Finally, we mention if above condition C be changed into condition C’ in G, the
Riemann-Hilbert boundary value problem for system (1) can be discussed by using the
similar method. Condition C’, namely

1. Aj,Bj(j = 1,---,n) are continuously differentiable in G and w € C, and are
analytic function in |w| < R (unknow positive constant);

2. Aj, B;, and their mixed partial derivative up to n—1 order (about different Zi, k # j)
are L, bounded,; ’

3. Aj;, B; and Fj satisfy

Ajik = Ak2ijj2k - Bkz‘jaB_‘iAk = AjBk1 J # k)

Ca[Fj(Z11" ',Z“,'UJ1) - Fj(zlv"'aznwa)’G] S LC(l[wl - wzaG]v ]ak = 17”'1""

Acknowledgment The author wishes to thank Prof. Wen Guochun for his help in
preparing this paper.

References

{1] Wen Guochun, Linecar and Noulincar Elliptic Complex Equation, Shanghai Science and Tech-
nology Publishing House. 1986.

(2] R.P.Gilbert and J.L.Buchanan, First Order Elliptic Systems: A Function Theoretic Approach,
Math. in Sci. and Eng., Vol.163, Academic Press, New York-London, 1983.

[3] Wen Guochun and Tian Maoying. Some hboundary value problems for several complex vari-
ables, Journal of Yautai University, 2(1989), 1 14.

[4] Wang Liping, Riemann-Hilbert boundary value problems for analytic function in several bi-
cylinder domain . Journal of Ocean University of Qingdao, 3(1991), 133-142.

—BrHEE R 5124 Riemann-Hilbert 1A1H[a]&R

T H &
(BREHERENHRER 266003)

w R

ASCUURAT REAH R B RN ErE AR, RI\ENMRRETARAAS
¥ormik, SHTHERN C MENMEEEN—HUKRERRRNE 244 Riemann-
Hilbert AR AR FH4 T RIS FER.

— 97 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



Journal of Mathematical Rescarch & Exposition
Vol.16, No.1, 21 27, Feb. 1996

On Riemann-Hilbert Boundary Value Problem for
Complex Elliptic System of First Equations *

Wang Liping
(Dept. of Appl. Math., Ocean Univ. of Qingdao. 266603)

Abstract Ou the base of the existence theroem of boudary value problemnn B of analytic
function, accordiug to the prior estimates of its boundary value problems solution and
by using the method of parameter extansion. their solvability conditions and integral
expression of solutions for Riemaun-Hilbert boundary value problems of several complex
variables and quasilincar elliptic systems that satisticd the so-called condition C of first
order equations is established.

Keywords Riecmann-Hilbert boundary valne problem. quasilinear elliptic systemn, an-
alytic function, prior estimate.
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In this paper, we consider the Riemann-Hilbert boundary value problem for elliptic
system of first order complex equations

"U)ij = Fj(zlal")zrnw)’ (1)

F;

Aj(z1, +yzn,w)w + Bj(z1, 20, w), j=1,---,n.

In the several cylinder domain G = Gy x G2 X -+ X G,,,Gj = {|z;] = p;},T =Ty x -+ x
Tn,T; = {It;] = p;},0 < p; < 00. There is no harm in assuming p; = 1,j = 1,---,n.
Suppose that (1) satisfies condition C in G, namely

1. Aj(z, -, 2zn,w),Bj(2z1,- -, zp,w),7 = 1,---,n are analytic function in |w| < R
(unknow positive constant), and satisfies

C?3A;,G)< L, C*3B,;,G|<L,j=1,--,n,
J [e] J

for any w € C"!(G) and z € G, where a(0 < a < 1), L(> 0) are real constant.
2. A;,Bj and Fj(j = 1,---,n) satisfy

Ajf:(- = Akzl'1Bj2k = Bk:jaBjAk = AJBkv ]# k

C::_I[Fj(zl7" 'yzuawl) - Fj(zla"' ,z",wg),G—] S LCZ:—I[wl - wZYG-]7 ]7k - 13" BRERLS
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The so-called Riemann-Hilbert boundary value problem (problem A) for (1) is to find
a solution w(zy,---,2,) € C* 1(G) for the complex system (1) satisfying the boundary
condition
Re[A(tlv tT 7tn)w(tla Tt 7t11)] = ’I'(tl, T 7tu)7 t < F-, (2)
where C7~1r, T] < d,|A\| = 1,C? AT} <d,a(0 < a < 1),a(> 0) are real constant. We
introduce )
Kj = EAI‘] argA(tlv" 'vtn.)a .] = 1»' o, n,

and call (kq,---,k,) is the index for A(ty,---,t,.).

