References

[1] P.Morris, Disappearance of eztreme points, Proc. Amer. Math. Soc., 88(1983), 244-246.

[2] J.Hagler and F.Sullivan, Smoothness and weak* sequential compactness, Proc. Amer. Math.
Soc., 78(1980), 497-502.

[3] H.P.Rosenthal, Some recent disscovertes in the isomorphic theory of Banach spaces, Bull.
Amer. Math. Soc., 84(1978), 803-831.

[4] J.Lindenstrauss and L.Tzafriri, Classical Banach Spaces I, Springer-Verlag (1977).

[5] J.Diestel, Geometry of Banach Spaces—Selected Topics, Springer-Verlag (1975).

Banach %8 [8] B {R 5 ik =

X #
(4l k% B R [ M510275)

wW =

fEFEXH, BAITEXT(R1),(R2),(R3) MIwMLUR, EfIR—& 5P OEEEATA
RARERRFRAHLE ROLWRTEMNVERMREMNZANAELIXER.

x| REFm

— 516 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



Journal of Mathematical Research & Exposition
Vol.14, No.4, Nov. 1994

*

The Preserved Extreme Points in Banach Spaces

L1 Yongjin
(Dept. of Math., Zhongshan Univ, Guangzhou)

Abstract In this paper, we define the (R1),(R2),(R3) and wMLUR, which are some

convexity similar to strict convexity and preserving all extreme points.
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Let X be a Banach space. The unit sphere of X is denoted by S(X) and the unit
ball of X is denoted by U(X). By the natural embedding z — Jz, X may be considered
as a subspace of X**. An extreme point of the unit ball of Banach space is said to be
a preserved extreme point, if it is an extreme point in the unit ball of the second dual.
Peter Morris (1] showed that if X is a separable Banach space containing an isomorphic
copy of Cg, then X is isomorphic to a strictly convex space E such that no extreme point
of E is preserved. In this paper, we discuss some convexities which are similar to strictly
convesity and preserve all the extreme points.

Definition 1 If ||z — (zn + yn)/2|| — O implies £, — y, > 0, where z,z,,y, € S(X), then
we say that X is wMLUR.

Definition 2 If every £ € S(X),z is an extreme point of U(X**),1.e., every point of
S(X) is a preserved eztreme point, then we say that X 1s (Ri).

Definition 3 If ||z + z**|| = 2 implies z = z**, where z € S(X),z** € S(X**), we say
that X s (R2).

Definition 4 If (2, + yn)/2 > = implies 2, > z and y, > z,where 2,,yn € S(X), then
we say that X 1s (R3).

It is easy to see that (R2) implies (R1), and if a Banach space X is (R3), then X is
wMLUR.

Theorem 5 Let X be a Banach space and X* is smooth, then the jollowing statements
hold:

(1) X is (R1);
(2) X is (R3).

*Received Oct.1, 1991.
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Proof (1) Let z € S(X),z**,y** € S(X**), with z = (z** + y**)/2, then there exist
fz € S(X*). such that f;(z) = L. Since z**,y** € S(X**), we know that z**(f;) =1 and
y**(fz) = 1. As X* is smooth, so z = z** = y**, hence X is (R1).

(2) Suppose that (z, +y,)/2 — z, since X* is smooth, from [2], we know that U(X")
is w*-sequentially compact, s0 z,, = 2**,yn, — ¥**. As (z,+ yn)/2 > z in X",
z = (z** + y**)/2, by (1), we know that z = z** = y**, thus «,, v, Z,Yn, ¥, zin
X**, hence z, > z and y, — z in X (Otherwise, we have f € S(X*) and ¢ > 0 and
{2} C {zn} such that |f(zn,) - f(z)| > €. By above discuss, we have {zn, } C {24}
such that z,, = z in X**, that contradicts to |f(zn,) — f(z)] > €)-

Theorem 6 If X* is smooth and X is very smooth, then Banach space X is (R2).

