is a Hamiltonian cycle C of T(G).

Subcase 2°.2.6 A section of Cy is vy,---,vs, -, v4, where the vertices not written are
all vertices of S1. Then the sequence of vertices

wW,V0,V1, " ",V3, " ,Vq,V2,U,"*+,Vs5,"*,W

is a Hamiltonian cycle C of T(G).
By above discussion, it is easy to see that T(G) has a Hamiltonian cycle when G has
n cut vertices, and so the theorem follows. O

Corollary 2.3 For any tree G of order not less than 2, the sufficient and necessary
condition of T(G) € H is that G is a path.

Proof By Theorem 1.3, T(G) € P, and by Theorem 2.2, it is easy to see that the
conclusion is true. O
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Abstract Let G(V. E) be a simple graph. and V(T(G)) = V(G) U E(G). E(T(G)) =
{yz|y is adjacent or incident to z.yz € V(G)U E(G)}. Let x(H) and w(H) be the chro-
watic munber and the munber of cligues of H. respectively. Then T(G) is called a total
graplh of G. G is called perfect if x(H) = w(H) for cach induced subgraph H of G. We
give a necessary aud sufficient condition for a perfect total graph to hamiltouian.

Keywords perfect total graph, Hamiltouity.

Classification AMS(1991)05C15/CCL O157.5

1 Introduction
Definition 1.1 Let G(V, E) be a simple graph and

V(T(G)) = V(G) U B(G),

E(T(G)) = {yz|y is adjacent or incident to z,yz € V(G) U E(G)}.
Then T(G) is called a total graph of G, E(G) is called derivative vertex set.

Definition 1.2 Let x(G) and w(G) be the chromatic number and the number of cliques
of G, respectively; G[S] be an induced subgraph of G for S C V(G),G is called perfect if
x(G[S]) = w(G([S]) for any S C V(G), and it is simply represented by G € F.

Theorem 1.3] For any simple graph G,T(G) € F, if and only if each block of G
includes at most three vertices. G(V, E) is called a hamiltonian graph or we say G(V, E)
have hamiltonicity if graph G(V, E) has hamiltonian cycle; it is simply represented by
G- H.

We refer to [1],[2] for notations and terminologies not explained here. The graphs that
we consider here are simple.

2 The Main Results
Lemuna 2.1 For total graph K of order p,

T(K,),T(K3) € H.

"Received Apr.7. 1994, The project supported by the NNSF of China. GPNSF and RMNSF.
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The conclusion is trivial. The proof is omitted here.

Theorem 2.2 For any graph G,T(G) € P, the necessary and sufficient condition of
T(G) € H is that any cut vertex of G is incident to at most two K-blocks.

Proof First we prove the necessary condition.

We will prove it by contradiction. If vy € V(G) and it is a cut vertex of G. Then
suppose v is incident to three K,-blocks G[{vo, v;}](¢ = 1,2, 3), where v; # v;(i # 5,4,j =
1,2,3). Since T(G) € H, it is easy to see whether v;,v2,v3 are cut vertices of G or not,
there will be the following conclusion: There are just two internally- disjoint paths between
vo and v;(Z = 1,2, 3).

Suppose that C is a Hamiltonian cycle of T'(G), and in cycle C.

de(v) = de(v;) = 2(3 = 1,2,3).

Because vg is a cut vertex of G, by Lemma 1 and vyvs,v2v3,v3v; € E(T(G)), we get
v1,v2 and v are all incident to v in cycle C. But by hypothesis v; # v;(i # 7,7 = 1,2,3),
this is impossible.

We can similary prove that #t is impossible for vy to be incident to more than three
K,-blocks. So the necessary is true.

Now we prove the sufficient condition by induction on the number of cut vertices n of
G.

When n = 0, by Theorem 1.3, G is K, or K3. From Lemma 2.1 the conclusion is true.

When n = 1, suppose vg is the cut vertex. By Theorem 1.3 there are the following
three cases.

Case 1 There is no K4-block in G.

From theorem 1.3, we know each block of G is K3 at the cut vertex vy, the vertices of
K3-block are denoted (according to blocks) as 1,2;3,4; - - -;2k—1, 2k; where k is the number
of blocks of K3 in graph G. The derivative vertices are represented by 0-i(z = 1,2, -+, 2k)
and - (i 4+ 1)(¢ = 1,2,---,2k — 1). Where 0 - 7 represents those from the edges between
the vertices vy and (i = 1,2,---,2k) in T(G);1 - (i + 1) represents those from the edges
between vertices v; and i + 1( = 1,3,---,2k — 1) in T(G). Then the sequence of vertices

v6,0-1,1,1-2,2,0-2,0-3,3,3-4,4,0-4,---,0-(2k — 1),2k — 1,

(2k — 1) - (2k), 2k,0 - (2k),vo
is a Hamiltonian cycle of T(G).