However, problem A is not always solvable for k; < 0(z = 1,---,n at least one h.old).
The solution of problem A is a unique indefinitely for k; > 0,7 = 1,.--,n. Hence we
propose the modified Riemann-Hilbert problem B for complex system with the boundary
condition

Re[/\(tlv Ty t",)'UJ(tl, e 1t11.)]
= T(tl,' . ’tn) + [H(tl, .. .,t") + h(t1,~ .. ’tn)]e—x:(h,..._tu]’t €T, (3)

H(ty,-,t)=Re > Hyou by -otint €T,
(v own JEE,
~Re ) Hepoo 85t ki 20,6 = 1, ,m,

((.ll.-n.u,,)EEI’

oy v . y —
Re E Py e 8y otk < 0,8 =1, m,

h(tly‘”atﬂ) = (—([Ll ':]*"")EE‘_'

Re Z hu,(tlv trt 7tf—l’ti+11 te 7t11,)t;f'i7

a; =0

ky >0, -, ki >0,k <0,kipy 20, ,k, >0,

Ey = {(-o00,+00), -+, (~00,+00)} — {[0, +00), -+, [0, +-00)}
~{(=00,0],--+, (00,0},

Ei = {(a1, -+, an)l(er, -+, a) € By, and |ay| < ki1 =1, ,n},

E; ={[0,+00), +-,[0, +00)} — {{~k1, +00), -, [k, +00)},

where Hy, . o, (il = 1,2,---,i =1, ,n), Ao, oan(ei =1, -, ki = 1,i = 1,--- ,n at
least one hold) are unknown complex constants to be determined appropriatly, k... is
an unknow real constant, k., (t1,---;t_1,ti41,% -, t,) is an unknow complex functions on
Iy xoooxTiog xTigg x-- x Ty ho(tg, - - ,ti_ll,tiﬂ, -+-,t,) is an unknow real functions,
s9(t1,---,t,) can be found in [4], when-k; > 0,2 = 1,:--,n. We also require that the
solution w(zy,- -, z,) satisfies m = 2™(ky + 1)---(k,, +1) — (2" — 1) point condition
Im{A(ayj, -, anj)w(ayj, - a,;)] =b;, j=1,--,m, (4)

where a; = (ayj, - *,@y;) is distinct point on I', b; is real constant given.
In [4], we have given the necessary and sufficient condition on solvability and estab-
lished expression of solution of the same problem of analytic function. In the following,
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we first give the estimates of solution of Dirichlet boundary value problem E of analytic
function with boundary condition

Re@(tlv"'ytn) = r(tlv"'vtn.)+ H(tla"'ytn)+ h(tla"'vtn)v
Im®(ay;,---,an)=b;, j=1,---,m

)

where 7, H, h, are as stated in (3), and problem B of analytic function with boundary
condition (3).

Theorem 1 Suppose that the solution ®1(z;,- -, z,) of problem E satisfies the condition:
|Im®,(0,---,0)] < d < oo, we have the estimate

Cg_l[§1(21,---,zn),é] < Ml(C'?d)’ (5)

where M;(a,d) is a non-negative number depending only on a and d.

