Proof. (5.21) can be easily obtianed by the help of (5.5), (5.6), (5.8), (2.1), (2.2), (2.5),
and (2.12). (5.22) follows from (5.21) and (2.7)-(2.10).

Theorem 3. Let f(x) be a continuous function satisfying the Zygmund condition
F(&+h) — 2/(z) + f(= — )| = o(h)

in [~1,1) and let |B;| < o(n)(1 — %)%, then the scquence of interpolatory polynomials
Q2n-1(z) in (4.1) (with a; = f(z;)) converges uniformly to f(z) in [—-1,1].

Proof. The proof of this theorem could be obtianed on the same lines as in (4] and is
omitted here.
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(0,2)* Interpolation on the Zeros of Legendre Polynomials
with Odd Degree®
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Abstract In this paper we consider the problem of regelarity and explicit representa-
tion of (0,2)* interpolation on the zeros of (1 — 2?)P,.(z)/z (n odd), where P, denotes
Legendre polynomial of degree n, and the problem of convergence of interpolatory poly-
nomials.
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1. Introduction

In 1955, J. Suranyi and P. Turéan {1] initiated the problem of so-called (0, 2) interpola-
tion, that is, given n distinct points X = {z;}(1 <7 < n}, with

1<z <z <<z, €1 (11)

and arbitrary numbers {o;}, {8}, one wish to decide whether or not there is a polynomial
Q2n-1 of degree < 2n — 1 such that

Q2n—1(ri):ai, {z’n—l(zi):ﬂi; 1= 1)27"')"" (12)

If for any {o;} and {f;}, (1.2) has an unique solution, then we call (0,2) interpolation
on X as regular (otherwise singular). When X is the set of zeros of (1 — z?)P)_,(z),
where P,_; denotes (n — 1)th Legendre polynomial, J. Balazs and P. Turan [2] studied
the problem of existence, uniqueness, explicit representation and convergence of (0,2)
interpolation on X. Later R. B. Saxena [3], A. Varma and his associates [4], [5] analogously
consider (0,2)* interpolation and other sorts of interpolation. It should be noted that all
interpolation in these papers [2]-[5] are regular if n is even, but singular if n is odd. Let
X ={z;} (1 <1< n+1),satisfying (1.1), be the set of zeros of (1 — z?) P,(z)/z (n odd),
in this paper we shall show this sort of interpolation {(which is called (0, 2)” interpolation),
satisfying
Qzi)=a;; 1=12,---,n+1
(1.3)

"Received Nov.7, 1992,
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is regular. In addition, we obtain the explicit form and convergence of interpolatory
polynomials.

2. Preliminaries

We shall later inake use of the following well known results; see [4], [6], [7] and [8]. For
—1< z <1, we have

(- R < 2t )

(1 - 2?)3|Py(2)| < V2n3, (2.2)

IP.(z)] < 1, (2.3)
(1-2%)2|Pa(z)| < m, (2.4)

|Pa(2)/z| < 2n2  (n odd), (2.5)

IPL(0)] > (2v2) 1 (1 ~ 22)3|Pi(z:)]  (n odd), (2.6)

PL()] ~ (= 1)7En?, i=2,0, o (nt 1), (2.7)

|P!(z:)| ~ (n—i+2) 2n? i:%(n+3),---,n, (2.8)

(a-zH)> (@ ;21)2; z':2,---,%(n+1), (2.9)
(1—z?)>(li:;2+—2)2; i:%(n+3),---,n, (2.10)

2 1 Pat) 2
< Tir dt < = (n even), (2.11)
= Pu(t)
m dtl < 21n, (2.12)
7
[ ﬁ“_‘rz #| <5 (2.13)
(1 —2tcosf+ tz)_% = i t™Pp(cosf), 0€l0,n]. (2.14)
Let .
ay = (~1)" <_r§) , (2.15)
we have

\/2\/ = 0<f<1 (2.16)
oy =4\]— , , .
nV2r+40
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-P2r(0) = (_l)rar ’ (217)

