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Abstract In this paper a quite accurate estimate of the harmonious chromatic number
of a complete 4-ary tree was given.
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The harmonious chromatic number of a graph G, denoted by h(G), is the least number
of colors which can be assigned to the vertices of G such that each vertex has exactly one
color, adjacent vertices have different colors and any two edges have different color pairs.
Here a color pair for edge e is a set of colors on the vertices of e. The harmonious colorings
have been studied in papers [1-8].

Finding the harmonious chromatic number of a graph is apparently quite difficult.
However, the harmonious chromatic number of complete binary and trinary tree has been
estimated quite exactly in [6] and [8]. Here we will discuss the harmonious chromatic
number for a complete 4-ary tree with n levels which will be denoted by T:.

Since the edges must have different color pairs it is apparent that if h(G) = h, then the
binomial coefficient C(h,2) > [E(G)|. In this paper we let k = k(G) denote the smallest
integer such that C(k,2) > [E(G)]. So, we have h(G) > k(G). It is easy to verify that
k(T2 > \/247

First, we design a partial harmonious coloring U of the upper levels of Ty with 4
colors. A partial harmonious coloring of a graph G is a harmonious coloring of any
induced subgraph of G such that for any uncolored vertex u and any color ¢, at most one
element of N(u) has the color c. Here N(u) is the set of vertices of G adjacent to u.

Coloring U Denote the color set AL = {(5—1)4"t 44 (k—1)+1,1 > 1 > 4}, k = 1,2,3,4.

First, we color the upper three level of T with 42 colors as shown in Fig.1. The number
M

on the left indicates the times that each color appears in this level. The sign | , where
N
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M and N are two color sets, indicates that each vetex with color from N adjacents to
four vertices with color from M and each color of N is due to adjacent to each color
of M once and only once. So by Fig.l. we can see that, for example, each number
color occurring 4 times on the level five and 16 endvertices adjacent to each color of

4
Ai'l = U A‘.l’k(k = 1,2,3) are colored with Ai’ll. We assign the colors to the level four
=1
such that each color set A,lc” is adjacent to the same vertex on the level three and four
vertices on the level three adjacent to the same vertex on the level two respectively are
adjacent to A,lc",k =1,2,3,4, for a same j. Apparently, the partial coloring of upper .t.hree
levels is harmonious and possesses the property 1: for all ¢, j the color set pairs A}’ and
A7, Ay’ and A}’ respectively are not adjacent to each other.

16 AZ! ARt A%t AR

1,1 1,1 1,1 1,1 1.2 1.2 1,2 1,2 1,3 1,3 1,3 1,3 1,4 1,4 1,4 1,4
4 Ayt Ayt At AYY AT AT AT AT AR AR AL AD® ALt Al 4l 4l

I e e A A A A A A N I A

1,1 1.1 1,1 1.1 1.2 1,2 1.2 1,2 1,3 1,3 1,3 1,3 1.4 1,4 1,4 1,4
1 APY AFY AT AT AYT AT A3 ALT AP ALt ARt Al Al oAbt alt 4l

Fig.1 The coloring of the upper three levels of T

For r > 4, we will color T}, inductively. Suppose we have a partial coloring of the upper
r levels of T3, which possesses the property 1, we now color Tsyiq. Let Hf k=1,2,3,4
be copies of Tj.. Color H] as Ty, was originally colored. If vertex v of HJ is colored with
number n, color the corresponding vertex of Hy, k = 2,3,4 with color n + (k — 1)4". Now
form TQ‘,H from Hp,k = 1,2,3,4, a new vertex which is adjacent to the four roots of
4 4
U Hf, and 4**! new endvertices such that 4 are adjacent to each endvertex of U Hp.
k=1 k=1

We now color the endvertices of T3, ,,. Note that the endvertices of H] are colored
with A;’l, k =1,2,3,4 and each color is used exactly 4"~! times. So, we can assign colors
A;'l to the 4" endvertices adjacent to each color in the top level of Hf_,,k = 2,3,4 and

assign colors A:’l to the 4" endvertices adjacent to each color in the top level of Hj.
4

Notice that U Ai’j = Aijl’j', where k' = (57 —1) (mod 4)+1,5" = J:—kl+ 1, the coloring
k=1
of the upper three levels of T3, is shown in Fig.2.
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-2 r-1,1 r—1,1 r—1,1 r-1,1
4" Ay A Ay A

r—2 r—2,1,,r—21 4r—2.1 ,r~2.1 r—2.2 r—2.2 r-2.3 . r—2.3 r—2.4 . r—2.4
472 ALTRYLTRIALRILR g AT Al AL Al A

