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Some Characterizations of Near N-compact Sets in
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Abstract In this paper, the concepts of Mr-cover of L-fuzzy subsets in L-fuzzy topo-
logical spaces and the family of L-fuzzy subsets which has the finite Afr-intersection
property are introduced and, some characterizations of near N-compact scts are given
and, it is proved that the near N-compactness is hereditary for regular closed L-fuzzy
subsets and that near N-compactness is an “L-good extension”.
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The concepts and symbols used in this paper follows [1,3].

Definition 1 Let (LX,8) be an L-fts, and r € p(L). ¥ C § is called an Mr-cover of
A € L%, if for each z € 1,1(A), there is U € ¥ such that z € 7,(U°). ¥ is called an
Mr*-cover of A, if there is t € o*(r) such that ¥ is an Mt-cover of A.

Definition 2 Let (LX,8) be an L — fts, A € LX, r € p(L). Q C LX is called the
family which has the finite r-(resp., r-) intersection property, or briefly, {.Mr—1i.p. (resp.,
for—1ip.) in A if for each W € 2% there ezists z € r,4(A) such that (ANU°~)(z) > ' (resp.,
(A¥)(z) > 7' ),and r € p(L).

Theore 1 Let (LX,6) be an L fts, A € LX, then the following statements are equivalent:
(1) A is near N-compact.

(2) For any r € p(L) and each Mr-cover Q of A, there is ¥ € 2(%) such that ¥ is an
Mr*.cover of A.

(8) For any r € p(L) and each family ® C &' which has f.Mr —i.p. in A, there s
z € 1(A) sucthat (A DO~ )(z) > r'.

(4) For any r € (L) and each family Q of regular closed L-fuzzy subsets which has
for—ip. in A, there is z € 7,.4(A) such that (AQ)(z) > r'.
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Proof (1)==>(2). For any r € p(L), suppose (1 is any Mr-cover of A, then & = Q' is an
Mr' — RF of A. In fact, for each z,» € A, we see that z € 7,1(A), and then there is U €
such that z € 7,(U~°). Put P = U', then P € ® and P°~ € n(z,). Hence ® is indeed
an Mr' — RF of A. From Theorem 1.1 in [3], there is ¥ € 2(%) sych that © = ¥' c &
is an M(r')” — RF of A, i.e., there is s € 8*(r') such that © is an AMs — R/ of A. Put
t = s', then t € (8*(r'))'. For each z € r(A) = 7,(A), z, is a molecule in .1, and then
there is P € © such that P°~ € n(z,), and so P'~%(z) = P '(z) £ ' =t. put U = P,
then U € ¥ and z € (U~°). This shows that ¥ is an Mt-cover of A, and then V¥ is
aMr*-cover of A.

(2)==(3). Suppose that (3) is untenable, then there exist r € p(L) and some ® C §'
which has f.Mr — i.p. in A such that (A®°7)(z) # r' holds for each z € 7,.(A), and thus
(#°~')(z) £ r. Hence there is P € ® such that P'~%(z) = P°~'(z) £ r, i.e., z € 7,(P"79),
hence @' is an Mr-cover of A. From (2), there is ¥' = {P},---,P.} € 2(%) such that ¥’ is
an Mr¥-cover of A, that is , there is t € a*(r) such that ¥ is an Mt-cover of A, and thus
for each z € ry(A) there is P; € ¥' such that z € 7,(P;~9), and so (V¥'~%)(z) £ ¢, and
hence (A¥®~)(z) = (AW ~%)(z) ¥ ¢'. Since t € a*(r), t' < 7', and then (A¥O~)(z) # 7,
this contradicts that ® has f.Mr — ¢.p. in A.

(3)=(4). It is easy.

(4)=>(1). Suppose that A is not near N-compact, then from Corollary of [3], there are
a € M(L) and some a-regular closed RF ® of A, such that any ¥ € 2(?) is not a~-regular
closed RF of A, i.e., for each t € §*(a) there exists molecule z; in A such that P ¢ n(z,)
holds for each P € ¥, and so t < (A¥)(z). This shows that ® has f.t' —i.p. in A. From
(4) there is z € r4(A) such that (A®)(z) > t. From the arbitrariness of t € 8"(a) and
VA*(a) = a we have (A®)(z) > a, this contradicts that ® is an a —- RF of A. Therclore
A is near N-compact.

We have proved in [3] that near N-compactness is a “good extension”, now further
prove that it i1s an “L-good extension”. For this we need the following two lemmas.

