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Abstract In this paper, we investigate the asymptotic behavior of the solutions and
uniform stability of the zero solutions of certain nonlinear systems of neutral functional
differential equations with infinite delay and obtain some simple criteria for stability.
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By BC(I, D) we denote the set of all the bounded continuous functions from I to D,
by || - || we denote a certain norm in R".
Consider nonlinear neutral system

:l:(t) = F(t:zhi(t - T(t)), I(t - rl(t)):' o )I(t - r‘m(t))): (1)
where z € R*,0 < r(t),r1(t), -+, rm(t) < t,t € Rz, is defined as z;(0) = z(t + ) for
~o(t) < 8 < 0,0(t) = max|r(t),ri(t), -+, rm(t)], F(t,,---,-) € C(Rt x BC(R™,R") x
R" x ---x R",R"), F(t,0,0,0,---,0) = 0 for any t € RT. We assume that
(Hl) HF(t,:tt,y,zl,---,a:m)H < I(t1 \Tt|:||y||,1|$1||,'”,Hl‘m“)

for
(t,ze,y,21,° *,Zm) € RT x BC(R™,R") x R* x R" x --- x R",

where |z¢| = sup_,(y)<ocollz(t +0)I, I(t, €, m, &1, -, €m) € C(R*xR*xRT" xRt x---x
R*,R*),I(t,&,n,&1,- -, Em) is monotone nondecreasing in (£, £1,- -+, €m), 1{t,0,0,0,---,0) =
0forte RY;

(Hz) For any monotone nondecreasing function v(t) € C(R, R*) with |[z(&)|| < v(t),t —
o(t) < £ < t, the inequality

(@Ol < I, v(t), 12t - r(@)l, v(E), - -, v(t))
implies

ll2(t = r(ENI Iz < J (2, v(2),
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where J(t,v) € C(Rt x R*,R*),J(t,0) = 0,J(t,v) is monotone nondecreasing in v (cf.
[1,2,3] etc.);
(Hs) For initial conditions

z(t) = (), 2(t) = $(t), —c0 <t < to (to € RT)

there exists a unique solution z(t) = z(t, to, ¢) to (1), where ¢(t) € BC((—o00,to], R"), 4(t)
€ C((—oo, to}, R™);

(Hg) For any tg,wo € RT, there exists a unique solution w(t) = w(t,to, wg) defined on
[to, +00) for the initial value problem

{ w(t) = I(t, w(t), J(t, w(t)), w(t), -, w(t)) @

Theorem 1 (Comparison Theorem) If the Conditions (H,)-(Hy) are satisfied, then
l2(, 20, )l < w(t,20,[8]), € [to, +00), (3)

where || = sup_ ., <4<y, [[0(t)]l-

Proof Define
|¢')t € (—Oo)t()}
v(t) =

“1is (4)
|61+ | llz(s)llds,t € [to, +00).
to
Then v(-) is monotone nondecreasing on R. By the conditions one gets
o(t) = [l2(@)]] < I(t,v(t), T (8, 0(2)), v(t),- -, v(t)),t € [to, +-00) (5)

this induces the result.
By Theorem 1 we directly have the following

Theorem 2 If (H,)-(Hy) are satisfied and te zero solution of (2) is uniformly stable with
respect to all the positive solutions, then the zero solution of (1) is also uniformly stable.

Remark 1 In Th.1-4, I(t,v,J(t,v),v, -, v) can be replaced by J(t,v).

Remark 2 Condition (H;) is weaker than that in [1,2,3], it can be realized for many
equations, which can be shown by the example below.

Remark 3 Under the conditions of Th.3, the zero solution of (1) is stable in the C{1)-
Space ([4]).
Theorem 3 Assume (H,)-(Hs) are satisfied and

I(tafy‘](taf)agy"'7£) = I-(t)l'*(f),

where I**(-) is Lipschitzian and monotone nondecreasing, I**(0) = 0,1*7(€) > 0 for € > 0.
If

/+°°[1"(5)]—1d5 = oo, /m I*(s)ds < +oo, (6)
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then the zero solution of (1) is uniformly stable and stable in the C{1)- Space.

