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Abstract We mtroduce the concepts of extremne disconunectedness and S-closedness
of topological wolecular lattices by using the pseudo-negation on cowplete co- Heyting
algebra. Results include: (1) every S-closed regular topological lattice is extremally
disconnected; (2) both extreme disconnectedness and S-closedness are invariant under
homeomorphic GOHs.
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1. Preliminary

Throughout this paper, L(M)(or L) always denotes a completely distributive complete
lattice, M the set of molecules. 1 and 0 are the greatest and least elements of L(M)
respectively. n C L is called a co-topology of L, if  satisfies: (1) 0,1 € #; (2) 7 is closed
under finite sups and artribary infs. Further (L(M),n) is called a topological molecular
lattice (briefly: TML). Clearly, 7 is a complete co-Heyting algebra. Therefore there is the
pseudo-negation * in 7, as follows.

VP en,set P =A{Q € n: Pv Q = 1}. It has the following properties:

VP,P; € n,F C 7, then

(1) PrvP=1,

(2) if P, < P, then P; < Py

(3) P; < P if and only if Py < P3; and

(4) **x = x;

(5) (AF) = VvF-.

Proposition 1 Suppose (X,U) is a topological space, (P(X),U') is the TML of (X,U).
Then VP ¢ W', P* = P'~.

Remark In general, PAP*#0,P # P, (PVQ) # P AQ".

Proposition 2 7 is a Boolean algebra if and only if VP € n, P = P**.
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P € n is called regular if P = P**. Then the notation n.. denotes the set of all regular
elements of n with the induced order from L.

Proposition 3 7.. is a Boolean algebra.

Proposition 4 The following conditions are equivalent:
(1) 7. is a sublattice of 7.
(2) VP e n, P AP~ =0.
(3) De Morgan law (P VvV @)* = P* A Q™ is true YP,Q € 7.
(4) VP € .., there exists Q such that

PVQ=1,PvQ =0.

2. Extreme Disconnectedness, S-closedness

Definition 1 TML(L(M),n) is called an extremally disconnected TML, if VP € n,

P* AP =0.

Theorem 1 Suppose (L(M),n) is a topological molecular lattice. Then the following
conditions are equivalent.

(1) (L(M),n) is extremally disconnected.

(2) YP€n,P*A P~ =0.

(3) YP,Q €n,(PVQ) = P~AQ".

(4) 7m.. is a sublattic of 7. ,

(5) VP € 1., there exists a Q@ € n such that

QVP=1, PAQ=0.

Proposition 5 Topological space (X,U) is a extremally disconnected space if and only
if the topological molecular lattice (P(X),U’) is extremally disconnected.

Suppose (L(M),n) is a TML. Then 7.. is closed under finite sups. 7.. is a base of
some co-topology, the co-topology is said to he the semiregularization of 5, denoted by ..
Clearly 7. C 5.

Proposition 6 (1)YP €., Py =Py, P;7 = Py,

Y7 Nae n
(2) Nux = 7M,,. that is, 7, has a base consisting of regular elements.

Let ¢ C L. If V¢ = 1, then we say that ¢ is a cover of L. The meaning of closed cover
and regular cover is clear.

Definition 2 TML(L(M,n)) is called S-closed if every regular cover has a finite subcover.

Proposition 7 Topological space (X,U) is S-closed if and only if its TML(P(X),U’) is
S-closed.
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Corolary Suppose (X,U) is a topological space. Then the followings are equivalent:
(1) (X,U) is an extremally disconnected space.
(2) every regular open set is a regular closed set.
(3) every regular closed set is a regular open set.
(4) for each closed set F,F'- N F'~'~ = 0.

Proposition 8 TML(L(M),n) is S-closed if and only if its semiregularization (L(M),.)
is also S-closed.

Dr.Su in [4] introduced the concept of regular TML. The author in [5] gave a charac-
terization of regular TML, as follows:

TML(L(M),n) is called regular if and only f VP € n,P = A{Q € n: P A Q™ = 0}.

Theorem 2081 TML(L(M),n) is regular if and only if Vz € M and F € n, if z £ F, then
there exist P,Q € nsuchthatz { Pand PAQ =1,F A Q = 0.

Theorem 3 Every both S-closed and regular TML is extremally disconnected.

Proof Taking P € n,then P = A{Q € n: PA Q" = 0}. Thus

T=Vv{QTen:PAQ =0},

and
{P"}n{Q €n:PAQ" =0}

is a regular cover of L. So there exist Q7,---, Q> such that

CPTVQIVv QL =1,
where P /\Q’; =0,i=1,---,n. Since P~" = P < Q7 V---VQr, then
P AP*<P AP<(QiV---VQ:)AP.
So P* A P** = 0,(L(M),n) is extremally disconnected.

3. Generalized Order-Homomorphism

GOH(Generalized Order-Homomorphism) f : (L1(M1),m) — (L2(M2),72) is called to
be continuous, if VP € o, f~1(P) € m;. Bijective GOH f is called a homeomorphism if
and only if f and f~! are continuous. GOH f is called closed if for each closed element
P, f(P) is closed.

Lemma 1 Bijective GOH is a homeomorphism if and only if it is both continuous and
closed GOH.

Lemma 2 Suppose f: (Li(M1),m) — (L2(M3),n2) is a hemeomorphisc GOH, then
(1) YP € np, f~H(P™) = (F7H(P));
(2) VA€, f(A) = f(A7);
(3) A € m, A is regular if and only if f(A) is regular;
(4) P € ng, P is regular if and only if f~(P) is regular.
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