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Abstract In this paper we discuss the stability of the solution of the oblique derivative
problem for the nonlinear complex elliptic equation of first order. This result is derived
from the prior estimate for the solution of the relative boundary value problems.

We already discussed the stability of the solution of the obilque derivative problem for
the system of second-order nonlinear elliptic equations (See [1],[2]). In this paper we shall
deal with the stability of the solution of the oblique derivative problem for the nonlinear
complex elliptic equation of first-order by using the method of prior estimates for solutions
of boundary value problems.

1. Conditions for a kind of complex equations

Suppose that D is an (N +1) connected (0 < N < oo) and bounded region in z—plane
with boundary T € C;‘:(O < p < 1). Without loss of generality, we assume that D is an
(N + 1)-connected and bounded circular region in the interior of the unit circle, 0 € D
and its boundary T' = Uf’:o Tj, where T'j = {z : |z — 2z;| = v;}(F = 1,---,N) is in the
interior of I'o = I'y4+1 = {z : |2z| = 1}, which can be always attained by using a conformal
mapping with respect to z (See [3]).

Now we consider the following uniformly first-order nonlinear complex elliptic equation
in z-plane:

wz = F(z,w,w,;), (1.1)
F=Qw,+Q:wz+ Ajw + Aw + A3, Aj = Aj(z,w), j =1,2,3, z€ D, )

where Q; = Q;(z,w,w,) (7 = 1,2).
The oblique derivative problem for the complex equation (1.1) on D is

Problem P To find a continuously differentiable solution w(z) of (1.1) on D such that it
satisfies the boundary condition:

Re[A(2)w; + s(z)w(z)] = r(2), z€T,w(l) =0 (1.2)
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and the point-type condition:

Im[A(a;)w;(a;) + s(a;)w(a;)] = bj,
() = 0,1,---,2K — N, K >N, (1.3)
TSI =Y o N-K+1,---,N, 0< K <N,

where K = %Ararg)‘(z) is the index of the problem,a; € T;(j = 1,-- N),a; € To(y =
O,N+1,---,2K — N) and b;(j =0,1,---,2K — N) are real constants,|A(2}| = 1,moreover

CalM2),T) € d, Cals(2),T] < €d, 7(2) € Ca(T), (1.4)

where a(1/2 < a < 1),d(0 < d < o) and €(0 < € < 1) are all real ¢ .nstants. For
convenience, we suppose ap = 1,A(1) = 1,7(1) = 0 and by = 0.
Now we suppose that the complex equation(1) satisfies

Conditions C: 1) Function F(z,w,v) is continuous with respect to z € D,w € E and
v € E (E is the complex plane).

2) Its generalized derivatives of first order exist for z(€ D), z,w(€ E),w,v(€ E) and
U; they are measurable with respect to z € D and to arbitrary continuous functions w, v
in the region D and continuous with respect to w € E,v € E for almost all 2 € D, as well
as satisity the following inequalities:

Iz, 0y < 25211 As(z, w)ll () < Ko,
I Fall, 0y < €(1 — q0}l|As(z, w)llLp(0) (1.5)
1 Full, 5y < Ko

where €(0 < € < 1) and po(2 < po < p < o0) are constants.
3) F(z,w,w) and F,, Fy satisfy

|F(z1,w1,v1) - F(Z2,w2,02)| < ko|21 - 22| + €k0|w1 - wzl + qo|U1 - vg|, 21,22 €T, (1~6)
|F(1,w(1),v(1))] < ko, (1.7)
|Fol + [Fo| < g0 < 1, (1.8)

where k(0 < ko < 00) and ¢ are all constants.

2. Representation and estimate for solution of boundary value problem

Let w(z) be the solution for the complex equaticn (1.1) satisfying condition C with
w(z) € W2pg,2 < pg < 0. Using the same method as [4], we can obtain the representation

w(z) = X(z) + Ho+ Y(2), X(2) :/;Z<I>1(z)dz+/;z B, (z)dz,

N . . (2.1)
v =3 [ dn w2 [ [ miEE @0 o) = ui
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where complex con-tants dp,(m = 1,---, ¥) are chosen in such a way that makes w(z)
be monotropic in I'. ®,(z) and ®;(2) are analytic functions in D, and P,(z) satisfies the
boundary condition

Re[®(z) + TV,] =K F(:.w,V)+Fi(z), z€T,
®(1) + TVz|.=1 = F 1,w(1),V(1)).