Proof We first point out that (Hy) is satisfied under (6). Thus, the remainder we need
only to prove that the zero solution of (2) is uniformly stable with respect to all the

positive solutions.
Define

o) = [T (@) de, we R

for given ¢ > 0. It is obvious that & 1(-) is well-defined and is monotone increasing

because ®'(w) > 0. Let
1 1
6= Emin[;z—,q)_l(-iq)(e))}.
By (6), there exists a certain constant T > 0 such that

/ " 1 (s)ds < %@(e). (7

T

I. Suppose tg,wq are given, to > T,wo € RY,0 < wp < §,w(t) = w(t,to,wp). It is easy

to show that ,

w(t) = 7Y P(wo) + | I(s)ds).

to

By the estimation

B(wo) < B(5) < B(26) < %q>(f),

t +00
I*(s)ds < / I'(s)ds < ~®(¢) for t > to(2 T),
to T 2
we have . )
w(t) < @"1(§<I>(e) + 5@(6)) =c¢€ for t € [tg,+0o0)- (8)

II. By the continuous dependence of solutions on initial conditions, forany 0 < 7 < T,
there exists a constant §(7,¢),0 < 6(r,¢) < ¢, such that

W(t,t(),wO) <é for te {to,T]

if 0 <wo < 8(r,€),t0 € (1= 8(r,¢),7+8(r,¢))NR". Now [0,T] C Upe,<p({r = 8(r,€),7 +
8(r,€)) N RY), so there exists a finite set of points {r;|0 < r; < T,i=1,2,---,k} such that
0,7] € Urci<i((i — 8(ri,€), 7 + 8(ri,€)) N RT). Let

§' = min[8, 6(ri,€),1 = 1,2, , k],

then &' depends only on ¢, and §' < 6 < e.
By the meaning of §', it is easy to show that, if 0 <ty < T,0 < wg < &', then

w(t,tg,wo) < § for te [to,T].

III. Let to € RT,0 < wp < §',w(t) = w(t, to,wo)-
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(i) Ifto > T, then (8) holds;
(it) f0 <ty < T, then

0 < w(t,tg,wo) <6< %e < e for te€(to,T]
thus 0 < w(T,to,wo) < & and
0 < w(t,to,wo) = w(t, T,w(T,to,wo)) < e,t>T
by (8). Therefore we have
0 < w(t,to,wp) < € for t € [to,+00).
This completes the proof.

Theorem 4 Under the conditions of Theorem 3, each solution of (1) tends to a constant
ast — +oo.

Proof One can show that the solution of (1) is uniformly bounded, thus, by (5) one easily
show ||z(t)|| € L}[0,+o0), and the conclusion follows from [4,Lemma 2.4].
A simple new criterion for the retarded equation

z(t) = F(t, z¢) (9)
can be obtained by Th.3.

Corollary 1 If||F(t,¢)l| < I"(t)I**(|¢|) for (t,¢) € Rt x BC(R™, R"), where I*(-) and
I**(-) are as in Th.3, then the zero solution of (9) is uniformly stable. Furthermore, each
solution of (9) tends to a constant as t — +oo0.

Example Consider the nonlinear neutral scalar equation

i(t) = ﬁ[x(t) +sinz(t - [f])] — et EEDEL((g)). (10)

We have

t .
z(t) = e_t+¢l+7fﬁr(n) + e /n evti [m sin z(s - [s]) — e_’_[z(’—l”za:([s])]ds
(n<t<n+1,[s] =n)
By this equality one easily proves the global existence of solutions of (10). Besides, from
(10) we have

zt|))

2(8)] < I (@) (=(t = )]+ =([t)] +=(8)]) < I
where I*(t) = max|(t + 1)7%,e7!], I"*(£) = 3. Obviously,

/+w[lu(f)]—ld5 = +o00, /+oo I"(s)ds < +oo,

thus, by Th.3,4, the zero solution of (10) is uniformly stable and each solution of (10)
converges at infinity.
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