Proof From the Schwarz formula of analytic function and by the Sohotski-Plemelj for-
mula, we have

@ (zva')?"'»C")
2r(ty, -, n)
dts - - - dt,
27rz/p, tl—zl 27rz" 1/ /,.H G) ? '

2r tlvc2v" J [ _;,, y 1T Cn)
+/\ZZ 2/\(27r2)n 1— A/ / l > dtJl ‘”dt.iu-,\

/\
Jn—'\ " (tJL CJA)
tl, o

+2n_1 27'[211 ng Tt aCn) dtl -

CJGPJ,]:z, y 1,

! n dtl dt" + iC,

Fx

n =

where ¢ = Im®,(0,---,0), 3" denote summation about subscript ji,---,j, different from

each other. 2 < j; < j» < - < jun < n—1,29 € G;. It is easy to see that

®1(21,(2," -, (s) is analytic function in Gy, and according to Privalov theorem, ®,(z1,(2,
-+, () satisfy the estimate

Cg'—l[q)l(zl,c% T ,Cn)v G—'l] < Mg(a,d),

similarly, we have

C:_I[QI((DZ%(I%" o v(n) ] < M3(a d)

C;l_l[§l(<l y T 7Cn.—laz'll)1 G_’n] S Mn+1(av d)

Let M; = max(M,,---, M,,41]. By the maximum modulas principle for analytic functions,
(5) can be derived.

By using Theorem 1, we may prove the following theorem.
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Theorem 2 The solution ®(z1,---,z,) of problem B for analytic function satisfies the

estimate
Cr (21, ) 2,),G) < M{(a,d, k), (6)

where k is index (ky,-- -, ky).

Now, we consider the Riemann-Hilbert boundar$ value problems for complex system

of equation (1) in several cylinder domain.

Theorem 3 The solution of problem B for equation (1) has the form
w(zy, -+, 20) = [®(21, o, 20) + TGl 2), (7)
where ®(z1,--+,z,) Is an analytic function, s(z1,-- -, z,) is stated in [4], and
(( G;=Fje™, j=1,--,n,
76= (0 Gy

JJI GJI (J-) "~ j
T // // o (jz.m.(u(zl,m’cj“'"’ij"..’zn)dac,», ---dog;
Hk:l((jk - zjk)

3" is the same as upper explanation, and 1 < j; < j; < --- < jx < n. For example, when
n = 3, then

fa(zl,..

//G, G‘ él’_zzlzi’ //q Ga( :ILCZZ:;) //G3 Gs( ?,_zz;fs)d e,
s [ S e e =5 [, L, e e
2 // //GJ (C zfsz:hf:’_(azl)d”czd"ca

//G, .// , / G, (G —Gzib(z‘,, (;I’ZC;),(Z)_ z3)dac‘ do,dog,.

Proof It is not difficult to prove that

U(Zla Ty Z.,;) = 'UJ(Zl, A} Z'n)e—ia(ZI.m.z")

satisfies the system
Uz_,- = Gj(zla Ct oty 2y U)v

G' - F(zla ) 12117Ue’..q(z.““.zn))e_i"(“‘m‘z")s

and the boundary condition

Re[tl_k',"',t;k"U(tla"'atn)] — R(tl,-‘-,t,,) + H(tl,"',tn) + h(tla"',tn),
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where R(t1,---,t,) = r(t1, -, tn)e®2(tn) so(ty,- -+, t,) is as stated as in [4], It can be
verified that &(z;,---, z,,) satisfies the complex system

$, =(U-TG);; =0, j=1,---,n,

This shows that ®(z1,---,z,) is an analytic function in G. So we have the conclusion.
By using the property of pompieu operator, it is easy to verify the next theorem 4.

Theorem 4 Let the system (1) satisfy condition C, then solution of problem B for (1)
hold estimate

CyMw(z, -1 20), G) < My(a,d, L, k), (8)
Cy ' ®(z1, -, 20),G) < My(a,d, L,k), 8y
where ®(z1,--+,2,) = we™™ — TG, a,d, L,k are as stated in above.
Proof Let the solution w(z1, - -, z,) be substituted into the system (1) and the boundary

condition (3), seting that

n

TA(Zl, R ,zn) — Z(_l)z\-l Z *le -"',.‘I'AAjl,fj-_.c'-.Q:j,\’