I N R P B R R

r—3 r—2.1,r—21 4,r—2.1 ,r—2.1 r-22 r—2.2 r—23 . . r—2.3 r—2.4 . r—2.4
4T3 AT 242 g AL Al AL AT AL

Fig.2 The coloring of the upper three levels of T3

Apparently, the Coloring U is harmonious and possesses the property 1 and property 2:
each vertex on the level r is adjacent to a color set A,IC’J on the level r -+ 1 and four of them

adjacent to the same vertex on the level r — 1 respectively are adjacent to A,lc'j,k =1,2,3,4
for a same j.

Theorem 1 For r > 3,\/§4' < h(TH) < 147 +5.

Proof We prefer to color T4, ,. Take four copies Hy, k = 1,2,3,4, of T . First color them

471
as Coloring U. Then use the colors A;—l‘l U A;_l'l to substitute for colors U (A%‘J U
j=347"241

to denote the colors
originally used in H]. We will make a special arrangement inductively to ensure the
color pairs used in the edges of H] will not appear in the edgds of H;. Substitute A,lc'1
for Di’l; A,lc'3 for D}:"Z,k = 1,3 and A,lc'l for leﬁ A;‘a for D,lc’fl,k = 2,4. In terms of
the Property 1 we can see the color pairs arising therefrom have not been used in Hj.
Then use Af's U Ag’s, A:ﬁ‘l U Aﬁ‘l and Ag,a U Ai’s respectively to recolor the corresponding
vertices originally colored by Dg‘l, Dg'l and Di"l in the same way. Suppose we have already

recolored the related vertices originally colored by D;'l with Ai_l'l U A;_l’l,l <t <o,
i-1,3

U
1

Ag-l’a, A;—l'luAi_l'l and A;_I’SUA1_1’3 respectively to recolor the correspounding vertices
originally colored by D', D' and D' in the way that the related vertices originally

1 . . . N S 34"‘|‘_l
A37) to recolor Hj. For convenience we write D}) = A"

appropriately such that none of the color pairs used in H{ appear in H, Then use A

colored by Di’l was recolored. In terms of the Property 1 we can see the color pairs
arising therefrom have not been used in H]. By mathematical induction, we get the
required recolor of Hj.

Now form T4, ., from H], k = 1,2,3,4, a new vertex which is adjacent to the four
4

roots of U H, and 4*! new endvertices such that 4 are adjacent to each endvertex

k=1
4

of U H;. We can assign colors A;’l to the 4" endvertices adjacent to each color in the
k=1
top level of H; |,k = 2,3. Note that the endvertices of H] are colored with A;_l’l U
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41—2
Ay My U (Dy” U D:’J) and each color is used exactly 4”71 times, we assign colors A;'l

i=1
41—2

and A;’l respectively to the endvertices adjacent to each color of U (D;’j U Di’j) and of
i=1
r—2

4
AT MUA; M in the top level of H. Finally, assign colors A~ "'uA; "'u | (Dy7uDy?)
i=1
to the endvertices adjacent to each color in the top level of HI.
We color the level r 4 1 with five special colors Si,1 < k < 5. Respectively assign Sy
3

to the vertices which are adjacent to Ai‘j, k=1,2,3,in U Hi. Assign S4 to the vertices
k=1

which are adjacent to Ai" in H] U HS and S5 to the vertices which are adjacent to Ai”

in Hj. Because each color set A,” is used at most two times in level r + 2, so only after a

proper rearrangement for the order of S,k = 1,2,3,5, we can assign Sy, S, S3,Ss to the

four vertices which are adjacent to the same vertex on the level r in H. The colored part

is a partial harmonious coloring in virtue of property 2.
2-472
Now we color the level below the level r+1 in HJUH} with the colors B = U Ai”,
7=4""241
which are only adjacent to S; among the special colors in the previous coloring. Note that
the number of the vertices on the level r in H] is just equal to the number of the colors of
Bn A;_l'z, we assign the colors BN A} " and BN A, respectively to the level r in HI

and Hj. Then assign the colors BN Ag—z,s and BN A;_Z’G respectively to the level r — 1

in H] and Hj. Generally, we assign the colors BN A5 ** '*! and BN Ag_"""'_lﬂlﬂﬂ

respectively to the level r — ¢ + 1 in H] and HZ,2 <1 < r — 2. Finally, we use one of the

r— r— r—3

colors A:A *+1 and Ai‘4 A respectively to color the root of Hj and Hj.
Similarly, we color the level below the level r + 1 in Hj U H in the same way with

3.41—2
the colors B = U A:’], which are only adjacent to S; among the special colors.
j=247"241 '
Finally, we use S; to color the root of T;,H. Using the property 1, it is easy to check that
the coloring of T4, , is harmonious and the theorem is proved.

