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The Existence of Local Times and Occupation Times for
Ornstein- Uhlenbeck Type Markov Processes®

Wang Yongjin
(Dept. of Math., Nankai Univ., Tianjin)
Abstract The local times are considered for Ornstein-Uhlenbeck type Markov pro-
cesses. In some cases the existence of local time for the process has been demonstrated.

Meanwhile, occupation times have also been introduced and their existence for this class
of processes will finally be revealed in some special situations

Key wcrds a—stable process, Ornstein-Uhlenbeck type Markov process, local time,
occupationtime, potential density.

1. Introduction

Let X, t > O be an Ornstein-Uhlenbeck type Markov process with Lévy process A;
(abbr. O-U. M.P) (see Shiga [7]). That is

t
X,:—’y/ X,ds+ Ay + 0.
0

Where, A, has Levy representation

EeP A = ¢~¥(0),

" 00
A) = ia) 12b2,\2—/ e _ g
Y(A) =dad+ 1/ _oo(e 1 1T 22

(00 < a < 00,b > 0) and Lévy measure o(-) satisfies

00 1:2
/oo H.—IZU(dI) < 0o.

As we know, if b # 0, process A; is called having a Gaussian component. One class of
typical processes having no Gaussian component are c—stable process (0 < a < 2).
With thesc characters of the processes, we turn to their local times.

*Received Mar. 15, 1992.
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The concept of local time was originally due to Lévy, he defined for Brownian motion
the local time at z up to time t, L(z,t), by

L{z,t) = lim meas{s:0< s <t |X,—z| < e}.

c—0 2¢
And later local time has become a standard concept defined by Blumenthal and Getoor
(1]. In 3] Boylon demonstrated the existence and smoothes of local time for a large class
of Markov processes, including some special processes, e.g., a—stable process, 1 < a < 2.
But for our present processes, what is the circumstance? The following result gives a
partially positive answer.

2. The existence of local times

Theorem 1 Assume that A; either has a Gaussian component, or is an a— stable process,
1<a<?2 Then O-U. M.P with A; admits a local time.

The proof is not difficult, but it is necessary to quote two facts from {1} (or [2}).

The first one is a criterion for the existence of local time, and the second is a suflicient
condition.

Lemmna 1 For a standard process X (defined in [1]), a necessary and sufficient condition
that there exists a local time for X at zo is that o 1s regular for {zo}.

For the proof of the theorem, the following lemma will offer us a method to prove that
a single point is regular for its own point set.

Lemma 2 If a standard process X, satisfying Hunt hypothese (F), has a B— potential
density uP(z,y), for some B > 0, and assume that uP(z,zo) is continuous at z = z,, and
18 bounded for z € R. Then zq is regular for {zo}.

Remark 1 The processes approached in Lhis paper, as concrete Markov processes, are
standard processes (under B-G [1]’s meaning) satisfying Hunt hypothese (F).

Now let us turn to the proof of Theorem 1.

Under the assumption of Theorem 1, by the calculations in {7}, we know that there
exists a measurable transition density function p(t,z,y) for z,y. We proceed separately
in two cases.

Case 1 A, has a Gaussian component.

In this case, it is known that X, has a jointly continuous transition density function

p(t, z,y) for z and y with some estimations (see {8]). Then

oG [o o]
uP(z,20) = / e Plp(t,z, z0) dt < / e‘ﬁ'l/\/wbz(l —e ) /adt = c;.
0 0

Where ¢; is some positive number. Plainly «#(z,z0) is bounded on R, and is continuous
in z by the dominated convergence theorem.
Case 2 A: 1s an a—stable process, 1 < a < 2.

Suppose that p,(t, z,y) is transition density function.

o o)
uP(z,z) = / e Ppa(t,z,x0) dt
0



oo oo )
/ e=Pt1 /(27) / e=Ae0y, (\) dA dt
0 - 00 )
(where W, ,()) = E %)

0o had{ o
< l/w/ e""‘/ e~ ar (17T g gt
0 0
{by the representation of W,.(A) in 8], ¢>0)
[o o) 1 —L‘ﬁ A —u‘])A(l
< 1/1r/ d)\/ e PlemmP1a N gy 4 1/7r/ d/\/ dt
0 0
(since there exists a  f; > 0 such that 1 — e " > Biaqt,t € (0,1))
00 1 e B foo _ I—e—a1) )
:17r/ —d,\—%—/e"v(e P\
/ o B+chAs 7B Jo
= 62(,3,(,!).

Obviously, ¢2(8, a) is finite, for # > 0,1 < a < 2. So for the same reason as in Case 1, we
get to know that u’(z, z) satisties the assumtion of Lemma 2.