/_11 Por(t) - — fzt';zwdt (@2 — aZyy)r . (2.18)
Let
Li(z) = (x——%%)'—@’ (2<i<n) Lo(z)= zl;?’(zs()))’ (n odd), zo=0, (2.19)
then, for 1 = 0,2,---,n, we have
i 12
L. Vi-a" S G .20
tL!(t 12n%
/ \/1-—_t2 (1 - z? )3 [Pl ()2 (221)
1 = Li(t) |Li(z)| 6
R o e e e T MG
(- e € (223)
tL’(t 162n3 (2.24)
- = 0P |

3. Regularity

To obtain the regularity of (0,2)* interpolation satisfying (1.3) we prove the following
lemmas.

Lemma 1. For n odd we have

(3.1)

9
— < (=1)3r 1)/ t < N
5\/n+ ( ) 1t 1—,‘,2 T 2vn+1

Proof. From Christoffel formula [7, P.179] we can derive that

2(n. 1)

P, (t L Py(t) a )
,ZB (47 + 1) Py (0 )/_1 At (3.2)

~(n+1) ,,+1(0)/

If n = 4m — 1, then we can show that

%(n—S)

! Py — Pyry2 8r+3 1 Py
I= Qo [ 8r+1 / - / ] 3.3
rz=;) | )—1 V1-12 dr+2J1 V1 - t2 3:8)

Using (2.15), (2.16) and (2.18) we have
1 Py — Py 2 (4r + 1)? 8r+ 3
. By - > . 3.4
o Vioez %2r 4(2r +1)? = 2(4r + 1)(2r + 1)? (34)
— 191 —
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From (2.11), (2.16), (3.3) and (3.4) we obtain

Yn-3)

4r(8r +3 3 8 /2
L= ; 3 —f-(l)(-;r J)r nEtE" 2 E\/;' (3:5)
On the other hand, from (2.11), (2.16) and (3.3) we get
g ¥ ar+1 2 9 /2
1<t 'Y [(8r+3)— ~ (B4 ) +_§] < 5\[( (3.6)

r=1

Hence, (2.17), (3.2), (3.5) and (3.6) imply (3.1). If n = 4m+ 1, we can analogously obtain

the required result.

Lemma 2. For n odd we have

Proof . From (2.14) we have
t(1 — 2tcosf + t?) —3= Z P} (cos )t™
m=0

moreover, we know
(1 - 2tcosf + tz)_% =(1- te"ﬁ)fg(l - te"ﬁ)

B Aorer]

3

Using (3.8) and (3.9) we obtain

3\ 2
{3\ __ 22
/ m / P} (cos0) df = w(n21> =T

From (3.10) and (2.16) we get (3.7).
Using lemma 1 and 2 we derive

Lemma 3. If n odd, then

1 s 1 L PL(t)
“ni < z("“)[ —m gt — (n?+ —1/ —'i-—dtJ<5
5" < (1) -1V1 —1t? (m ) —1tV1 —¢2 =on

(3.7)

(3.8)

(3.10)

3. (3.11)

Theorem 1. Let n be odd and -1 =1z; < 23 < --- < 2, < Zn41 = 1 be the set of zeros

of wa(z)/z = (L — 22)P,(z)/z, then (0,2)" interpolation on X = {z;} is regu

-— 192 —
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Proof . It is sufficient if we prove that when the system (1.3) is homogenous, i.e.
Q2 —I(I-):O; 1':1,2,---’71-}-]’
n | ; (3.12)
I2,n—1(1!,-):0; 1=2,3,---,n,

the only solution is Qan—1(z) = 0. Clearly, from (3.12) we can write Qan-1(z) =
wy(z)q(z)/z, where ¢ is a polynomial of degree < n - 2 in z.
Using the fact that Q%,_,(z,;) =0, 7 = 2,---,n, leads to

Ij(l_z?)q'(xj) ~q(xj):O; J=2,---,n (313)
So we have, with constants ag and a,,
z(1 - z8)¢'(z) ~ ¢(z) = <_- + al) P.(z). (3.14)

Differentiating (3.14) once, then putting z = 0, we derive a; = 0. Solving the differ-

ential equation (3.14) we get
(1P 1 =z = p . = P,
STy U L
L 2(9: 2 2\/1—:1:2(~1\/1—~t2 ( )—1t 1-—¢?