Case 2 G has just only one K3-block.

First we give K3-block the similar notation as case 1, the other vertices of K3-block
are represented by 2k + 1. They have the same meaning as case 1. Then the sequence of
vertices

v0,2k + 1,0 (2k +1),0,-1,1,1-2,2,+--,0 - (2k — 1), 2k — 1,
(2k — 1) - (2k), 2k,0 - (2k), vo
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is a Hamiltonian cycle of T(G).

Case 3 G has two Ky-blocks.
Suppose there are kK5-block in G.

Subcase 3.1 When k& = 0. The other two vertices of K3 are represented by 1,2. Then
the sequence of vertices
v9,1,0-1,0-2,2,1

is a Hamiltonian cycle of T(G).

Subcase 3.2 When k& > 0.K; has its vertices the same notation as case 1, the other
vertices of two K,-blocks are represented by 2k +1, 2k + 2, respaceively. Then the sequence
of vertices

vo,2k + 1,0 (2k +1),0-1,1,---,2k,0 - (2k),0 - (2k + 2),2k + 1, v

is a Hamiltonian cycle of T(G).

By above discussion the conclusion is true for n = 1.

Suppose when the number of cut vertices is less than n, it is true that T(G) € H. We
now prove that T(G) € H for the number n of cut vertices.

From the property of G, and since G is a limited graph, G must have a cut vertex vy
which is adjacent to at most two vertices, and let v; be a cut vertex adjacent to it. We
consider the following two cases.

Case 1’ vpv; is a cut edge of G.

Let G; be an induced subgraph of G with vertices of the branch including v; of G — vy
and vertex vp; G2 be an induced subgraph of G with vertices of the branch incoluding vg
of G — v; and vertex v;. Then G; has one cut verfex vy, Gy has n — 1 cut vertices. By the
induction hypothesis,

T(G1),T(G2) € H.

Let v; represent the derivative vertex from edge vov; of G in T(G), C; the Hamiltonian
cycle of T(G;)(i = 1,2). Since

dr(e,)(v) = dr(g,)(n1) = 2,

edges vgv,, vov, are in the cycle Ci, vyvg,v1v, are in the cycle C,. We construct a cycle C
based on C1,C> and let C satisfy

V(C) = V(Cl) U V(Cg),
E(C) = [E(C1) U E(C2)]\{vovz, v1va}.

Then the cycle C is a Hamiltonian cycle of T'(G).

Case 2’ wgv; is not a cut edge of G.
By the conditions given in the theorem, G must have a vertex v, such that vov,, v1v4 €
E(G). Otherwise, vyv; will be a cut edge of G. This is a contt .diction.

— 43 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



Subcase 2’.1 If v, is not a cut vertex of G.

Let G, represent the induced subgraph of G with the vertex v, and vertices which
belong to the branch of G — v, incoluding v;,G2 the induced subgraph of G with the
vertex vy and vertices of V(G)\V(G — wy);v3,vq,v5 the derivative vertices from edges
Vo1, V1 V2, V2 in T(G); and

So = {vu,vl,vz,vg,v4,v5};
S1 = V(T(G1)\So;
Sy = V(T(G2))\{va}.

Then G, has at most one cut vertex G; has n—1 cut vertices. By the induction hypothesis,
T(G:) € H(i = 1,2). Fromn = 0 or n = 1, we can suppose that v,,u, - ,w,v, is a
Hamiltonian cycle Cs of T(G2), where u,w € V(T (G3)), the other vertices (not writeen)
are all vertices of S»>\{u,w}, and vsu,wvsz € E(T(G)).

Let C, represent a hamiltonian cycle of T(G1). We consider that

dT(G.)(vl) = 4(2 = 0,2,5)

and the vertices vy, vs,v; are not adjacent to any one of S; in T(G;), then we have the
following six subcases.

Subcase 2°.1.1 A section of Cy is vs, - - -, v1, where the vertices not written are all vertices
of §1. Then the sequence of vertices w,vg,- -, vy, V4, Vs, V5, V0, U, -+, w is a Hamiltonian

cycle C of T(G).

Subcase 2°.1.2 A section of C; is v, - - -, v4, where the vertices not written are all vertices
of 51. Then the sequence of vertices w,vs,- -, v4,v;1, V2,5, 0, U, - -, w is a Hamiltonian

cycle C of T(G).