Hence, either in Case 1 or in Case 2, by Lemma 1 and Lemma 2, there exists a local
time for process X;. This completes the proof of I'heorem 1.

We have revealed the existence of local time for the process X under some conditions.
Can any O-U. M.P adinit a local time? The answer is negative, and the next proposition
gives a counterexampie.

Proposition 1 Let A, be such a Lévy process with triple parameter (a,b,0) satisfying
Lhat

inf{p > O,/ |z[Po(dz) < 00} < 1
lzi<1

and

o T
/ i—;*a(dz:) # —a.
Then O-U.M.P with Lévy process A; has no local time at x5 = 0.

Remark 2 A; is usually regarded as starting at O and having almost all right continuous
smapie paths with left limits.

Proof By the decompositicn of Lévy process, it follows that

Ag = —a't + J¢+ - J‘_.

Where,
al = a +/w l: U(d.C)
Jr = § (A, - I(A ~A,_>0)»
as<t
Jt- = - Z(‘48 - AS—)I(Au_A,— <0)‘
ast
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By the assumption of Proposition 1, a’' # 0,z¢ = 0.
t ¢
X: = —d'(1- e"‘)/7+/ e~ 1t=)d gt —/ e g
0 0

Since
B =inf{p>0 :/ |z|Po(dz) < 00} < 1.

z|<1

t implies that lim;_ot™'J;* = 0, and lim; ot~ 1J; = 0, sce [5].
So

t ¢t
fime~t [ 10-dsr <o, limt“l/ e M=9)d ) =0,
t-+0 0 t—0 0

Then it follows that | X;| > |a'[t/2 # 0, for sufficiently small ¢t, a.s., since a' # 0. That is
lﬁingo(X¢ =0, forsome 0<t<§)=0.

it also means that O is not regular for {0} and by Lemma 1, there exist no local time at
zo = O for the process.

Remark 3 a-—stable process (0 < a < 1) satisfies the condition of Proposition 1, and so
there ezists no local time at zo = 0, for the corresponding O-U.M.P.

3. Occupation times for the processes

In this section, we introduce the occupation time to O-U.M.P. As in [4], the occupation
measure of X up to time t is

we(F) =x{s<t: X(s)eT}

for T being a Borel set on R, A being Lebesgue measure. With the regularity of process
X, one has

me(T) = /(;‘ Ir(X,) ds.

The main object of this section is to obtain some properties about occupation times
for the processes. Here on, assume that A, is an a—stable process, 1 < a < 2.
Consider the occupation measure u(T) of X, let

pl(T) = /Oooe_'m(l‘)dt.

Then -
p(I) 2/(; e tIr(X,) dt.

First of all, consider the Fourier transform of measure u!, denoted by pl. We perform
some calculations as follows

B, (V)P = E(/O e"e"”‘-ds)(/ et~ X1 gp)
O
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= Ez, /'°° /‘°° e~ () g MXe=Xe) 1y 4o
0 4]

00 f00 ) . . .
= /(; /0 e_(s+¢)Ex.[e—u\X: Ex'eu\x._. I("Zt)eu\x.EX'e—tAXc—- I(tZs)] ds dt

(by Markov property)

00 o0 _ p—ant
/ / e—-(s+t) exp{—ci—(l _ e—q(a—t))aAa
0o Jo ary

¢ —ay{s— a
- ;(1 — e 1 t))/\ }1(32‘) dt ds

00 [e%] — p—as

+/ / e_("“)exp{—c—l-——e—-(l — e (t=8)yo \a
o Jo
c

IN

ay
(1- e—a7(‘_’))z\a},l(¢2,) dtds

B2
1+ Bgre’

ay

< PreP 4

where 8;,7 = 1,2,3,4 are some positive numbers. Hence if 1 < o < 2, ul(A) is square
integrable almost everywhere.

By the property of Fourier transform of measure, u!(z) = ’%(ZD exists, this implies that
je(-) has an occupation density ju(z) a.s. Combine with Plancherel’s identity || p |2 =

(2m) M & -

Then p.(z,w) is square integrable with respect to measure A x P. (X is Lebesgue
measure on IR, P is probability measure on 2).

Thus, it has in fact deduced the following result.

Theorem 2 If X; is an O.U.M.P with a—stable process, 1 < a < 2. Then X; has a
square integrable occupation time density.

As we known, in some cascs, occupation time density (if exists) is different from the
local time, although sometimes they have the equivalent versions. The counterexample is
referred to [4]. Now we take a fact from [4] which reveals their relations.

Theorem 3(Geman and Horowitz) Assume that any point = in R is regular to its own
single point set {z}. Then exists a version of local time (L(z)) such that oy(z) = g(z) L¢(z)
18 an occupation lime density, for a finite, positive and measurable function g(z).
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