Corollaryl?l Let R be a ring. Suppose that for all z,y in R, there ezists an integer
n = n(z,y) > 1 such that z"y = zy™. Then (i) N forms an ideal of R; (i) R= N @ R,,
where R; 15 isomorphic to a subdirect sum of fields. In particular, if N 13 commutative,
then R 18 commutative.

Proof For all z,y in R, by hypothesis there exist integers m = m(z,y) > 1 and n =
n(z,y) > 1 such that

"y = zy" and (z")™"y = 2"y™.

Then Imny — znym —_ xnyym;l - Iym+n—1.

Since the equation mn = m + n — 1 has no integer solutions such that m > 1 and
n > 1, there exist distinct integers s = s(z,y) > 1 and t = t(z,y) > 1 such that z°y = zy*.
Then, the proof of corollary is now complete by Theorem.
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Abstract Let R be a ring, and N the set of all nilpotent elements of R. We prove the

following
Theorem If a ring R satisfies the following condition: for allz,, -,z 1n R, there erist
words wy = wy(z2, -, 2x) and we = wy(zy, -, zk—1) depending on z,, -, zx such that

lwile, > 1, |w2lz, > 1, and |wy| # |wz2|. Suppose that
zywi(zz, -, o) = wa(z1, -, k1) 7k,

where k >1 s a fized integer. Then

(1) N forms an tdeal of R;

(2) R= N+ R,, where R, is tsomorphic to a subdirect sum of fields. In particular, +f
N 1s commautative, then R 1s commulative.

Keywords Rings, subdirect sum, words.

Throughout, R will represent an associative ring, and N will denote the set of all
nilpotent elements of R. Recently, Hasanali and Yaqub [1] proved that R is commutative
if it satisfies the following three conditions : (i) N is commutative; (ii) z¥y = zy* for all
z,y € R— N, (iii) if a € N,b € R, and k![a,b] = 0, then [a,b] = 0, where k > 1 is a fixed
integer.

We define a word w(zy,z2,--+,2¢) in z1,23,---,7; to be a product in which each
factor is z; for some ¢ = 1,2,--- k. By the z;- length of word w(z;,z2,-+,z), which
we denote by |w(z1,- -+, zi)|z;, we shall mean the number of times z; appears as factor in
w(zy,z2," -, zk); the sum |w(zy,- -, zk)|z1+- - -+ |w(z1,- - -, Tk ) |z Will be called the length
of w(zy,zq,- - ,zx) and denote by |w(zy,---,z)|. We consider the following condition:

(*) For all z;,- -,z in R, there exist words w1 = wi(z2, -, 7k) and w2 = wa(z1,-++,
Ti-1) depending on z,---,z; such that |wy|zg > 1,|we|z; > 1, and |wy| # |w2], and
suppose

.’Elwl(xz,'“,xk):(A)2($1,"',$k_1)$k, (1)

where k > 1 is a fixed integer.

Theorem Let R be a ring satisfying condition (x). Then
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(i) N forms an ideal of R;

(ii)) R = N @ R;, where Ry 1is isomorphic to a subdirect sum of fields. In particular, if
N 1s commutative, then R i3 commautative.

We begin with

Lemma Let R be a semisimple ring satisfying condition (¥). Then R is isomorphic to a
subdirect sum of fields.

Proof Let z € R, and set z; =z = --- = r; = z in (1), we get
™ =z" (2)

for distinct integers m = m(z) > 1 and n = n(z) > 1. Without any loss of generality, we
may assume that m > n.

If R is a division ring, then, by (2), z = 2™ "%}, Then R is a field.

Suppose now that R is a primitive ring. Note that condition (*) is inherited by all
subrings and all homomorphic images of R. Note also that no complete matrix ring (D);
over a division ring D (t > 1) satisfies condition (), as may be illustrated by taking
z) = Fyjp and 23 = 23 = -+ = 73, = E, we may assume that R is a division ring. Then R
1s a field.

If R is a semisimple ring, then R is isomorphic to a subdirect sum of primitive rings
Ry each of which as a homomorphic image of R satisfies condition (), so each R, is a
field. Therefore, R is isomorphic to a subdirect sum of fields R,.

We are now in a position to prove our theorem.