Lemma 1 Let (LX,w, (7)) be the L — fts induced by a crisp topological space (X,7), A€
LX. Then

(1)1 Va e L\{0}, 7a(47) = Nacpa)(7a(4)) ™

(2)8 A% = VreLTX(r,(A))-
Lemma 2 Let (LX,wr (7)) be the L — fts induced by a crisp topological space (X,7), a €
L\{0}, A€ LX. Then ‘

(1) 1a(A7) = (ra(4))~.

(2} A0 = V,-GLTX(,.'(A))—O.

(3) VB C X, (XB)-O = Xg-o
Proof (1) From Lemma 1 (1) we have

74(A4))” C (A7) =71.(47).

Conversely, if there is z € X such that z € 7,(A7) but z & (r,(A4))", then there is a
neighborhood W of z in (X, 7) such that W N r,(A) is empty, and hence A(y) # a holds
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for each y € W. It follows from VA{a) = a that there is « € $(a) such that A(y) ¥ o.
Therefore W N74(A) also is empty, and so z & (7a(A)) . On the other hand, by z € 7,(A7)
and Lemma 1 (1), z € (r4(A))~ holds for each a € 8(a). This is a contradiction. Hence
(A7) C (ra(4))".

(2) From Lemma 1 (2) and above (1) we get

A% = (A7)° = VeeLrX(r, (a-))0 = VreLTX(r, (A))0-

(3) It is clear that 7,(x,) = B holds for each r € L\{0}. From above (2) we have

-0
(xB) ™" = VeeL\{0} X 5-0 = (VreL\{0}7)Xp-0 = Xp—o-
Now we will prove that near N-compactness is an “L-good extension”.

Theorem 2 Let (LX,w, (7)) be the L — fts induced by a crisp topological space (X,7).
Then (LX,w, (7)) is near N- compact iff (X,7) is near compact.

Proof Necessity: let ® be any regular open cover of (X,7), then ® = {x, : A € ¥} C
w, (7). Take arbitrarily o € M(L), then r = o' € p(L). It is clear that © is an Mr-cover
of 1;. From Theorem 1, there is ¥ = {XA'- 11 =1,2,---,n} € 2(®) such that ¥ is an
Mr*_cover of 1., i.e., there is t € a*(r) such that ¥ is an Mt-cover of 1,. From this we
will deduce that @ = {A; : 1 =1,2,---,n} € 2(%) is the cover of (X,7). In fact, for each
z € X = rp(1,), there is A; € Q such that z € 7((x4,)7°), and so (x4,) °(z) = 1. It
follows from Lemma 2 (3) that x4-o(z) = 1, and so = € A7® = A;. This shows that 0 is
indeed a cover of (X, ), and thus (X, 7) is near compact.

Sufficiency: let ® be any Mr-cover of (LX,w_ (7)), i.e., ® be any Mr-cover of 1, (r €
p(L)), then Vz € X = ru(1;), 3U, € @ such that z € 7,(U;°%). From Aa*(r) = r
there is t(z) € a’(r) such that z € r(;)(Ug®). By Lemma 2 (2) we have (U;%)(z) =
(VaeL@X(r,(U,))-0) (%), and thus there is a(z) € L such that z € T‘(I)(a(x))x(m(,)(u,))—O) O
z € (14(2)(Uz))°(z) and a(z) £ t(z). Hence ® = {(r4(;j(Uz)) 7% : £ € X} is the regular
open cover of (X, 7), and then there are z;,z3,-++,z, € X such that ¥ = {(ra(zl.)(UL))'o :
i=1,2,---,n} € 2(%) is the regular open cover of (X, 7). Notice that a(z;) £ t(z;), from
a*(r) is a lower directed set, there is t € a*(r) such that ¢t < ¢(z;),¢ = 1,2,---,n. Now
Ve € X =1p(1z), 3 < nsuch that z € (75(;,)(Uz,;))°. But

((U2.)"°)(2) = (VaeLaX(ravs,))-9) (%) 2 (a(@)X (o, 0. )0 (2) = alz:) £ t(=),

and thus z € ry,;)((Uz;)70), further = € 7((Uz,;)7°). This shows that @ = {U,, : i =
1,2,---,n} € 2(®) is an Mrt-cover of 1, hence (L¥,w, (7)) is near N-compact.

The following theorem shows that near N-compactness is hereditary for the regular
closed L-fuzzy sets, the proof is similar to Theorem 4.9 in [4].

Theorem 3 Let A be near N-compact L-fuzzy set in L — fts (LX,S), and Be LX a
regular-elosed L-fuzzy set. Then AN B 1s near N-compact.
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