. A=1
! -TA
BJ:BJe ’ ]:1,"',71,,
n

TB' =) (-1)"'Y JiinBig, ¢
A=1 B

By the condition C, we can prove

TA 7, = A-‘, TB, z; — B,
' J

J PR
' _ n. -T4A —TA _ -TA -TA _ p/
B_’iik = B.'lik € - BJE . (TA)gk = Bkgj - e - BkA_,e = Bkij’

and function )
V(Zl, “ee 1271) = w(zl’...,zn)e“TA _ TBI

satisfies the system

e TA e TAg, _ BjeTA

ng w-z-j
= (Ajw + Bj)e_TA -~ we_TAAj - Bje_TA =0, z€G,j=1,---,n.
Hence V(z1,--+,2,) is an analytic function in G. And w(z;,--,z,) can be expressed as

'U)(Zl,"',zn) = V(Zl,"',z,l)+TBl]€TA. (9)
By condition C and property of pompieu operator, we get estimate

C2YT4,G) < My(a,L), C2YTB',G) < Mi(a,L). (10)
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Moreover, analytic function V(zy,-- -, 2,) satisfies the boundary condition

Re[/\(tl,---,tn)eTAV(tl,---,tn)] r(tl,--- n) — Re[A(t1, -, t,)TB'e TA]
HH(t, -, tn) + h(ty, -, tyle7 bt g e T (11)

From Theorem 2, and (10), we have

C MV (z1, -, 20),G] € M{(a,d, L, k). (12)

Conbining (9), (10), (11), the estimate (8) can be derived. It hold that (8) by using
expression of function ®(z;, -+, z,) again. This complete the proof.

Next, by using the prior estimates of its boundary value problem solution w(z;,- -+, z,)

and the method of parameter extension, we can prove the existence of solution of problem
B for the system (1), namely

Theorem 5 Suppose that the system (1) satisfies Condition C. Then problem B has a
solution.

Proof We consider the complex system with the parameter P(0 < P < 1)
wij - PFj(zla'”’Zn’w) = Qj(zly""zn), .7 = 11"')"’) (13)

where Q;(z1,++,2,) € C*"YG), and Q;;, = Qrz;, we can find PO(O
problem B of system (13) solvable for any above functlon Qi(z1, -, 2zn).
can be rewritten as

< P < 1) it let
The system (13)

PQF(ZI,"‘,Z”,’U)):(P‘—P())Fj(ll,'",Zn,‘UJ)'f‘Qj(Zl,"',Zn), j:]-""vn' (14)

Thus by successive iteration, we obtain a sequence of solution w,(z1,--+,2,),mn =1,2,---.

It belong to space C2~1(G). Choosing § = it can be derived that when |P — Py| <
4, there exist an integer N, so that

M 1)

= 1 = 1 ~
Cg_l[wn+l - w1uG] S '2'02_1[’“)11 - wn—lvG] S Ut S 'QWCZ:—l[th]’

when m,n > N,

fo @

C::_l[wn Wy G] S _W‘ Z

J:

1 ~
€7y, €] = 5 G, €

m|,_.

We have
CZ;‘_l[w,1 - w,,,,,G—} — 0.

Since the Banach space C?~}(G) is complete, there is a function w.(z1,- - -, 2.) € C?"YQ)
such that C7 ' w, — w.,G] — 0 as n — oo, and w,(z, -+, 2,) is a solution of problem
B for (13). So it follows that when P = 0,4, ,[}]6,1, problem B for (13) are solvable. In
particular, when P =1 and Q;(z,---,2,) = 0,7 = 1,---,n, problem B for (13), i.e., (1)
Is solvable. So we have the conclusion.
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Finally, we mention if above condition C be changed into condition C’ in G, the
Riemann-Hilbert boundary value problem for system (1) can be discussed by using the
similar method. Condition C’, namely

1. Aj,Bj(j = 1,---,n) are continuously differentiable in G and w € C, and are
analytic function in |w| < R (unknow positive constant);

2. Aj, B;, and their mixed partial derivative up to n—1 order (about different Zi, k # j)
are L, bounded,; ’

3. Aj;, B; and Fj satisfy

Ajik = Ak2ijj2k - Bkz‘jaB_‘iAk = AjBk1 J # k)

Ca[Fj(Z11" ',Z“,'UJ1) - Fj(zlv"'aznwa)’G] S LC(l[wl - wzaG]v ]ak = 17”'1""
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