Proof of Theorem (i) Let J be the Jacobson radical of R. By the Lemma, R/J is
isomorphic to a subdirect sum of fields F,. Then N C J. On the other hand, for any z in
J, by (2) we have z" = z™ = z™ - ™", s0 2" = 0, therefore J C N. Then N = J.

(i) For each z ir R, let T be the canonical image of z in R/J, and Z, the image of T in
R,. Since R, is a homomorphic image of R, by (2) we have z7 = z% so T = 2 z7 "1,
and hence T = z? zm=n-1 which gives

z —ztz™ "1 e J(= N).

Let y=z™ " ! and z = z — 2"y, then

z = z_z2y+x2y_13y2+___+zn—1yn—2_Inyn—l
= (z-2%) +zy(z — 2?y)+ -+ 2" Iz - LPy) €N,
znyn—l — :l:"'Hy" — . — z2ny2n—1 — (xnyn—-1)2y ( by (2))’

and
y(znyn—-l) — (xnyn—l)y.

Let R; = {z € R| there exists r, in R such that z = z%r, and £-r, = r, - z}. Then

z=z+z"y"" '€ N+R;. (3)
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Since N is the set of nilpotent elements of R, we get NN R; = 0. It is clear that if Ry
is an ideal, then R = N & R, and so R; ~ R/N. Then it suffices to Prvoe that R; is an
ideal of R.

Let a € Ry, then a = a®r,. Letting e, = ar,, we have
1, a )
— oy — 2 _
aeg; = a = eqa and e; = e,.

Ifa€ R, and u € N, then au, ua€ N. Let z; = 23 = --- = 2} = €5 and 7, = au
in (1), we have

au = wy(ea, *+,€a)au = eqwy(€a, - -, €a, au) = (au)“Pre, or (au)l1l%.

Since au is nilpotent and |w;|z, > 1, we obtain au = 0. A similar argument shows that
ua =0. Then RN = NR; =0.
For all a,b in R;. Consider

(eaer — e,,e,,ea)2 =0 = (epeq — eaebea)z. (4)
Then, by (1) and (4), we have
eseh — €aeres = wa(eq, ", €5)(€ath — €aeres) = €awi(ea, -, €a, €ath — €a€s€s) =0
and
eseq — €aepeq = (epeq — eqepeq)wi(ea, -, €5) = wa(eres — a5, €4, +,€4)eq = 0.
Hence eze; = ejepeq = epe,. Let e = e, + €, — e,€,. Then
e=¢, ae=ea=a, and be=eb=0». (5)
Let ; = ab, and z3 = -+ = zx = e in (1), by (5) we obtain
ab = abwi(e, -, €) = wy{ab, e, -, €)e = (ab)?(ab)2l=1 72,
Similarly, we get
a—b=(a—bwe, - ,€) =wy((a—1b)e- -, ele=(a—b)?(a—b)wl=2
Consider (ab)(ab)!“2l:1=2 = (ab)!¥2l=1=2(gb) and (a—b)(a—b)2l=1=2 = (a—b)lwsl=1-2(a ).

Then ab € Ry and a — b € R;.

For a € Ry and r € R, by (3) there exist ry in N and ry in Ry such that r = r; + rp.
Then

ra = (r+rja=ria+ria=rac Ry,
ar = a(ri+r;) =ary+ary=ar; € Ry.

Hence R, is an ideal. This completes the proof of the theorem.
We conclude this note with the following
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Corollaryl?l Let R be a ring. Suppose that for all z,y in R, there ezists an integer
n = n(z,y) > 1 such that z"y = zy™. Then (i) N forms an ideal of R; (i) R= N @ R,,
where R; 15 isomorphic to a subdirect sum of fields. In particular, if N 13 commutative,
then R 18 commutative.

Proof For all z,y in R, by hypothesis there exist integers m = m(z,y) > 1 and n =
n(z,y) > 1 such that

"y = zy" and (z")™"y = 2"y™.

Then Imny — znym —_ xnyym;l - Iym+n—1.

Since the equation mn = m + n — 1 has no integer solutions such that m > 1 and
n > 1, there exist distinct integers s = s(z,y) > 1 and t = t(z,y) > 1 such that z°y = zy*.
Then, the proof of corollary is now complete by Theorem.
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