Putting z — 17 in (3.15), from lemma 3 we know ag = 0, so ¢(z) = 0, hence Qg,-1(z) = 0.

qg=n.

)] . (3.15)

4. Explicit representation

Clearly, we can write Q2,—1(z) satisfying (1.3) as

n+1l

Q2n 1 Z ay T, + Z,Bipi(z)ﬁ (41)
=2

where r; (1 <7 < n+1)and p; (2 < ¢ < n) are fundamental polynomials of degree
< 2n — 1, satisfying '

ri(z;) = &5,  pi(z;) = 0 J=12,- n+1,

(4.2)
ri{z) =0, pi(z;)=8j; =230
Let P
l,(I) = wil(2) 1 =12, 1
z(z — ;) Py (7:)
We have
Theorem 2. For 2 <1 < n we have
(1 - z%); , 1 A;(1 - 8P, P, .
i= g (P - Py T+ P
T O-2)Pz =3P - 41(% 2 )P’(:z:,)( .t
A (1 — 1:2) P, [/ 9 /z P, }
=+ n“+n-— 1 ——— 4.3
4(1 - z2)PL(z:) \/1—t2 - )—lt\/li—t"" (43)

n(n + 1)(1 - z%)2 (1 ~v:2)lP Tt

2(1 — )Pl (z;) / \/i—_? 2(1 — 2F)Pp(z:) J-1 V1 =12’

— 193 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



where

1 Pi(t) / ]
; dt — -1 dt
A1[—1\/1—t2 ) 1t\/1—t2
. (0 1( (4.4)
tih(t t
:2/ L dt —2n(n+1 /
-1v1—1¢ )
and
_ 2 2 Pn
n= X x<&) +Q—iﬁ[(1+A1)P,’,+P,,+A1—}
2 T 2 T
1—12)213/ _tp' _ (2+A1)(l~z)zP/ (4.5)
1V1 - 2 \/1—t2
1
ts [(n +n-—1)A; + n(n+1)] (1—:1:)2P/ tm
1 PN\? (1-zH)P, P,
Yn+l = Tz (_> + % [(1 + An+l)Pr'z - P+ An+l_]
2 T 2z T
1 oy L /= tP, 1 /
——(1-2%)2P, | 2= - -2+ Ann1)(1 - 2%)2P, (4.6)
2( I) _1\/'1‘—_7 2( +1)( ) \/1‘:?2—
Lr o 2y 4 ’ n
3 [0 =) Ay +n(n+ D] (1 -2 )-P,,/_l———tm,
where Apy; = Ay and
1 Pl 1 P
A [ LLEESR. n2+n—1/ ~——L—]
o V1 -—1t? ( ) —1tv1 -2 (4.7)
1 P 1 p! )
( ) ~1tV/1 —t® -1vV1 -2
For 2 <1 < n, we have
1_ Bi 1- 2 Pn Pn
2P!(z \/1_t2 2 T z (4.8)
B;: 1 z P' z P )
+—=(1 -~ * EP,,[ n2+n—1/ — ],
2( ) 1V1 - t2 ~ ) ~1tV1—1t2

where

bi [/_11 \/i{aé’ﬁ ~(in - 1)/_11 t\/f——tz] = " Fi@) /_11 \/ll——t2 (49)

Proof. We omit the details of proof, or we can check directly that the repressions in this
theorem are polynomials of required degree satisfying (4.2).