0 z=Ty . .
s = ’ ’ oz ...
1 (Z) { H] z E F]) (7 17 )]\)a

where w(z) is a continuously differentiable function of the closed region D and H'!s are
undetermined constants,®(z) is an analytic function in D and continuous on the closed
region D, and T i- Lhe integral operator defined by Tp= -1 [ [, %L_%de, p(z) = V3.
Now we give tiie prior estimate for the solution of the boundary value problem. We
assume that
Lp|As(z,w), D] < k1, Cqu[r(2),T] < kg, JrrEI?_"I)i |bj| < ks. (2.2)

Theorem 1 Suppose that the complez equation (1.1) satisfies Conditions C, w(z) €
W2po(D)(2 < po < p) and €'s in (1.4)-(1.6) are sufficientiy small. Then for any solution
w(z) of the from (2.1) satisfying

C'[w(z), D] < Mo(Mpis an undetermined constant), w(1) =0, (2.3)
the following estimate holds
S(w) = Cé[w(z), D] + LPOszzl + Iw;z], D < Ml(k1 + ko + ks), (2.4)

where § = min(a, p(;;-z) (2 < po < p), M1 = Mi(qo,po, ko, D,a, K, d).

Proof Set V = w, and change the complex equation (1.1) into

Vi =qiV. + ¢;Vz + B{V + B3V + Bj, (2.5)
where ¢} = ¢1/93,95 = §192/93, Bi = Bi/q3, By = Biq2/q3, B3 = (B + Bgs)/gs, 93 =

1— |g2|” and |q]| + |g3] < g5 < 1.
Now we claim that v satisfies the equation:

vz = qqvz + q29: + Biv + B + By /k, (2.6)
under the boundary condition:
Re[A(z)v(2)] = 7(2)/k — Re[s(2)w(z)/k] + h(z), z€ T, w(1)/k =0, (2.7)

and the point-type condition:

Im{A(a;)v(a;) + s(a;)w(a;)/k] = bj/k j € {5}, (2.8)
provided k = k; + k2 + k3 and v = w,/k. By §3-§6,Ch5 in [4],there is a unique solution
of the problem (2.6)-(2.8). It is also obvious that C,[r(z)/k,T] < 1 and max;e(;} |b;/k| <
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1. Then, due to Conditions C and (2.3), no matter how large the constant Mj is, it
always holds for B3 in (2.5) that ||B;;in0(l,) < ”AS(Z)‘“)”LP(D): provided that € in (1.5)
is sufficiently small. Hence ”B::./k“Lnn(D) < 1. By Theorem 5.6, Ch5 in [4], we obtain the
following estimate:

Cp[v(2), D] + Lpo[|vz] + |vel, D] £ My = My(qo, po, ko, D, K, o, d), (2.9)
where 8 = min(a, 22-%),2 < py < p.
By (2.3) and (2.9), as long as ¢ in (1.6) is sufficiently small, the following estimate will
hold:
|F (21, w(z1), kv(z1)) = F(22,w(22), kv(22))| < (2ko + My)|z1 — 23|P, 21,z2€T. (2.10)
This implies that ®;(z) in (2.1) satisfies
Cy|®2(2)/k, D] < M3 = M3(qo,po, ko, D, K, a,d). (2.11)
Combining (2.9),(2.11) and the fact that (Hp), = Tp, we get the estimate for w(z)/k:
Cglw(z)/k, D] + Lpo[|w,./k| + |wz:/k|,D] < My, ze€ D, (2.12)

that derives the estimate (2.4) and w(1) = 0. Meanwhile,(2.3) also holds if My = kM;. O

3. Stability of sclution of boundary value problem

In order to dicuss the stability of the solution of Porblem P, we assume that the
complex equation:

wy; = F"(z,w,w,), F™=Q0w,+ Qlw; + ATw + AT'w + A}, (3.1)
Q;n = Q;"(z,w,wz), J=12, A;'n = A;-n(z,w),j =1,23m=1,2 ‘

satisfies not only Conditions C, but also

Conditions C* For any w;(2),wz(z) € C4(D) and v(z) € Cg(D), the following in-
equatlities hold:

LOO[QJI'(Zawl)v) - Q?(zyw%v))D]
< LOO[Q;(Z) - Q?(Z)aD] + 6C'ﬂ[u)l - wa, D]) J = 1’2 (32)

and
Lpo[A}(z,w1)— A¥(z,w3), D] < Lpo[A}(2)— AX(2), D]+€Cglwy— w2, D], j=1,2,3, (3.3)

where QT*(2) = QT*(2,0,0),5 = 1,2, AT'(2) = AT*(2,0),5 = 1,2,3,m = 1,2.
Then the boundary conditions in Problem P for the complex equation (3.1) turn to

Re[A™(2)wm; + s™(2)wm(2)] = 7™(2), z€ T, wn(l) =0,m=1,2 (3-4)
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and

Im{A™(a;)wmo(2;) + ™ (1) wm(a;)] = b7 € {7}, m=1,2, (3.5)
where A™(z),7™(z), and s™(z) satisfy (1.4), a; and bT* are similar to those a; and b; in
(1.3), but here provided