Subcase 2°.1.3 A section of C; is vy, - - -, v4, where the vertices not written are all vertices
of S;. Then the sequence of vertices w,v3,vy,--,v4,v9, V5,09, 4, --,w is a Hamiltonian

cycle C of T(G).

Subcase 2°.1.4 A section of Cy is v3,---,v1, -, vs, where the vertices not written are
all vertices of S;. Then the sequence of vertices w,vs,---, vy, -, V4, V2, U5, Uy, U, -+, W 1S
a Hamiltonian cycle C of T(G).

Subcase 2°.1.5 A section of C; is v3,---,v4,---,v;, where the vertices not written are
all vertices of S;. Then the sequence of vertices w,vs, -, vq, -, v1,02,05,00,U, -, W i$
a Hamiltonian cycle C of T'(G).

Subcase 2°.1.6 A section of Cy is vy,---,vs3,---,vs4, where the vertices not written are
all vertices of §;. Then the sequence of vertices w, v, vy, -, v3, ", Vq, V2, V5, U, -+, W IS
a Hamiltonian cycle C' of T(G).

By above discussions, it is easy to see that the conclusion is true when vy is not a cut
vertex of G.

Subcase 2°.2 Each cut vertex of G is at least adjacent to two cut vertices.
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As G is a limited graph. It’s easy to prove by contradiction that G must have two
adjacent cut vertices v, vs which have only one common adjacent cut vertex v;.

Let G, represent the induced subgraph of G with vertices v,,v2 and vertices of the
branch of G — {vy,v»} including vertex v;, G the induced subgraph of G with vertex v;
and vertices of the branches of G — v, including vertex vy and v,; v, v4,vs have the same
meaning as subcase 2.1, and

So = {’Uu,’Ul,Ug,‘U;;,‘Uq};

§i = V(T(G:)\(So U {vs}), (i=1,2).

Suppose u is a derivative vertex from one of edges incident to vertex v,; w is a derivetive
vertex from one of edges incident to vertex vy, u, w€{vs, v4, U5 }; and the sequence of vertices
u, -, s, -, w represents a hamiltonian path including all vertices of S» and vy from u
to w. Evidently, this path must exist.

Because G> has two cut vertices vy, v2 and G; has n — 2 cut vertices, T'(G;) must have
a hamiltonian cycle C; by the hypothesis.

We consider C; as the following six subcases similarly to subcase 2°.1.

Subcase 2°.2.1 A section of C; is vy, - - -, v3, where the vertices not written are all vertices
of §1. Then the sequence of vertices

w,Vy, V3, ,V1,04,V2,U, - ,V5, ", W
is a Hamiltonian cycle C of T(G).

Subcase 2°.2.2 A section of C; is vy, - - -, v4, where the vertices not written are all vertices
of 5;. Then the sequence of vertices

w, vy, U3, V1, " ,Vq,V2,U, -, U5, W
is a Hamiltonian cycle C of T(G).

Subcase 2°.2.3 A section of C is v, - - -, v4, where the vertices not written are all vertices
of §;. Then the sequence of vertices

w,vy, V1,03, ",04,02,U, -+, V5, ", W
is a Hamiltonian cycle C' of T(G).

Subcase 2°.2.4 A section of Cy is v3,---,vq,---,v4, where the vertices not written are
all vertices of S;. Then the sequence of vertices

W, vy, V3, -, V1, ", Vq,V2,U, -, VU5, -, W
is a Hamiltonian cycle C of T(G).

Subcase 2°.2.5 A section of Cy is v3,---, vy, -, v;, Where the vertices not written are
all vertices of S;. Then the sequence of vertices

W, Uy, V3, ", Vg, ", 01,U2,U, -, U5, , W

— 45 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



is a Hamiltonian cycle C of T(G).

Subcase 2°.2.6 A section of Cy is vy,---,vs, -, v4, where the vertices not written are
all vertices of S1. Then the sequence of vertices

wW,V0,V1, " ",V3, " ,Vq,V2,U,"*+,Vs5,"*,W

is a Hamiltonian cycle C of T(G).
By above discussion, it is easy to see that T(G) has a Hamiltonian cycle when G has
n cut vertices, and so the theorem follows. O

Corollary 2.3 For any tree G of order not less than 2, the sufficient and necessary
condition of T(G) € H is that G is a path.

Proof By Theorem 1.3, T(G) € P, and by Theorem 2.2, it is easy to see that the
conclusion is true. O
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