— 194 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



5. Estimation of fundamental polynomials r; and p; and convergence of
interpolatory polynomials

Firstly, we note the following relation

P(0)
Pl (z:)

I,'ZL,'— Lo; i:2,---,n. (51)

Lemma 4. For 2 <1 < n, we have

' Ii(t) 12 12
tvi-e dt‘ S U iREE | RGP (5.2)
tl, (t) 12n% 12n3
'/ Vv1-—12 dtl = 1 — :C [ )] + |P,'1(I,)P,'l(0)|’ (5.3)
105n5
Al < 7 ; 5.4
SR TEPOHTTP e (5.4
|Bil < 219 (5.5)

n3 (1 — z2)3[PL(z:))?

Proof. (5.2) and (5.3) follow from relation (5.1), inequalities (2.20} and (2.21). (5.4)
follows from (5.2), (5.3), (4.4), (3.12), (3.13) and (2.6). (5.5) can be obtained analogously.

Lemma 5. For -1 <+ <1 and2 <1< n, we have

_ g2 1 z l; 30
’(1 ) P"/-n/l——“t—2 : ni(1 — z2)5[P!(z)]?’ (56)
l /' tl] ! 560n§ (5.7)
VI=217 (1 )i |Py(m))? '
|(1—z P/ltm<12 (5.8)
Proof. From (5.1), (2.22) and (2.23) we have
_2)ip, [T 5
.(1 ) Pn/-l vi-¢ %(1 - 2?)¥[Py(ai)]? (5.9)

n 3 N 12
n2|Py(0)Py(z)|  n(l = 2DIP ()]
With the help of (2.2), (2.6) and (5.9), we obtain (5.6). From (5.1), (2 24) and (2.6)

we get (5.7). Moreover, using (2.22), (2.23) and the inequality |P,(0)] > n2 we obtain
(5.8).
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Lemma 6. For -1 <z <1 and?2 <1 <n we have

Iri| < 867n3(1 — 28)” % |Pl(z:)] 73, (5.10)
and
n
Z |ri(z)| < 1156nlogn, (5.11)
=2
n 1
> (1= z})ari(z)] < 867n. (5.12)
=2
Moreover
[r1] < 720n, (5.13)
|rnt1] € 720n. (5.14)

Proof. For sake of brevity we write (4.3) as
=L+ L+ I3+ I4+ Is. (5.15)
From (2.1), (2.2), (2.6) and (2.23) we have
1| < 23n2(1 - 22) 74| Py(z)| . (5.16)
Using (2.2), {2.5) and (5.4) we obtain
2] < 184n3 (1 — 22)~ 5| Pl ()] 2. (5.17)
With the help of (2.1), (2.12), (5.4) and (5.8) we derive
|Is| < 525n%(1 — 22)” 1| P! (z;)| 2. (5.18)
Analogously, from (5.6), (5.7) and (2.1) we have
|1 < 15n3(1 - 22) ™% Pl(=:)| %, (5.19)

|Is] < 224n(1 — 22)~ 5 |P!(z;)| 3. (5.20)

From (5.15)-(5.20) we obtian (5.10). From (5.10) and (2.7)-(2.10) we obtian (5.11) as
well as (5.12). Similarly we can prove (5.13) and (5.14).

Lemma 7. For -1 <z <1and2<1<n, we have

Ipi] < 2700075 (1 — 22) 71| P ()] 7%, (5.21)
and .
S - 28) 72 |p| < 270007, (5.22)
t=2
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Proof. (5.21) can be easily obtianed by the help of (5.5), (5.6), (5.8), (2.1), (2.2), (2.5),
and (2.12). (5.22) follows from (5.21) and (2.7)-(2.10).

Theorem 3. Let f(x) be a continuous function satisfying the Zygmund condition
F(&+h) — 2/(z) + f(= — )| = o(h)

in [~1,1) and let |B;| < o(n)(1 — %)%, then the scquence of interpolatory polynomials
Q2n-1(z) in (4.1) (with a; = f(z;)) converges uniformly to f(z) in [—-1,1].

Proof. The proof of this theorem could be obtianed on the same lines as in (4] and is
omitted here.
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