b > O,h :ZCD(IV),T ::()(}Vi),

2h?
v(l1-20)(4+2N2h2 4+ b)’

1
(ii}a_>_§orr<

~ b b
(iii) for allt < T, ||fa(®)]I* < 22,08V (1) < 75
Then for allt < T,

EM (1) < biae” o (1)

where pgN) ts the same as pgN)(t), and
M) = AN +er(d™ @] + 57 G (1)
+r 3 orli WIF + vii™M @I + v G ()
yESy
yet—r7

Remark 3 If h?||g(t)]|% < big, then we can omit the term hYG()I1+(q) in p.(zN)(t) and

(N) (4
py ().
We can deal with the convergence as in Section V and get the following result.

Theorem 5 Let conditions (i), (ii) of Theorem 8 or Theorem 4 hold. In addition,
condition (i1) of Theorem 2 holds and ¢ € C(0,T; HP?(Q)). Then for allt < T and
t € S, |[&(t) — nM(@))1? < by(r? + k% + N72P), where b} is a positive constant similar to
by.

Remark 4 If P,g is replaced by Pyg in (6.1), then we do not need that ¢ € C(0,T; H(Q)).

Remark 5 If we let I, = {z|z = jh~ %) 1 < 7 < M} and use the boundary approximation
as before, then
IE() = n™M @I < b5(r* + * + NTH).
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