Proof Let z € S(X),z** € S(X**) with ||z + z**|| = 2, then we have f, € §(X*) such
that (z + z**)(fn) — 2, so z**(fn) — 1 and fp(z) — 1, since X is very smooth, the latter
implies that f, = f,, where f, € S(X*), fo(z) = 1, thus f(z) = **(fz) = 1. As X" is
smooth, so z = z**, hence X is (R2).

It is easy to see the following theorem holds.

Theorem 7 If X** s strictly convez, then Banach space X s (R2).
Theorem 8 If X* is (R2), then X is very smooth.

Proof If z € S(X), f, € A(z) and F, € S(X***) with f;(z) = 1 = F,(z), then ||f,+ F|| =
2. Since X* is (R2), we have f, = F,, hence X is very smooth.

Corollary 9 X** s (R2) ¢f and only if X is reflezive and X is strictly convez.

Theorem 10 If Banach space X 1s reflexive, then the following statements are equivalent:

(1) X 1s strictly convez;

(2) X is (R1);

(3) X s (R2);

(4) X 1s (R3);

(5) X is wMLUR.
Proof (1) = (5). If X is strictly convex and z,z,,y, € S(X) with ||z — (2, +yn)/2|| — 0,
then since X is reflexive, we have x,, = z and yn, — y, so (z+y)/2 = z. As X is strictly
convex, so £ = y = 2, thus z,, — z and y, — z, hence X is wMLUR.

(5)= (1) If X is wMLUR and z,y,z € S(X) with £ = (y + 2)/2, then let z3; =
Y, Zaks1 = 2 and yok = 2,Ysk41 = ¥, we have |z = (5 + ya)/2]l = O, 50 2, 5 z, thus
z =y = z, hence X is strictly convex.

By (1)¢ (5) and theorem 5, we can easy to see that (5)= (1)= (2) = (3) = (4) = (5).

Theorem 11 If Banach space X ts (R1), and X is separable, then X is wMLUR.

Proof Let z,z,,y, € S(X) with ||z — (2, + ya)/2l| = O, smce X* is separable, we
know that U(X**) is w*-sequentially compact, so we have z,, % z,yn, > yin X**. As
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(€n +Yn)/2 > zin X, 50 (Zn +yn)/2 ¥ zin X**, thus z = (z**+y**)/2. Since X is (R1),
we have z = z** = y**, 30 z,,, > Z,Yn; — z in X, hence z, > z,y, — z, i.e., X is (R3).

Theorem 12 If separable Banach space X contains no subspace isomorphic to 11, then
the following statements are equivalent:

(1) X s (R1);

(2) X 1s (R2);

(3) X is (R3);

(4) X i+s wMLUR.

Proof (3)=> (4). Easy.

(4)= (2). Let z € S(X),z** € S(X**) with ||z + z**|| = 2, since I 5> X, we have
z, € S(X) such that z, ¥, z**. For any € > O, there is an f. € S(X*) such that
z(fe) + =z (f) > 2 — €/2, for fixed f,, since z, “} £**, there exist N such that whenever
n > N,z.(f) > z*(f) — €¢/2, so z(f.) + zn(fe)) > 2 — ¢, thus ||z + zn]| > 2 — € i,
|z + zn|| -» 2. As X is wMLUR, we have z, > z, so z, “ 2 in X**, hence z = z**. i..
X is (R2).

(2)= (1). Easy.

(1)=> (3). Let z,z,,yn € S(X) with (z, + yn)/2 1"+ z, since I X, we have z,, LN

" Yn, ¥, y**. As (zn + y,,)/2 — z, so (z, + y,,)/2 -z m X**, thus (z** + y")/2 =z,
since X is (R1). we have £ = z** = y**, 80 Zn, = Z,Yn, — = in X**, hence z, — z and
Yo — z in X.

Finally, it is easy to see the following theorem holds.

Theorem 13 If Banach space X contains no subspace isomorphic to I*, and X has (H),
then the following statements are equivalent:

(1) X is strictly convez.

(2) X is wMLUR.

(3) X is MLUR.

(4) X s (R1).

(5) X s (R2).

(6) X 1s (R3).
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