Theorem 2 For r > 3,2\/24" < h(T},,) < 24" + 4,

Proof First color the level above the level r in T as coloring U. Note that the 427!
endvertices of T24,. are colored with 4" colors, cach occurring 4"~ times. Join four new
vertices to each endvertex to form T3 ;. The coloring of T, ; is divided into two parts.

A. The coloring of the upper level

We will use % -4" new colors. Divide them into 11 groups equally and denote them by
E'={4"+ (i —1)4"" 2+ 5,1 < j <4"7%},1 <1 < 11. For convenience we write E* = E’
for 1 = j (mod 11). Now for each k,1 < k < 4, use E* to recolor the endvertices of

T5, which have the colors A;-z,z and are adjacent to the colors A;_z'l. Assign the colors



A;—z,z and E*,1 = k+ 1,k + 2,k + 3, to the new endvertices adjacent to each color of E*.
Then for each k,k = 1,2, assign the colors A 2_2 I,A;_2'4,A;_2’4 and E',i # k,k+ 4, to
the new endvertices adjacent to each color of A}~ 22 and for each k,k = 3,4, assign the
colors A}~ 21 , Ay~ 24 VA 24 and E',i # k,k + 4, to the new endvertices adjacent to each
color of A' 22 . Using the Property 1 we can see that the coloring of the previous parts is
harmomous.

Because the colors E¥*t4 is not adjacent to the colors A;_2’2 for each k,1 < k < 4,
in the previous coloring, so we can use E¥*4 to recolor the endvertices of T4 which have
the colors A}~ 23 and are adjacent to the colors A}~ 22 Then assign the colors A}~ 23 and
E'.{ =k+5,k+6,k+7, to the new endvertices adjacent to each color of E¥*4. Meanwhile
for each k,k = 1,2, assign the colors A' 22 LA 1 Ay 21 and E',i # k+ 4,k + 8, to the
new endvertices adjacent to each color of A' 23 and for each k,k = 3,4, assign the colors
AP AL AT and BN i # k4, ko 8 to the new endvertices ad_]acent to each color
of Ar—2 3

Sxmllary, we use EX*8 to recolor the endvertices of T4, which have the colors A}
and are adjacent to the colors A}~ 23 Then for each k,k=1,2,3, assign the colors A,
and E*,i = k+ 9,k + 10,k, to the new endvertices ad_]a.cent to each color of E"‘+8 and
assign the colors A'—z‘4 and E',i = 5,6,7, to the new endvertices adjacent to each color
of E'? = E'. Meanwhile for each k,k = 1,2, assign the colors A}~ 23 A;_z 2,A:—2'2 and
E',i # k+8,k+1, to the new endvertlces adJacent to each color of A}~ 24 and for each
k, k = 3,4, assign the colors A}~ 23 A; ”,A; %% and E' i # k+ 8,k-+- 1 to the new
endvertices adjacent to each color of A} T4

Finally use E¥*! to recolor the endvertlces of T3, which have the colors 4}~ 21 and are
adjacent to the colors A' 24 Then assign the colors A}~ 2l and E,i = k+5, k+6,k+17,
to the new endvertices ad_]a.cent to each color of Ekﬂ. Meanwhile for each k, k = 1,2,
assign the colors A}~ 24 A;—z,a’ A;—z,a and E*,1 # k+1,k, to the new endvertices adjacent
to each color of 4} F2.1 and for each k, k = 3,4, assign the colors A} >* A77%% A77%% and
E*',i # k,k+1, to the new endvertices adjacent to each color of Ar 21 It can be checked

that the colormg of the colored part of T4, is harmonious.

r—2,4
r24

B. The coloring of the lower level

We will use the fact that two color groups E* and E° are not adjacent to each other
in the coloring above. First, for each vertex on level r — 1 color its 4 level r neighbors with
the colors S;, 53,53 and S;. Then color the vertices on level r - 1 with the colors of E?
and assign the colors of E° to the 4773 +4"~%+ ... + 1 = {(4"~% — 1) remaining vertices.
Now all the vertices of T3, are colored harmoniously. The theorem is proved.

Remark Using previous method we can get 14 < h(T}) < 16 and 27 < h(T{) < 30.
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