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In this note we define a new algebraic structure called group Boolean algebra which are
groups over Boolean algebras; analogous to group algebras which are groups over rings.
We study only group Boolean algegras over the Boolean algebra B = [0, 1]; as every other
finite Boolean algebra is isomorphic to a direct product of {0,1]. Throughout this paper B
denotes the Boolean algebra B = [0, 1] and G a group and BG the group Boolean algebra
of group G over the Boolean algebra B.

Definition 1 Let B = [0,1] be the Boolean algebra of order 2 and G any group. The
group Boolean algebra BG of G over B consists of all formal sums a = ) a;9; with a € B
and g; € G such that supp a = {g;/a; # 0}, the support of a is finite; with the following
operational rules.

(i) X aigi = 3 Bigi <= a; = f; for all g; € G.
(i) T aigi + 5 Bigi = Y(i + Bi)gi i, Bi € B and g; €G.
(‘") (): al'gl')(z ,ngj) = > Tegk where v = Za,ﬂj and gi9; = k-

(tv) 1-9; =g; forall g; €G and 1€ B. 1 €G and 1 € B are identified to be 1 in BG.
Stnce 1 € G, B. 1 C BG, hence there is a natural embedding of B tn BGC. Thus
b — bl is an embedding of B in BG, after identification of B -l with B we have
B C BG. Clearly for allb € Bandge G bg = gb. Thus1 € Band1 € G 1s
identified as the identity of BG.

Example B = [0,1] be the Boolean algebra of two elements and G = (g|g? = 1) be the
cyclic group of degree 2. BG = {0,1,9,1+ g}.

Proposition 2 Let B be the Boolean algebra |0, 1] and G any group. The Group Booican
algebra BG is a semiring with 1.

Proof BG is obviously a semigroup under +. Further 1 € BG. Hence BG is a semiring
with 1.

It is interesting and important to note that unlike a group algrbra, a group Boolean
algebra is just a semiring.
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Theorem 3 BG 13 a strict semiring.

Proof Asif a,f € BG. a+ =0 is possible if and only if a = 0 and § = 0.
Theorem 4 BG 1s an idempotent semigroup under addition.

Proof As1+1=1in BG we have BG to be an idempotent semigroup wader +.
Theorem 5 BG has no nontrivial zero divisors.

Proof Since in B we haveonly 0and 1 and 1+ 1 =1, we have a- 8 =0 a, € BG.
(x=39i B=2X hj); af =3 gig; = 0is possible if and only if « =0 or § = 0.

Theorem 6 Let G be a group having an element of finite order and B = [0,1]. Then BG
has no nontrivial idempatents with respect to multiplication.

Proof Let g € G (g # 11) such that g™ = 1. Clearly (14+g+---+¢"" )% = 14+g+---+g""!
as 1+ 1=1in BG. Hence the result.

Theorem 7 Let G be a torsion free abelian group and B = [0,1]. The group ring BG has
no nontrivial idempotents with respect to multiplication.

Proof Let a = ) g; with g; € G. Since G is torsion free abelian; G is orderable. Let
91 < g2 <+ < gn. Nowfroma® =3 ¢>+3 gig; (¢ # J), we have that g7 is the smallest
and gZ is the largest element of supp a? which cannot equal any other element. Hence
a? # a. Thus BG has no nontrivial idempotents.

Theorem 8 Let G be a group having a finite subgroup H and B = [0,1]. Then BG has
nontrivial idempotents with respect to multiplication.

Proof Let H = {1,hy,---,h,} be the subgroup of G of finite order. Clearly if a =
1+ hy +---+ h, then a’? = a using the fact 1 + 1 = 1. Hence the thearem.

Theorem 9 Let G be a torsion free non-abelian group and B = [0,1] be the Boolean

algebra. Then the group Boolean algebra BG has no nontrivial idempotents with respect
to multiplication.

Proof Suppose a? = a where a = 3 g; then {g1,-,9n} forms a finite subgroup of G,
since 14+ 1 =1 in BG and BG is a strict semiring. These in turn imply that G has an
element of finite order, a contradiction. Hence a? = « is impossible in BG. Thus the
semiring BG has no zero divisors.

Theorem 10 BG is a non-commutative semiring if and only if G is a non-commuiutive
group.

Proof Obvious.

Theorem 11 Let BG be the group Boolean ring of a finite group G over the Boolean
algebra B. Then BG has nontrivial ideals.

Proof Let G = (1,91, -+,9y). Take @ = 14+ 3 g;. Then clearly o’ = a. Now {0,1+g; +
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-+++ gn} is a nontrivial ideal of BG.

Problem If G is torsion free non-abelian or G is a infinite group which has no finite
normal subgroups and B = [0,1]. Can BG have nontrival ideals?
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