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Abstract Tix this paper. we extend the maiu theorenn in [1]. Our main result is: Let
A be a non-near scalar invertible n x n matrix over ¢-surjective ring R. Let 3 and
7j(1 € 7 < n) be any elements of R such that []'_, 47, = det A, Then there exist
n x n matrices B and C such that PAP™! = BC. where B is a lower triangular and
C is simultanconsly upper triangnlarizable P € GL, (R). Furthermore B and C can be
chosent so that the elements in the main diagonal line of B are (31, ---./3, and of C are
Y1y Yn-
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Classification AMS(1991) 15A23/CCL 0151.21

1. Preliminaries

Let R be a commutative ring with 1. Max(R) is the set of all maximum ideals of R. If
M, € Max(R), then A, denotes the natural homomorphism of R into R/M,;. U(R) denotes
the multiplicative group of unit elements of R. If there exists a subset {M;|t € T} of
max(R) such that
bz — (M), )

is a surjective ring homomorphism of R into J],cr £/M; and ¢(A) is also a proper ideal
of R for any proper ideal A, then we call R the ¢-surjective ring (see {3] or [8]).

We know that semilocal ring, derict product of infinite fields and formal power seres
ring are ¢-surjective rings. If R is a ¢-surjective ring, # € R, then = € U(R) if and only if
A(z) # 0,Vt € T(see (3] or [8]).

In the following, R alway denotes a ¢-surjective ring. M, (R) denotes the ring of all
n X n matrices over R. GL, (R) denotes the group of all invertible n x n matrices over
R. The homomorphism A; of R into K; induces the natural homomorphism A; of M,,(R)
in M,(K.), where K, = R/M,,Vt € T. It is easy to prove that A € GL,(R) if and only
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if A\((A) € GL.(K,),Vt € T. In this paper Tjj(c),i # j, denotes the matrix whose (i, j}-
entry is ¢ and its elements of other positions are the same as the elements of unit matrix I.
E(4,j) denotes the matrix which is obtained by exchanging i-row with j-row of I. D;(c)
denotes the matrix multipling i-row by c.

Definition 1 Let A € GL,(R). If there exists some t € T such that A,(A) is a scalar
matrix over K, i.e., \((A) has the following form

/\t(all)
/\t(a22) .

At ( anﬂ)

A(a11) = Alais),i = 2,---,n, then we call A is a near scalar matrix. Otherwise, we call
A a non-near scalar matrix

2. Triangular Factorization

Lemma 1 Letn > 2,A € GL,(R). Then A is a non-near scalar matrix if and only if A
is similar to the matrix '

0 ap - an
1 ax - az.
0 as; -+ asn
0 Qpz2 ' Qun

Proof = Let A be a non-near scalar matrix, then for Vt € T, A;(A) is not a scalar matrix.
By [2], we know that there exists some B* € GL,(K,) such that B*(A.A)(B*)"! = A},
where

t t

0 ap, - aj,
t t

. 1 a3 A
_ t t

AO - 0 agy - a3,
t t

0 Qpz "0 Gpp

Because R is a ¢-surjective ring, there exists some matrix B € M, (R) such that \,B =
BVt € T. Then we have B € GL,(R) and

A(BAB7') = (AB)(AB~Y) = BY(MA)(BY) ' = 4, VteT.

Let BAB™! = (cij). Then A(cz1) =1 # 0,Vt € T. So ¢z € U(R). Conjugating BAB™?
by D,(a3;'), we can suppose that the element of (2.1)-position of BAB~! is 1. Also

conjugating BAB~! by [, Ti2(—ci1), we get the proof of necessary condition.
: i#2
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<= By hypothesis of the leiuma, there exists B € GL,(R) such that

0 a2 -+ a1
1 axp - az

BAB™! = 0 a3z -+ agn |- (1)
0 ay2  Oun

If A is a near scalar matrix, then there exists some t € T such that A\ A is a scalar matrix

over K;. Thus

/\g(BAB—l) = (/\tB)(/\tA)(AtB—l) - /\tA (2)
By equality (1), the element of (2.1)-position of \;(BAB~%)is 1. So A, (BAB~!) is not a
scalar matrix. It contradicts equality (2). So A nwst be a non-near scalar matrix.

Bim Y
X H

(1,0,---,0). If H — 8747 XY is a near scalar matrix, then there exists some z € R and
1 X (n — 1) matrix Q = (0,~2,0,---,0) such that H — B '4; ' XY; is a non-near scalar
matrix, where Y1 =Y + QH.