2k0
C.[r™(2),T) < d, max|[b™|<d, m=1,2. 3.6
‘IO’ [T (Z) ] - J'E?J'x}l 7 | ( )

L,[AT (2, w) D]<

According to the results in §1 and §2, we obtain the following stability theorem for the
solution of the boundary value problem:

Theorem 2 Suppose that the complez equation (3.1) satifies Conditions C and Con-
ditions C*; €'s in (1.4), in Condition C and Conditions C* are all sufficiently small. Then
the solution of Problem P for the complez equation (3.1), say wn(2)(m = 1,2), has the
following properties:

s(wy — we) =C} [wl wg, D] + Lpo[|w1 — we).z| + [(w1 — wa)z:|, D]

< M4{Z LeolQj(2) = Q}(2), DI+ 3_ Lrol4j(2) ~ 43(2). Dy
+cﬁ[»( )~ 3%(2),T] + Galr(2) — 72(2), T)

+C,3[S z) — z) F] + B}

where B = maxje (5} |b}—b?|,ﬂ = min(a, 1-2/po), 2 < po < p, My = My(qo0, po, ko, D, k,a,d).

Proof Since wp,(z)(m = 1,2) is the solution of Problem P for the complex equation
(3.1), w(2) = w1(z) — we(2) is surely a continulusly differentiable solution of the following
first-order equation on D:

wz = Q}(Z) wl)wlz)wz + Q%(zywl)wlz)u_ji + A%(Z) wl)w + A%(z)wl)u—} + A(Z), (38)

A(z) = 1Qi(z, w1, wz;) — Q¥(z, wy, wy.)|wz, + |Q3 (2, w1, w2r) — Q3(2, wa, s, )| Wz
+ [A}(z’wl) - A%(z,wz)]wz + [A;(zawl) - Ag(z,wz)]ﬁ_)z + A.'li(z)wl) - A%(z,wg),

where
Lpo[A(2),D] < {Z Lo[Q}(2) — Q3(2), D] + 2¢Cplw; — wy, D]}Cplwy, D]
i _ (3.9)
Y LpolA}(z) - AX(z), D] + 3eCpluwi - wa, D)} + 1]
i=1
and w(z) satisfies the following boundary codition:
Re[Al(z)w, + s'(z)w(z)] = R(z), z€T,w(l) =0. (3.10)

R(z) = 11(2) — 7%(2) ~ Re[A1(2) — A2(2))wz, + (s!(2) — s¥(2))wz(2)], 2z €T
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and point-type condition:
Im(A(a;)w.(z;) + s'(aj)w(e;)] = B;, j € {j}. (3.11)
B;j = b} — b — Im[(A1(a;) — A%(a;))w2z(a;) + (s*(a5) — s*(a;))wa(e;)],

where
Cs[R(2),T| < Cp[r! — 7%, T] + C4[A! = X%, T|Cg[w2z, D] + Cg[s' — s%,T|Cplwa, D] (3.12)
and
|Bj| < |b} — 2| + Cp[A! — A%, T|Cplws, D] + Cpls' — 8%, TCplwa, D], j € {j}. (3.13)

By Theorem 1, we have s(w;) = C}[w;, D]+ Lpo||wj.:| + |wjz|, D] < Ms, j=1,2, where
Ms = Ms(qo, po, ko, D, K, a, d).

Hence,

s(w1 — wy) s(w) = Cglw, D] + Lpo[|w..| + |ws:|, D]

; Mea{Lpo[A(z), D] + Cp[R(z),T] + | B[}

< {[Z: Loo(Qj(2) = Q}(2), D) + 2¢Cp(w, D)|Cp(w2:, D)

+(3 Lpo(A}(z) - 43(2), D) + 3¢Cy(wy — ws, D))[Ca(wz, D) + 1

=1 _
+Cpa(r! — 7%, T) + 2C5(A! — A2, T)Cp(w2,, D) (3.14)
+2Cﬁ(sl - SZ,F)Cﬁ(wh D) + B}
2

< Mo{| ) Loo(Qj(2) — Q}(2), D) + 2¢Cp(w, D)| M5

+[Z Lpo[Aj(z) — A¥(z), D] + 3eCg(w, D)|(Ms + 1)

J—
+Cp(r! = 72,T) + 2C(A' — A%, T)M; + 2Cp(s' — %, T) M; + B},

where Mg = M¢{qo, po, ko, D, K, a,d).

It is obvious that (3.14) implies (3.7) provided ¢ is so sufficiently small that 1 —
5¢Mg(Ms + 1) > 1/2. This result shows the stability of the solution of Problem P for
the complex equation (3.1). O
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