Lemma 2 Supposen > 3.4 = ( ) € GL,(R), where H € M,_1(R),X =

Proof Let
Q22 Q23 - Q2
azz Qazz -+ Qagn :
H = ) Y:(y21y37"'7y71)‘
p2 Qp3 - Qun
Then
-1.-1 -1_-1 -1,-1
azz2— Py 1 Y2 a2 =PV Y3 oo @~ B7 Y] YUn
-1_-1 _ a3z ass asn
H-py v XY =
Ayn2 a,3 s Ayn

Let Ty = {t € T|X\(H - By 'v7* XY) is a scalar matrix}. Because H — 37147 XY is a near
scalar matrix, 77 # ). Since R is a ¢-surjective ring, then there exists some z € R such
that A¢(z) = 1,Vt € T, and Ae(z) = 0,Vt € T/Ty. Let @ = (0,2,0,---,0),Y1 =Y + QH.
Then

H- B XY
i 1

—1_-1 —t_—1 —l_=1 . o,=1_- —1_—1 —1_—1
a2z = By w24 Ay Tean: agy =8 Tya B Ty aant o any — 30 7 yad 8y ag,s
= a32 433 o “in
n2 ALETRY . dnn

Since A (H — ﬂl_l'yl_lXY) is a scalar matrixx, V¢t € Tp, then A\(a3 — ,61_171—13/3) =0
and A(az3) # 0,Vt € Ty. Thus M(azs — By vy ys + By 1y tassz) # 0¥t € Th. So
© A H - ﬂl'l'yl—lXYl) is not a scalar matrix, Vt € T}.

Clearly, \(H -7 1971 XY1) = M(H-B7 197 XY ), Ve € T/Ty. Since \(H~-B7 771 XY)
is not a scalar matrix, Vt € T/Ty. So H — ﬂ;l'yleYl is a non-near scalar matrix.
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Theorem 1 Let A be a non-near scalar inventible n X n matrix over a ¢-surjective ring
and let B; and v;(1 < j < n) be elements of R such that [[;-; Bj7; = det A. Then there
exist n X n matrices B and C such that PAP~! = BC, where B is lower triangularizable
and C is simultaneously upper triangularizable, P € GL,(R). Furthermore B and C can
be chosen so that the elements in main diagonal of B are 5y, -+ ,8, and of C arevy,- -+, 7n.

Proof We use induction on n. The result is trivially true for n = 1. Now we assume that
the conclusion of the theorem is true for all square matrices with size less than n,n > 2,
and let A,B; and v; be as in the statement of the theorem. Since A is not a nearscalar
matrix, by lemma 1, A is similar to the matrix

0 ap -+ apn )

1 ax - az.
Ag = 0 azx --- as,

0 anz -+ @Gnn

Let Py = ( 1 ﬂ1171 ) + I,,_2. Then

A bz - bia
PoAoFs! = 1 bn bzﬂ

0 bn2 et bnn

| [ BAm Y
Al - ( X T y
where X = (1,0,---,0)".

In the case n = 2, we have that X,Y and T are merely elements of R. Suppose
X ==2,Y =yand T = t. Using the fact det A; = $,827172 we have .

Bim 3/)= B 0 ‘hnﬂl—ly
z t 21 B 0 12 )

This proves the conclusion of the theorem for n = 2.
We now assume that n > 3. If T — 7197 XY is not a near scalar matrix, then

_ 1 By 1 Bty
A‘_(ﬂfl'rflx 1)( l T—B{"r{‘XY)( 1 ) (&)

Obviously det A; = ‘(ﬁl-yl) det(T — By 971 XY) = [I%, Bivr- By hypothesis of induction

So A is similar to the matrix

B2 IR
T-Bi''XY =P| & - RPN IV

L :Bn 7n‘
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then

8, 4+ 0 0 -+ 0
O ﬂz Y2 * - %
= 1 1 0 *x f :
A.“(ﬁi“vf‘x 1)( P) o "
: 0 * - .- B, Yo
(1 1 By
p-1 1
By n o0 0
(1 1 0 B Y2 oo %
T\ P)\BPX I S
0 * ﬁ" Tn

U
A )0

* ‘7,
IfT -7 17{ 1 XY is a near scalar matrix, then A, is similar to the matrix

() ()

(ﬂgl ?)z(l ?)Ala Q=(0,—Z,0,"‘,0)~

By Lemma 2, T — 87 !9 1 XY} is not a near scalar matrix. By equalities (A) and ()

A, = 1 Bin 1 Bl 1 -@Q
? BIX I T - 871X Y I I

where

*

A M)A
T e )
A )0 )0
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